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DiscreteMath* Combinatorica'

Di scret eiat h* Conbi nat ori ca' extendsMathematica by over 450 functionsin combinatoricsand graphtheory. It
includes functions for constructinggraphsand other combinatorialobjects, computinginvariants of theseobjects,and
finally displayingthem.This documentatiorcoversonly a subsetof thesefunctions.The bestguideto this packages the
book Computational Discrete Mathematics: Combinatorics and Graph Theory with Mathematica, by StevenSkienaand
Sriram Pemmarajupublishedby CambridgeUniversity Press2003.The new Combinatorica is a substantialewrite of the
oFiginaI 1990version.It is now muchfasterthanbefore,andprovidesimprovedgraphicsandsignificantadditionalfunction
ality.

We encouragey/ou to visit our website,www.combinatorica.comwhereyou will find the latestreleaseof the packagean
editorfor Combinatorica graphsandadditionalfiles of interest.

This loadsthepackage.
In[1]: = <<Di screteMat h' Conbi natorica’

Permutations and Combinations

Permutationsand subsetsare the most basic combinatorial objects. Di scr et eMat h* Conbi nat ori ca' provides
functionsfor constructingobjectsboth randomlyanddeterministically to rank andunrankthem,andto computeinvariants
onthem.Herewe provideexampleof someof thesefunctionsin action.

Thesepermutationsaregeneratedh minimumchangeorder,wheresuccessivpermutationgliffer by exactlyonetranspositionThe
built-in generatoPer nut at i ons constructgpermutationsn lexicographicorder.

In[2]:= M ni numChangePer nut ati ons[{a, b, c}]

Qut[2]= {{a, b, ¢}, {b, a, ¢}, {c, a, b}, {a, ¢, b}, {b, ¢, a}, {c, b, a}}

Therankingfunctionillustratesthatthe built-in functionPer rmut at i ons usedexicographicsequencing.

In[ 3] : = Map[RankPermutation, Permutations[{1,2,3,4}]]

at[3]= {0, 1, 2, 3, 4, 5, 6, 7, 8 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23}

With (3!) = 6 distinctpermutation®f threeelementsyithin 20 randompermutationsve arelikely to seeall of them.Observehatit is
unlikely for thefirst six permutationgo all bedistinct.

I n[ 4] : = Table[RandomPermutation[3], {20}]
aut[4]1= ({3, 1, 2}, {1, 2, 3}, {1, 3, 2}, {1, 2, 3}, {3, 2, 1}, {2, 3, 1},

{2, 1, 33, {3, 2, 1y, {1, 3, 2}, {1, 2, 33}, {1 { 2
{3, 2, 1}, {2, 1, 3}, {2, 3, 1}, {1, 2, 3}, {1, 3, 2}, {3, 2, 1}, {3, 2, 1}}

A fixed pointof apermutationp is anelemenin thesamepositionin p asin theinverseof p. Thus,theonly fixed pointin this
permutations 7.

In[5]:= InversePermutation[{4,8,5,2,1,3,7, 6}]

aut[5]= (5, 4, 6, 1, 3, 8, 7, 2}
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Theidentity permutatiorconsistof n singletoncyclesor fixed points.

In[6]:= ToCycles[{1,2, 3, 4,5,6,7,8,9,10}]

aut[6]= {{1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}}

The classicproblemin Polyatheoryis countinghow manydifferentwaysnecklaceganbe madeout of K beadswhentherearem
differenttypesor colorsof beadgo choose€rom. Whentwo necklacesreconsideredhe sameif they canbe obtainedonly by shifting
the beadgasopposedo turningthe necklaceover),the symmetriesaredefinedby k permutationseachof whichis a cyclic shift of the
identity permutationWhenavariableis specifiedfor the numberof colors,a polynomialresults.

In[7]:= Neckl acePol ynoni al [ 8, m Cycl i c]

Qut[7]=

Thenumberof inversionsn a permutatioris equalto thatof its inverse.

In[8]: = (p=RandomPermutation[50]; {Inversions|p], Inversions[InversePermutation[p]]})

Qut[8]= {642, 642}

Generatingsubsetsncrementallyis efficientwhenthegoalis to find thefirst subsetvith a givenproperty sinceeverysubseneednot
be constructed.

I'n[ 9] : = Table[UnrankSubset[n,{a,b,c,d}], {n,0,15}]

Qt[9]= {{}, {d}, {c, d}, {c}, {b, c}, {b, c, d}, {b, d}, {b}, {a, b},
{a, b, d}, {a, b, c, d}, {a, b, c}, {a, c}, {a, c, d}, {a, d}, {a}}

In aGraycode,eachsubsetiffersin exactlyoneelementrom its neighborsObservehatthelasteightsubsetall containl, while
noneof thefirst eightdo.

