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A Useful Recurrence

Consider the following recurrence:

(0(1), if n <1,

T(n) = 5 aT (g) + f(n), otherwise;
\

where,a > 1and b > 1.

Arises frequently in the analyses of divide-and-conquer algorithms.

Recall the following from the analyses of QSort (quicksort) in lecture 1.
. n

Serial: T(n) = 2T (%) + ©(n)

Parallel (with serial partition): T(n) =T (g) + O(n)

Parallel (with parallel partition): T(n) = T (=) + O(logn)
2



How the Recurrence Unfolds
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How the Recurrence Unfolds

e(1), ifn<l,
T(n) = aT (g) + f(n),  otherwise.




How the Recurrence Unfolds: Case 1

e(1), ifn<1l,
T(n) = aT (g) +f(n),  otherwise.

T(n)




How the Recurrence Unfolds: Case 2

e(1), ifn<1l,
T(n) = aT (%) +f(n),  otherwise.

T(n)




How the Recurrence Unfolds: Case 3

O(1), ifn<l,
T(n) =

aT (g) + f(n), otherwise.

T(n)

=

A
N f) = 0@ ) &af (2) < cf ()
7(5) - for constantse > 0 & c < 1.
* , Sums Geometrically decrease ‘
log,n f<ﬁ) +

Level by Level.

o N First Level
Dominates.

T(n) = O(f(n))




The Master Theorem

(O(1), ifn<l,

T'(n) = aT (%) + f(n), otherwise (a = 1,b > 1).
\

log,a-€

Case1l: f(n) = O(n ) for some constant € > 0

T(n) = O(n°%")

|
Case2: f(n) = @(n Ogbalgkn) for some constant k > 0.

log,a

T(n) =0(n ~° lgttin)

Case 3: f(n) = Q(nlogba+6) and af (g) < cf(n)

for constants € > 0 and ¢ < 1.

T(n) = O(f ()




Back to QSort Complexities

Now let’s try the QSort (quicksort) recurrences from lecture 1.
Serial: T(n) = 2T (g) + O(n)
Master Theorem Case 2: T(n) = ®(nlogn)
Parallel (with serial partition): T(n) =T (g) + O(n)
Master Theorem Case 3: T(n) = ©(n)
Parallel (with parallel partition): T(n) =T (g) + ®(logn)

Master Theorem Case 2: T(n) = ®(log*n)



More Example Applications of Master Theorem

Karatsuba’s Algorithm: T(n) = 3T (g) + O(n)
Master Theorem Case 1: T(n) = @(nlogz 3)
Strassen’s Matrix Multiplication: T(n) = 7T (g) + @(nz)

Master Theorem Case 1: T(n) = @)(nlogz 7)

Fast Fourier Transform: T(n) = 2T (g) + O(n)

Master Theorem Case 2: T(n) = ©(nlogn)



Recurrences not Solvable using the Master Theorem
Example1: T(n) =nT (g) +n

a = /n is not a constant

Example2: T(n) = ZT( - ) + n?

logn

b = logn is not a constant
1 n 2
Example3: T(n) = ST (E) +n
1.
a = is not > 1

Example 4: T(n) = 2T (4?”) +n

b=%isnot> 1.



Recurrences not Solvable using the Master Theorem
Example 5: T(n) = 3T (g) —n

f(n) = —n is not positive

Example6: T(n) = 2T (%) + n?sinn
violates regularity condition of case 3

n

Example 7: T(n) = 2T (23) +

logn

f(n) = O(nlogb a), but # O(nlogb a‘e) for any constante > 0

Example8:T(n) =T (g) + 2T (3) +n

a and b are not fixed



Multithreaded
Matrix Multiplication



Parallel lterative MM

Iter- MM (Z, X, Y) { X, Y, Zare n x n matrices,
where n is a positive integer }

1. fori<« 1tondo
2 for j<« 1tondo

3 Z[i][j]l<« O

4, for k< 1 tondo

3 ZLilljY e Zlilj 1+ X[illk]-YL k][]

N

Par-Iter-MM ( Z, X, Y) {X, Y, Zare n x n matrices,
where n is a positive integer }

