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Part I – Introduction

Although not completely convinced yet, I am strongly inclined to believe that “there is a unique non-compressible pattern for any given string”. The confidence comes from both intuition and the process of trying to prove/disprove the uniqueness. Here are some rough ideas I employed in favor of proving this uniqueness:
Idea 1 (by contradiction): 

For a given string s, suppose there are two non-compressible patterns p1 and p2, p1=/= p2; try to draw some ridiculous conclusion, such as:


a). p1 or p2 is compressible (contradiction to “they are non-compressible”); or
b). p1 and p2 cannot generate a same string s’ (contradiction to “both p1 and p2 are patterns of s”);
Idea 2 (by construction):
For a given string s, we construct a special non-compressible pattern p0, and prove every other pattern of s could be compressed into p0.

Following Idea 1, I cannot go further than proving the following conjecture:

(a). a non-compressible string (or pattern) neither contains ww’w nor ends with ww’, where w is a substring and w’ is the reverse of w. (in fact, this conjecture/theorem is also useful in Idea 2)
Following Idea 2, however, I came up with some other interesting conjectures, such as:
(b). by conforming to certain rules, we can fold a string in a deterministic way (i.e. standard walk) and get a special non-compressible pattern (i.e. most compact pattern);

(c). every pattern of the given string can be compressed into the special one; thus the special one is the unique non-compressible pattern, and is the shortest pattern;
(d). the relation “… is a pattern of …” defines a lattice over the set of patterns of a given string.

If these conjectures are true, we can not only complete the uniqueness proof, but also obtain an efficient algorithm to construct the shortest pattern. In fact, most of these conjectures could be proved easily. The most critical problem is, conjecture (c) is not so obvious to be true; but I have got some rough ideas that seem promising to complete the proof. Anyway, following Idea 2 it is very likely to get closer to the proving of uniqueness. Or otherwise it might inspire us to disprove the uniqueness.
To illustrate how Idea 2 works, some relative definitions, conjectures (or theorems) and examples are outlined in the following parts. Some other interesting but not relevant ideas are omitted.
Part II – Definitions and Conjectures:

Def 1:
non-compressible

A string s is non-compressible iff it has no patterns except for itself.

Conj 1: String s is non-compressible <=> 


s has no substring like ww’w and does not end with ww’  (w’ is the reverse of w).

Notes: this means the only way to compress a string is to folding ww’w into w and (at the end of s) folding ww’ into w.

Proof:  (completed)
=> : by contradiction. 

<= : by Def 1.

Def 2:
standard walk

Given a string s, the standard walk of s makes as many turns as possible. That is, wherever it is possible to go both forward and backward, the standard walk always makes a turn and goes backward.
Notes 1: 

“Forward” and “backward” are independent to “rightward” and “leftward”:

If you are going rightward, in the next step you can either keep going forward (i.e. rightward) or instead go backward (i.e. make a turn and go leftward). 

If you are going leftward, in the next step you can either keep going forward (i.e. leftward) or instead go backward (i.e. make a turn and go rightward).

Note 2:
“It is possible to go both forward and backward” means there are two different walks of the whole string that go different directions at certain points. Here the “possible” means globally possible instead of locally possible. Note that, “globally possible to go both directions” implies “locally possible to go both directions”; but the reverse is not true. 
For example: (suppose we were going rightward and now come to the “.”) 


globally possible to go both directions:



010.010
(locally possible too)

not globally possible to go both directions:



010.011
(but locally possible)


010.100
(not locally possible either)
And thus: (let (w) denote folding ww’w under w)



11110 ( (1)10 instead of 1(1)0






011001101 ( (01)101 instead of 01(10)1
Note 3: 

The standard walk might have other different definitions, which could also lead to the following conclusions; but the definition given above seems to be the most straightforward. 
Conj 2.1:  Given a string s, the standard walk of s is unique.

Proof:  (completed)
by Def 2; this is a deterministic walk.

Conj 2.2: The standard walk yields a non-compressible pattern.

Proof:  (almost completed)

a). it yields a pattern; (obviously)

b). the pattern is non-compressible; (by contradiction??)
Def 3:
most compact pattern

Given a string s, the most compact pattern of s is the pattern yielded by the standard walk of s.

Conj 3: Given a string s, the most compact pattern of s is unique.

Proof: directly from Conj 2.1.
Let “P(s)” be the set consisting of all the patterns of s. 
Let “u >> w” denote “w is a pattern of u”.  (then: u could be compressed into w; and u>>w ( |u|>=|w|)
Conj 4: Given a string s, let p0 be its most compact pattern. For every p in P(s), p>>p0. 

Proof:  (NOT completed)
rough idea: for every p, there is a walk w of s over p; try to fold this walk into a standard walk. 

Conj 5: The relation “>>” defines a lattice over P(s). 
Proof:  (depends on Conj 4)

a). >> defines a partial relation over P(s); (obviously)

b). let p0 be the most compact pattern. For every p in P(s),



s>>p and p>>p0 (from Conj 4)

Conj 6: For an arbitrary string s, the shortest pattern is exactly the most compact pattern.

Proof:  (depends on Conj 4)

Conj 4 and “p>>p0 ( |p|>=|p0|”.
Part III – Some Examples
(I will draw them by hand and put in your mail-box when they are ready)