In[10]: = GrayCodeSubsets[{1, 2, 3, 4}]

Qut [ 10] » {4}, {3, 4}, {3}, {2, 3}, {2, 3, 4}, {2, 4}, {2}, {1, 2},

({3
{1, 2, 4}, {1, 2, 3, 4}, {1, 2, 3}, {1, 3}, {1, 3, 4}, {1, 4}, {1}}

A K-subseis asubsetwith exactlyk elementsn it. Sincetheleadelemenis placedin first, thek-subsetaregivenin lexicographic
order.

In[11]: = KSubsets[{1, 2, 3, 4, 5}, 3]

aut[11]= {{1, 2, 3}, {1, 2, 4}, {1, 2, 5}, {1, 3, 4},
{1, 3, 5}, {1, 4, 5}, {2, 3, 4}, {2, 3, 5}, {2, 4, 5}, {3, 4, 5}}
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BinarySearc
Derangemen
EncroachingListSe
FrominversionVectc
Heapify
IdentityPermutatio
InversePermutatic
Inversion:

Involutions
LexicographicPermutatiol
MinimumChangePermutatio
Permutation(
PermutationWithCycl
RandomHea
RankPermutatio

Runs
SignaturePermutatic
TolnversionVecta

Derangement!
DistinctPermutatior
FromCycle:
HeapSor
HideCycles

Index
InversionPose
InvolutionQ
Josephu
LongestincreasingSubseque
NextPermutatio
PermutationTyp
Permute
RandomPermutatic
RevealCycle
SelectionSol
ToCycles
UnrankPermutatio

Conbi nat ori ca functions for permutations.

BinarySubset
GrayCodeKSubse
GrayGrapt
LexicographicSubse
NextGrayCodeSubs
NextLexicographicSubs
NthSubse
RandomSubs:
RankGrayCodeSubs
RankSubse

Subset
UnrankGrayCodeSubs
UnrankSubse

DeBruijnSequenc
GrayCodeSubse
KSubset
NextBinarySubse
NextKSubse
NextSubse
RandomKSubsi
RankBinarySubs:
RankKSubse
Strings
UnrankBinarySubsi
UnrankKSubse

Conbi nat ori ca functions for subsets.

AlternatingGrouj
Cyclelnde»

Cycles

CyclicGroug
Dihedra
DihedralGrouplinde
KSubsetGrou
ListNecklace:
NecklacePolynomi:
OrbitRepresentativt
Orderec
PairGroupinde
SamenessRelati
SymmetricGrouplnde

AlternatingGrouplinde
CycleStructur
Cyclic
CyclicGroupinde:
DihedralGrouj
EquivalenceClass
KSubsetGrouplinde
MultiplicationTable
Orbitinventory
Orbits

PairGroug
PermutationGroup
SymmetricGrou

Conbi nat or i ca functions for group theory.
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Partitions, Compositions, and Young Tableaux

A partition of a positiveintegern is a setof k strictly positiveintegerswhosesumis n. A compositionof n is a particular
arrangemenbf nonnegativantegerswhosesumis n. A setpartition of n elementss a groupingof all the elementsnto
nonempty,nonintersectingsubsetsA Young tableauis a structureof integersl, ..., n wherethe numberof elementsin
eachrow is definedby anintegerpartition of n. Further,the elementof eachrow andcolumnarein increasingorder,and
therowsareleft justified. Thesefour relatedcombinatoriabbjectshavea hostof interestingapplicationsandproperties.

Herearetheelevenpartitionsof 6. Observehattheyaregivenin reversdexicographiorder.
In[12]:= Partitions[6]

Qut[12]= {{6}, {5, 1}, {4, 2}, {4, 1, 1}, {3, 3}, {3, 2, 13},
{3, 1, 1, 1}, {2, 2, 23}, {2, 2, 1, 1}, {2, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1}}

Althoughthe numberof partitionsgrowsexponentiallyjt doesso moreslowly thanpermutation®r subsetssocompletetablescanbe
generatedor largervaluesof n.

In[13]:= Length[Partitions[20]]

Qut [ 13] 627

Ferrersdiagramgepresenpartitionsaspatternof dots. Theyprovidea usefultool for visualizingpartitions,becausenovingthedots
aroundprovidesa mechanisnfor provingbijectionsbetweerclasse®f partitions.Herewe constructarandompartitionof 100.