1. parallel for i <~ 1 to n do

2 parallel for j <~ 1 to ndo

3 Z[i][j]l<« O

4, for k <~ 1 to n do

> ZLilljl«< Z[illj1+X[i]lk]- YL k][Jj]




Parallel lterative MM

Par-lter-MM ( Z, X, Y) {X, Y, Zare n x n matrices,
where n is a positive integer }

1. parallel for i < 1 to n do

2 parallel for j < 1 to ndo

3 Z[i][j]l<« O

4, for k< 1 tondo

5 ZLilljl«< Z[illi1+XTi]lk]-YL k][]

Work: T;(n) = ©(n?)

Span: T,(n) = O(logn +logn +n) = O(n)

Parallelism: 17 — @(nz)

Teo (N) -




Parallel Recursive MM
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Parallel Recursive MM

Par-Rec-MM ( Z, X, Y) { X, Y, Zare n x n matrices,
where n = 2k for integer k >0 }

1. if n=1 then
Z—7Z+X-Y

. else

2

3

4 spawn Par-Rec-MM ( Z{, Xi1, Y11)
5 spawn Par-Rec-MM ( 25, Xy1, Y12)
6. spawn Par-Rec-MM ( Zy4, X1, Y41)
7 Par-Rec-MM ( 2,5, X1, Y42)
8 sync

9 spawn Par-Rec-MM ( Zy4, X3, Yo1)
10. spawn Par-Rec-MM ( 245, Xi3, Y92)
11.  spawn Par-Rec-MM ( Z,4, Xy5, Yo1)
12. Par-Rec-MM ( 2,5, X532, Y92 )
13. sync

14. endif




Parallel Recursive MM

Work:

Par-Rec-MM ( Z, X, Y ) { X, Y, Zare nxn matrices, ®(1)'

where n = 2k for integer k >0} T, (n) = n
1. if n=1 then 2
2 Z«7Z+X-Y
3. else = @(ns)
4 spawn Par-Rec-MM ( Zy4, X1, Y11) Span:
5 spawn Par-Rec-MM ( 25, Xy1, Y12)
6.  spawn Par-Rec-MM ( Zy, Xp1 Yi1) 0(1),
7 Par-Rec-MM ( Zyy, X1, Y1) To(n) = T (ﬁ
8 sync 0 2
9 spawn Par-Rec-MM ( Zy4, X35 Yo )
10. spawn Par-Rec-MM ( Z5, X1, Y22) = ®(n)
11. spawn Par-Rec-MM ( Z,;, X55, Y51)
- bar-Rec MM | ZZ XZ YZ) Parallelism: ;;((T;)) = 0(n?)
13. sync
14. endif Additional Space:

Seo(n) = ©(1)

ifn=1,
8T; (—) + ©(1), otherwise.

[ MT Case 1]

ifn=1,
) + ©®(1), otherwise.

[ MT Case 1]



Recursive MM with More Parallelism
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Recursive MM with More Parallelism

Par-Rec-MM2 ( Z, X, Y') { X, Y, Zare nx n matrices,
where n = 2k for integer k >0 }

1. if n=1 then
Z—7Z+X-Y

. else { T is a temporary n x n matrix }

spawn Par-Rec-MM2 1

spawn Par-Rec-MM2

2

3

4

5 2
6. spawn Par-Rec-MM2

7

8

9

Yii)

Yi2)

Yi1)

23, X1, Y12)
Y21)

Y2)

)

)

(

(

(

spawn Par-Rec-MM2 (
spawn Par-Rec-MM2 ( T,,, Xy,

(

(

(

-

spawn Par-Rec-MM2 ( Tyy, Xi3, Y9y
10.  spawn Par-Rec-MM2 ( Ty, X5, Yoy
1. Par-Rec-MM2 ( Ty, X33, Yy
12. sync
13. parallel for i < 1 to n do
14. parallel for j < 1 tondo
15. ZLiljleZli]lj1+T0i10J]