In[14]: = FerrersDi agran{ RandonPartition[ 100]]

Qut[14]= -G aphics -

Hereeverycompositionof 5 into 3 partsis generate@xactlyonce.
In[15]: = Conpositions[5, 3]
Qut[15]= {{0, O, 53}, (O, 1, 43}, (O, 2, 3}, {O, 3, 23}, {0, 4, 13, {0, 5, 0}, {1, O, 43,

{1, 1, 3}, {1, 2, 23, {1, 3, 1}, {1
{2, 3, 0}, {3, 0, 2}, {3, 1, 1}, {3, 2, 03},
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Setpartitionsaredifferentthanintegerpartitions representinghe wayswe canpartitiondistinctelementsnto subsetsTheyareuseful
for representingoloringsandclusterings.

In[16]:= SetPartitions[3]

aut[16]= {{{1, 2, 3}}, {{1}, {2, 3}}, {{1, 2}, {3}}, {{1, 3}, {2}}, {{1}, {2}, {3}}}

Thelist of tableauxof shapd2, 2, 1} illustratestheamountof freedomavailableto tableauxstructuresThe smalleselemenis always
in theupperleft-handcorner butthelargestelements freeto betherightmostpositionof thelastrow definedby thedistinct partsof the
partition.

In[17]: = Tabl eaux[{2, 2, 1}]
Qut[17]= {{{1, 4}, {2, 5}, {3}}, , {4}1,
{{1, 2}, {3, 5}, {4}}, {{(1, 3}, {2, 4}, {5}}, {{1, 2}, {3, 4}, {5}}}

By iteratingthroughthe differentintegerpartitionsasshapesall tableauxof a particularsizecanbe constructed.

In[18]: = Tabl eaux] 3]
Qut[18]= {{{1, 2, 3}}, {{1, 3}, {2}}, {{1, 2}, {3}}, ({1}, {2}, {3}}}

The hooklengthformulacanbeusedto countthe numberof tableauxfor any shapeUsingthe hooklengthformulaoverall partitionsof
n computeghe numberof tableauxonn elements.

In[19]: = Nunber O Tabl eaux[ 10]

Qut[19]= 9496

Eachof the117,123,756,75bleauxof this shapewill beselectedvith equallikelihood.

In[20]: = TableForm[ RandomTableau[{6,5,5,4,3,2}] ]
Qut | 20|/ / Tabl eFor
1 2 3 4 16 17
5 6 12 19 21
7 8 13 20 24
9 10 18 22
11 14 23
15 25

A pigeonholaesultstateghatanysequencef n? + 1 distinctintegersmustcontaineitheranincreasingr adecreasingcattered
subsequencef lengthn + 1.

In[21]: = Longest | ncr easi ngSubsequence|
RandomPermutation[50] ]

aut[21]= {1, 6, 9, 11, 17, 19, 21, 25, 27, 33, 34, 35)

Composition: DominatingIntegerPartition
DominationLattice DurfeeSquar
FerrersDiagrar NextCompositiol
NextPartitior PartitionC

Partitions RandomCompositic
RandomPartitio TransposePartitic

Conbi nat or i ca functions for integer partitions.
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CoarserSetPartition FindSe
InitializeUnionFinc KSetPartition
PartitionLattice RGFQC
RGFToSetPartitio RGF<
RandomKSetPartitic RandomRGl
RandomSetPartitic RankKSetPartitio
RankRGF RankSetPartitio
SetPartitionListViaRG SetPartition(
SetPartitionToRG SetPartition
ToCanonicalSetPartitic UnionSe
UnrankKSetPartitio UnrankRGF
UnrankSetPartitio

Conbi nat ori ca functions for set partitions.

ConstructTablee DeleteFromTablee
FirstLexicographicTablee InsertintoTablea
LastLexicographicTable: NextTableal
PermutationToTableat RandomTablea
TableauClasst TableauC

Tableaw TableauxToPermutatic

TransposeTable:

Conbi nat or i ca functions for Young tableaux.

Backtraclt BellB

Cofactol Distribution

Elemen Euleriar

NumberOf2Path NumberOfCompositior
NumberOfDerangemer NumberOfDirectedGrapl
NumberOfGraph NumberOfinvolution:
NumberOfKPath NumberOfNecklace
NumberOfPartition NumberOfPermutationsByCycl
NumberOfPermutationsBylnversic NumberOfPermutationsBy Ty
NumberOfSpanningTre NumberOfTableau
StirlingFirst StirlingSecon

Conbi nat or i ca functions for counting.

Representing Graphs

We definea graphto be a setof verticeswith a setof edgeswherean edgeis definedasa pair of vertices.Therepresente
tion of graphstakeson different requirementglependingupon whetherthe intendedconsumeris a personor a machine
Computersdigestgraphsbestas data structuressuch as adjacencymatricesor lists. Peopleprefer a visualizationof the
structureasa collectionof pointsconnectedy lines,which impliesaddinggeometrianformationto the graph.

©1988-2003 Wolfram Research, Inc. All rights reserved.



Printed from the Mathematica Help Browser

In thecompletegraphon five vertices denoteKs , eachvertexis adjacento all otherverticesConpl et eGr aph[ n] constructghe
completegraphonn vertices.

In[22] : = ShowGraph[ CompleteGraph[5] Ik

Theinternalsof thegraphrepresentatioarenot shownto theuser—only a notationwith the numberof edgesandvertices followed by
whetherthegraphis directedor undirected.

In[23]:= Conpl et eG aph[ 5]

Qut[23]= =-Graph: <10, 5, Undirected>-

Theadjacencymatrix of Ks showsthateachvertexis adjacento all othervertices.Themaindiagonalconsistsof zeros sincethereare
no selfloopsin thecompletegraph,meaningedgedrom avertexto itself.

In[24]: = Tabl eFor nf ToAdj acencyMat ri x[ Conpl et eG aph[ 5] ] ]

Qut | 24|/ Tabl eFor nF

0 1 1 1 1
1 0 1 1 1
1 1 0 1 1
1 1 1 0 1
1 1 1 1 0

The standarc&embeddingf Ks consistwf five verticesequallyspacednacircle.
In[25]:= Vertices] CompleteGraph[5] ]
Qut[25]= {{0.309017, 0.951057}, {-0.809017, 0.587785},
{-0.809017, -0.587785}, {0.309017, -0.951057}, {1., 0}}

Thenumberof verticesin a graphis termedthe orderof thegraph.
In[26]:= V[ CompleteGraph[5] ]

ut[26]= 5
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Mreturnsthe numberof edgesn agraph.
In[27]: = M[ CompleteGraph[5] ]

ut[27]= 10

Edge/vertexolors/stylexanbeglobally modified,giving completeflexibility to changeheappearancef agraph.

In[28]:= g = SetGraphOptions[CompleteGraph[4], VertexColor -> Red,
EdgeColor —> Blue]

Qut [ 28] -Graph: <6, 4, Undirected>-

Thecolors,styles,labels,andweightsof individual verticesandedgesanalsobe changedndividually, perhapgo highlightinteresting
featuresof thegraph.

In[29]: = ShowGraph[ SetGraphOptions| CompleteGraph[4],
{{1, 2, VertexColor —> Green, VertexStyle —> Disk[Large]},
{3, 4, VertexColor —> Blue}},
1] EdgeColor -> Red
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A staris atreewith onevertexof degreen — 1. Addinganynewedgeto a starproduces cycleof length3.

I n[30] : = ShowGraph[ AddEdge[Star[10], {1,2}] K

Graphswith multi-edgesandselfloopsaresupportedHeretherearetwo copiesof eachedgeof a star.

In[31]: = ShowGraph[ GraphSum[Star[10], Star[10]] 1

Theadjacencyist representationf agraphconsistof n lists, onelist for eachvertexv; , 1 < i < n, whichrecordsheverticesto which
V; is adjacentEachvertexin thecompletegraphis adjacento all othervertices.

In[32]: = TableForm[ ToAdjacencyLists|[CompleteGraph[5]] ]
Qut | 32| // Tabl eFor =
2 3 4 5
1 3 4 5
1 2 4 5
1 2 3 5
1 2 3 4

©1988-2003 Wolfram Research, Inc. All rights reserved.



10 Printed from the Mathematica Help Browser

Therearen (n — 1) orderedpairsof edgeglefinedby acompletegraphof ordern.

I n[ 33] : = ToOrderedPairs[ CompleteGraph[5] ]

ut[33]1= {{2, 1}, {3, 1}, {4, 1}, {5, 1}, {3, 2}, {4, 2}, (5, 2}, {4, 3}, {5, 3}, {5, 4},
{1, 2}, {1, 33}, {1, 4}, {1, 5}, {2, 3}, {2, 4}, {2, 5}, {3, 4}, {3, 5}, {4, 5}}

An inducedsubgraptof agraphG is asubsebf theverticesof G togethewith anyedgesvhoseendpointsarebothin this subsetAn
inducedsubgraphhatis completes calleda clique.Any subsebf theverticesin acompletegraphdefinesaclique.

I n[ 34] : = ShowGraph[ InduceSubgraph[CompleteGraph[20],
RandomSubset[Range[20]]] IK

Theverticesof abipartitegraphhavethe propertythattheycanbe partitionedinto two setssuchthatno edgeconnectdwo verticesof
the sameset.Contractinganedgein a bipartitegraphcanruin its bipartitenessNotethe selfloop createdby the contraction.

I n[35] : = ShowGraph[ Contract| CompleteGraphl[6,6],{1,7} 1 I

A breadtHfirst searctof agraphexploresall the verticesadjacento the currentvertexbeforemovingon. A breadthfirst traversabf a
simplecyclealternatesidesasit wrapsaroundthecycle.