16. endif




Recursive MM with More Parallelism

Par-Rec-MM2 ( Z, X, Y') { X, Y, Zare nxn matrices,
where n = 2k for integer k >0 }

1. if n=1 then

2 I+ 72+X-Y

3. else { Tis a temporary n x n matrix }
4 spawn Par-Rec-MM2 ( Z,,, X41, Y41)
5 spawn Par-Rec-MM2 ( Z,5, X415 Y12)
6. spawn Par-Rec-MM2 ( Z,,, X31, Y11)
7 spawn Par-Rec-MM2 ( Z,,, X3¢, Y12)
8 spawn Par-Rec-MM2 ( T4, X35 Yor)
9 spawn Par-Rec-MM2 ( Tiy, X425 Y22)
10.  spawn Par-Rec-MM2 ( Ty, Xy, Yor)
11. Par-Rec-MM2 ( Ty, X9, Y92)
12. sync
13. parallel for i <~ 1 to n do
14. parallel for j < 1 tondo
15. ZLiJljleZli]lj1+Ti10J]
16. endif

Work:
(1), ifn=1,
— n
T;(n) 8T, (E) + @(nz), otherwise.
= 0(n?) [ MT Case 1]
Span:
0(1), ifn=1,
— n
Too (Tl) T, (E) -+ @(log Tl), otherwise.
= O(log?n) [ MT Case 2 |
Parallelism: -2 — ®( nj )
Too (M) log°n
Additional Space:
e(1), ifn=1
— n
Seo () 85S., (E) + @(nz), otherwise.
= @(n3) [ MT Case 1]



Multithreaded
Merge Sort



Parallel Merge Sori

Merge-Sort ( A, p, r) { sort the elementsinA[p ...r ]}
1. if p<rthen

2 g<L(p+r)/2]

3 Merge-Sort ( A, p, q)

4, Merge-Sort ( A, g+1, r)

5 Merge ( A, p, q, 1)

N

Par-Merge-Sort (A, p, r) {sort the elementsinA[p..r]}

. if p<rthen

gel(p+r)/2]

spawn Merge-Sort ( A, p, q)
Merge-Sort ( A, g+ 1, r)

sync

Merge ( A, p, q,r)




Parallel Merge Sort

Par-Merge-Sort (A, p, r) {sort the elementsinA[p..r]}

. if p<rthen
gl (p+r)/2]
spawn Merge-Sort ( A, p, q)

1
2
3
4, Merge-Sort ( A, g+1, r)
5 sync

6

Merge ( A, p, q,r)

Work 0(1), ifn=1,
ork: _ n
T(n) 2T, (E) + O(n), otherwise.
= O(nlogn) [ MT Case 2 ]
S O(1), ifn=1,
pan: - n
Too () T, (E) + ®(n), otherwise.

= O(n) [ MT Case 3]

.. h(n) _
Parallelism: T = O(logn)




Parallel Merge

3rd Edition

Source: Cormen et al.,
“Introduction to Algorithms”,

ny=r—p+1 N, =71,—1, +1

subarrays to merge: T[pll..rl] T[pzl..rz]

.'”1 q1 JF‘1| ,f-?'z 42 f'zl

r ... <X X > X < X > X
suppose: n; = n,
merge copy merge
A .. <X X > X
lﬂa q3 I3 .

merged output: A[pgl..rg]

Tl3—7‘3 p3 1=n1+7’l2



Parallel Merge
ng=rn—-p+1
subarrays to merge: T[pll..rl] T[pzl..rz]

1 I 1

P 1 P2 q2 I

41
T ... <X x| ==x < X > X

suppose: n; = n,

merge copy merge
A ... <X X > X
Ps 43 I's
| y ]
merged output: Alps..13]

ny=1r3—p3+1=n;+n,

Step 1: Find x = T|q4], where g, is the midpoint of T[p;..