In[36]: = Breadt hFirstTraversal [ Cycl e[ 20], 1]

ut[36]= {1, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 19, 17, 15, 13, 11, 9, 7, 5, 3}
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In a depthfirst searchthe childrenof thefirst sonof avertexareexploredbeforevisiting his brothers The depthfirst traversaliffers
from thebreadtHfirst traversahbovein thatit proceedslirectly aroundthecycle.

I n[ 37] : = DepthFirstTraversal[Cycle[20], 1]

Qut [ 37]

{1, 2, 3, 4, 5, 6, 7, 8 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20}

Differentdrawingsor embedding®f a graphcanrevealdifferentaspect®f its structure The defaultembeddindor a grid graphis a
rankedembeddindgrom all theverticeson oneside.Rankingfrom the centervertexyieldsa differentbutinterestingdrawing.

In[38]: = ShowG aph[
RankedEmbedding[GridGraph[5,5],{13}]];

Theradialembeddingf atreeis guaranteedtb be planar butradialembeddingganbeusedwith anygraph.Herewe seearadial
embeddingf arandomlabeledtree.

In[39] : = ShowGraph[ RandomTree[10] ;
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By arbitrarily selectingaroot, anytreecanberepresentedsarootedtree.

I n[ 40] : = ShowGraph[ RootedEmbedding[RandomTree[10],1] Ik

An interestinggeneraheuristicfor drawinggraphamodelsthe graphasa systemof springsandletsHooke’slaw spaceheverticesHere
it doesagoodjob illustratingtheJoi n operationwhereeachvertexof K7 is connectedo eachof two disconnectedertices.In
achievingthe minimumenergyconfiguration thesetwo verticesendup on differentsidesof K .

In[41] : = ShowG aph|
SpringEmbedding][
GraphJoin[EmptyGraphl[2], CompleteGraph[71]]];
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AddEdge
AddVertex
ChangeEdge
Contrac
DeleteEdg
DeleteVerte:
InduceSubgrag
MakeSimple
PermuteSubgraj
RemoveSelfLoof

AddEdge!
AddVertices
ChangeVertice
DeleteCycle
DeleteEdge
DeleteVertice
MakeDirecte«
MakeUndirecte:
RemoveMultipleEdge
ReverseEdge

Conbi nat or i ca functions for modifying graphs.

HighlightedEdgeStyl

LNorm
LoopPositior
LowerRight
NoSelfLoop:
NormalDashe
One

Paren
Randomintege
Small

Thick

Thin

Type

UpperLeft
VertexColol
VertexLabelColo
VertexNumbe
VertexNumberPositic
VertexWeigh
WeightRang
Zoom

HighlightedVertexStyl

Edges FromAdjacencyList

FromAdjacencyMatri FromOrderedPai

FromUnorderedPai IncidenceMatri

ToAdjacencyList ToAdjacencyMatri:

ToOrderedPail ToUnorderedPail
Conbi nat or i ca functions for graph format translation.

Algorithm Box

Brelaz Cente

Circle Directec

Disk EdgeColo

EdgeDirectiot EdgelLabe

EdgelLabelColc EdgelLabelPositic

EdgeStyl¢ EdgeWeigh

Euclidear HighlightedEdgeColol

HighlightedVertexColor
Invariants

Large

LowerLeft
NoMultipleEdge:!
Normal
NormalizeVertice
Optimurr
PlotRang:

Simple

Strong
ThickDashei
ThinDashe!
Undirectec
UpperRigh
VertexLabe
VertexLabelPositio
VertexNumberColc
VertexStyle

Weak
WeightingFunctiol

Conbi nat or i ca options for graph functions.
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GetEdgelLabe GetEdgeWeight
GetVertexLabel GetVertexWeight
SetEdgelabe SetEdgeWeigh
SetGraphOptior SetVertexLabel
SetVertexWeight

Conbi nat or i ca functions for graph labels and weights.

AnimateGrapl
DilateVertice:
Highlight
RandomVertice
RankedEmbeddir
RotateVertice
ShowGrapl
ShowlLabeledGrar
TranslateVertice

CircularEmbeddin
GraphOption
RadialEmbeddin
RankGrapl
RootedEmbeddir
ShakeGrap
ShowGraphArra
SpringEmbeddin
Vertices

Conbi nat or i ca functions for drawing graphs.

Generating Graphs

Many graphsconsistentlyprove interesting,in the sensethat they are modelsof importantbinary relationsor haveunique
graphtheoreticproperties Often, thesegraphscanbe parameterizedsuchasthe completegraphonn verticesk,, , giving a
concisenotation for expressingan infinite classof graphs.Start off with severaloperationsthat act on graphsto give
different graphsand which, togetherwith parameterizedjraphs,give the meansto constructessentiallyany interesting
graph.

I n[ 42] : = ShowGraph[ GraphUnion[ CompleteGraphLSH,
CompleteGraph([5,5]

Theunionof two connectedjraphshastwo connectedomponents.

1L
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Graphproductscanbevery interesting Theembeddingf a producthasbeendesignedo showoff its structureandis formedby
shrinkingthefirst graphandtranslatingt to the positionof eachvertexin thesecondgraph.

In[43] : = ShowGraph[ GraphProductf = CompleteGraph[3],
CompleteGraph[5] 1 I

Theline graphL (G) of agraphG hasavertexof L (G) associatedvith eachedgeof G, andanedgeof L (G) if, andonly if, thetwo
edgesf G shareacommonvertex.

I n[44] : = ShowGraph[ LineGraph[CompleteGraph[5]] IK

©1988-2003 Wolfram Research, Inc. All rights reserved.
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Circulantsaregraphswhoseadjacencymatrix canbe constructedy rotatinga vectorn times,andincludecompletegraphsandcyclesas
specialcasesEvenrandomcirculantgraphshaveaninterestingyegularstructure.

I n[45] : = ShowGraph[ CirculantGraph[21,
RandomKSubset[Range[10],3]]];

.;,’,.
Q;:

>

S
%

5
X

[
]

0)

A
Va

Somegraphgeneratorsreatedirectedgraphswith selfloops,suchasthis de Bruijn or shift register graphencodingall length5
substringof abinaryalphabet.

I n[46] : = ShowGraph[ DeBruijnGraph[2,5] 1;
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Hypercubes of dimensiond arethe graphproductof cubesof dimensiond — 1 andthe completegraphKj . Here,a Hamiltoniancycle
of thehypercubas highlighted.Coloredhighlightingandgraphanimationsarealsoprovidedin the package.

I n[ 47]: = ShowGraph[ Highlight[Hypercubel[4],
{Partition[HamiltonianCycle[Hypercube[4]], 2, 1 I

Severalbf thebuilt-in graphconstructiorfunctionsdo not haveparameterandonly construc@a singleinterestinggraph Fi ni t e -

G aphs collectsthemtogetheiin onelist for convenienteferenceShowGr aphAr r ay permitsthedisplayof multiple graphsin one
window.

In[48]: = ShowG aphArray[ Partition[FiniteG aphs,5,5]];

PUZA\)N

ey

L

©1988-2003 Wolfram Research, Inc. All rights reserved.



18

Printed from the Mathematica Help Browser

BooleanAlgebr.
CageGrap

ChvatalGrap
CodeToLabeledTre
CompleteGrap
CompleteKaryTre
CubeConnectedCyc
Cycle
DodecahedralGray
ExactRandomGray
FiniteGraph:
FranklinGrapt
FunctionalGrap
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GraphPowe

GraphSun

GridGrapf

Harary

HeawoodGrap
Hypercube

IntervalGrapt
LabeledTreeToCoc
LineGrapt

MakeGrapt
MeredithGrapl
NoPerfectMatchingGray
OctahedralGrag
OrientGrapt
PermutationGrag
RandomGrap
RealizeDegreeSequer
RobertsonGrag
SmallestCyclicGroupGraj
TetrahedralGrag
TransitiveClosur

Turan
Uniquely3ColorableGrag
VertexConnectivityGrap
Wheel

ButterflyGrapr
CartesianProdu
CirculantGrapl
CompleteBinaryTre
CompleteKPartiteGray
CoxeterGrap
CubicalGrapl
DeBruijnGrapt
EmptyGrapt
ExpandGrap
FolkmanGrap
FruchtGrapl
GeneralizedPetersenGre
GraphDifferenc
GraphJoit
GraphProduc
GraphUnior
GrotztschGrap
HasseDiagrat
HerschelGrap
IcosahedralGrag
KnightsTourGrap
LeviGrapf
ListGraph:
McGeeGrapl
MycielskiGrapt
NonLineGraph
OddGrapt

Patr

PetersenGraf
RandomTre
RegularGrap
ShuffleExchangeGraj
Stal
ThomassenGraj
TransitiveReductio
TutteGrapt
UnitransitiveGrap
WaltherGrapl

Conbi nat or i ca functions for graph constructors.

Properties of Graphs

Graphtheoryis the studyof propertiesor invariantsof graphs Amongthe propertiesof interestaresuchthingsasconnectiv
ity, cyclestructureandchromaticnumber Herewe demonstratéow to computeseveraldifferentgraphinvariants.

An undirectedgraphis connectedf a pathexistsbetweerany pair of vertices Deletinganedgefrom a connectedyraphcandisconnect

it. Suchanedgeis calledabridge.
I n[ 49]: = ConnectedQ[ DeleteEdge[

Qut[49]= Fal se

{10y 11
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G aphUni on canbeusedto createdisconnectedraphs.

I n[50] : = ConnectedComponents[ GraphUnion[CompleteGraph[3],
CompleteGraph[4]] ]

Qut[50]= {{1, 2, 3}, {4, 5, 6, 7}}

An orientationof anundirectedyraphG is anassignmenof exactlyonedirectionto eachof theedgesof G. Notethatarrowsdenoting
the directionof eachedgeareautomaticallydrawnin displayingdirectedgraphs.

In[51]: = ShowGraph[ OrientGraph[Wheel[10]] 1;

An articulationvertexof agraphG is avertexwhosedeletiondisconnect§s. Any graphwith no articulationverticesis saidto be
biconnectedA graphwith avertexof degreel cannotbe biconnectedsincedeletingthe othervertexthatdefinesits only edgediscon
nectsthegraph.

In[52]: = Bi connect edConponent s|
RealizeDegreeSequence[{4,4,3,3,3,2,1}] ]

Qut [ 52] {{2, 73, {1, 2, 3, 4, 5, 6}}

Theonly articulationvertexof astaris its center gventhoughits deletionleavesh — 1 connectedomponentsDeletinga leafleavesa
connectedree.

I n[ 53] : = AtrticulationVertices[ Star[10] ]

Qut[53]= {10}

Everyedgein atreeis abridge.
In[54]: = Bridges] RandomTree[10] ]

Qut[54]1= {{3, 5}, {3, 9}, {7, 9}, {6, 7}, {1, 6}, {2, 8}, {2, 10}, {4, 10}, {1, 10}}

A graphis saidto bek-connectedf theredoesnot existasetof k — 1 verticeswhoseremovaldisconnectshegraph.Thewheelis the
basictriconnectedyraph.

In[55]:= VertexConnectivity[Weel [10]]

3

Qut [ 55]
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A graphis k-edgeconnectedf theredoesnot existasetof k — 1 edgesvhoseremovaldisconnectshe graph.The edgeconnectivityof
agraphis atmosttheminimumdegre&, sincedeletingthoseedgedisconnectshe graph.Completebipartitegraphsrealizethis bound.

In[56]: = EdgeConnecti vity[ Conpl et eG aph[ 3, 4] ]

Qut[56]= 3

Thesetwo completebipartitegraphsareisomorphic sincethe orderof thetwo stagess simply reversedHere,all isomorphismsre
returned.

In[57]: = Isomorphism[CompleteGraph[3,2], CompleteGraph[2,3], All]

aut[57]= {{3, 4,

A graphis selfcomplementaryf it is isomorphicto its complementThe smallesthontrivial selfcomplementargraphsarethe pathon
four verticesandthecycleonfive.

In[58]:= SelfComplementaryQ[ Cycle[5] ] &&
SelfComplementaryQ| Path[4] ]

out[58]= True

A directedgraphin which half the possibleedgesxistis almostcertainto containa cycle. Directedacyclicgraphsareoftencalled
DAGs.

In[59] :

AcyclicQ
] RandomGraph[100, 0.5, Type -> Directed]

Qut[59] = Fal se

Thegirth of agraphis thelengthof its shortestycle.A cageis thesmallesipossibleregulargraph(heredegreel) thathasa prescribed
girth.

In[60]:

Girthf CageGraph[3, 6] ]

Qut[60]= 6

An Euleriancycleis acompletetour of all theedgesof agraph.An Euleriancycle of a bipartitegraphbouncesackandforth between
the stages.

In[61] : = EulerianCycle[ CompleteGraph[4,4] ]

out[e61]= {7, 2,8, 1,5, 4,6,3,7, 4,83, 5 2,6,1, 7}
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Conbi nat or i ca functions for graph predicates.

A Hamiltoniancycleof agraphG is acyclethatvisits everyvertexin G exactlyonce,asopposedo anEuleriancyclethatvisits each
edgeexactlyonce K, forn > 1 aretheonly Hamiltoniancompletebipartitegraphs.

I n[ 62] : = HamiltonianCycle[CompleteGraph[3,3], All]

at[e62]= {{1, 4, 2, 5, 3, 6, 1}, {1, 4, 2, 6, 3, 5, 1}, {1, 4, 3,5, 2, 6, 1}, {1, 4, 3, 6, 2, 5, 1},
{1, 5, 2,4, 3,6, 1}, {1, 5, 2,6, 3,4, 1}, {1, 5, 3,4, 2,6, 1}, {1, 5, 3, 6, 2, 4, 1},
{1, 6, 2, 4, 3, 5, 1}, {1, 6, 2,5, 3, 4, 1}, {1, 6, 3, 4, 2, 5, 1}, {1, 6, 3, 5, 2, 4, 1}}

Thedivisibility relationbetweerintegerss reflexive,sinceeachintegerdividesitself, andantisymmetric,sincex cannotdividey if
X > Y. Finally, it is transitive,asX\ Yy impliesy = ¢ X for someintegerc, soy\ z impliesx\ z.
In[63]:= ShowG aph[
g = MakeGraph[Range[8],(Mod[#1,#2]==0)&],
VertexNumber -> True

|
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Sincethedivisibility relationis reflexive,transitive,andantisymmetric,t is a partialorder.

In[64]:= Partial Order g]

Qut[64]= True

A graphG is transitiveif anythreevertices, Y, z, suchthatedgedX, Y}, {y, zZ} € G, imply {X, Z} € G. Thetransitivereductionof a

graphG is thesmallesgraphR (G) suchthatC (G) = C (R(G)). Thetransitivereductioneliminatesall implied edgesn thedivisibil-
ity relation,suchas4\8, 1\4, 1\ 6, and1\8.

I n[ 65] : = ShowGraph[TransitiveReduction[g], VertexNumber —> True];
30
4 89
5 7‘D
RS

The Hassaliagramclearlyshowsthelattice structureof the Booleanalgebrathe partialorderdefinedby inclusionon the setof subsets.

In[66]: = ShowG aph[
HasseDiagram[MakeGraph[Subsets[4],
] ((Intersection[#2,#1]===#1)&&(#1 1= #2))&]]
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A topologicalsortis a permutatiorp of theverticesof agraphsuchthatanedge{i, j} impliesi appearbeforej in p. A complete
directedacyclicgraphdefinesatotal order,sothereis only onepossibleoutputfrom Topol ogi cal Sort .

In[67]:= Topol ogi cal Sort[
MakeGraph[Range[10],(#1 > #2)&] ]

aut[67]= {10, 9, 8, 7, 6, 5, 4, 3, 2, 1}

Any labeledgraphG canbe coloredin acertainnumberof wayswith exactlyk colorsl, ..., K. This numberis determinedy the
chromaticpolynomialof the graph.

In[68]:= Chromati cPol ynomi al

GraphUnion[CompleteGraph[2,2], Cycle[3]], z ]

Qut [ 68] =

622 +212%-292%+202%-72%+27
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Conbi nat ori ca functions for graph invariants.

Algorithmic Graph Theory

Finally, thereareseverainvariantsof graphsthatareof particularinterestbecausef the algorithmsthatcomputethem.
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Theshortespathspanningreeof a grid graphis definedin termsof Manhattardistancewherethe distancebetweerpointswith
coordinategX, y) and(U, V) is | X—U|+ |y—V].
In[69] : = ShowG aph

ShortestPathSpanningTree][
GridGraphl[5,5],1] ;

In anunweightedyraph therecanbe manydifferentshortespathsbetweerany pair of vertices This pathbetweertwo opposingcorners
goesall thewayto theright, thenall theway to thetop.

In[70]:= ShortestPath[ GidG aph[5, 5], 1, 25]

aut[70]= {1, 2, 3, 4, 5, 10, 15, 20, 25}

A minimumspanningreeof aweightedgraphis asetof N — 1 edgesof minimumtotal weightthatform a spanningreeof thegraph.
Any spannindgreeis aminimumspanningreewhenthe graphsareunweighted.

In[71] : = ShowGraph[ MinimumSpanningTree[ CompleteGraphl[6,6,6] 1 I
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Thenumberof spanningreesof acompletegraphis N2, aswasprovedby Cayley.
In[72] : = Nunber O Spanni ngTr ees[ Conpl et eG aph[ 10] ]

Qut[72]= 100000000

The maximumflow throughanunweighteccompletebipartitegraphG is theminimumdegree) (G).

In[ 73] : = NetworkFlow[ CompleteGraph[4,4], 1, 8]

Qut[73]= 4

A matching,n agraphG, is asetof edgesf G suchthatno two of themsharea vertexin common.A perfectmatchingof aneven
cycleconsistof alternatingedgesn thecycle.

I n[ 74] : = BipartiteMatching[ Cycle[8] ]

Qut[74]= {{1, 2}, {3, 4}, {5, 6}, {7, 8}}

Any maximalmatchingof aK,, is amaximummatching.andperfectif n is even.

In[75]: = Maxi mal Mat chi ng[ Conpl et eGr aph[ 8] ]

aut[75]= {{1, 2}, {3, 4}, {5, 63,
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Conbi nat or i ca functions for graph algorithms.
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