Source: Cormen et al.,
“Introduction to Algorithms”,

3rd Edition



Parallel Merge

n1=7‘1—p1+1 n2=T2—p2+1
subarrays to merge: T[pi..11] T[py..15]
1 A
P 41 1 P2 q2 12
T ... <x |1| > x < X > X 2
G
88
é <8
suppose: nq = n, £23
merge copy merge © S
5 O
g o
A ... <X X > X =
P3 q3 I's
| y ]
merged output: Alps..135]

ny=1r3—p3+1=n;+n,

Step 2: Use binary search to find the index g, in subarray T[p,..13]
so that the subarray would still be sorted if we insert x between

T|lq, — 1] and T'[q,]



Parallel Merge

ny=r—p+1 N, =71,—1, +1
subarrays to merge: T[pll..rl] T[pzl..rz]
.'”1 q1 f1| ,f-?'z 42 le
T ... <x x| ==x < X > X
suppose: n; = n,
merge copy merge
A ... <X u =X
lﬂa q3 I3 .
merged output: A[pgl..rg]

ny=1r3—p3+1=n;+n,

Source: Cormen et al.,
“Introduction to Algorithms”,

3rd Edition

Step 3: Copy x to A|q3], where g3 = p3 + (q1 — p1) + (@2 — p2)



Parallel Merge

ny=r—p+1 N, =71,—1, +1

subarrays to merge: T[pll..rl] T[pzl..rz]

.'”1 q1 JF‘1| ,f-?'z 42 f'zl

T ... | <x | x > X e < X > X
suppose: n; = n,
merge copy merge
A ... | <X |.r > X
lﬂa q3 I3 .

merged output: A[pgl..rg]

ny=1r3—p3+1=n;+n,

Perform the following two steps in parallel.

Source: Cormen et al.,
“Introduction to Algorithms”,

Step 4(a): Recursively merge T|p;..q; — 1] with T|p,..q, — 1],

and place the result into A[p3..q3 — 1]

3rd Edition



Parallel Merge

n1=7‘1—p1+1 n2=T2—p2+1
subarrays to merge: T[p,..7] T[py..15]
1 A
P q1 1 P2 q2 12
T ... <x x| > X BEERE < X | >x | )
©
B
c
£
suppose: nq = n, <
(@)
merge copy merge g
[}
A ... <x x | > X [I @
P3 q3 rs
| y ]
merged output: Alps..135]

ny=1r3—p3+1=n;+n,
Perform the following two steps in parallel.
Step 4(a): Recursively merge T|p;..q; — 1] with T|p,..q, — 1],
and place the result into A[p5..q3 — 1]

Step 4(b): Recursively merge T[q; + 1..77] with T[g, + 1..1, ],
and place the result into A[g5; + 1..13]

“Introduction to Algorithms”,

3rd Edition



Parallel Merge

Par-Merge (T, py, 1, Py Iy A, D3 )

1.
2.
3.

10.
1.

12.

4
5.
6

Ni<«<ri-pi+1, ny<r,-p,+1
if n, < n, then

Py <> Py, [ ¢>ry NNy

. if ny =0 then return

else
g L(p+ry)/r2]
q, < Binary-Search ( T[q,1, T, py, ;)

QG < Pp3+(q-py)+(q-py)

Alg; ]« Tl[q]

spawn Par-Merge ( T, pq, q4-1, Py, G;-1, A, p3 )
Par-Merge (T, q+1, ry, g,+1, 1y, A, g3+1)

sync




Parallel Merge

Par-Merge (T, p4, 4, Py, I, A, D3 )
T.nyer-pi+1, mer-p+1 We haVE,

2. if ny<n, then

n,<n=>2n,<n; +n,=n

3. P1 <> Py, 11y Ny M,

4. if ny =0 then return

5. else In the worst case, a recursive

6. aqrelipirr)/2l call in lines 9-10 merges half
7. g, < Binary-Search ( T[q,]1, T, by, ry)

5 < pie(ap)e (@ py) the elements of T[p;..7] with

9.  AlgsleTla] all elements of T[p,..1,].

10. spawn Par-Merge ( T, P1, q1'1’ P2, q2'1’ A, pPs3)

1. Par'Merge(T} q1+1}r1} q2+1}r2) Ay q3+1 )

2. sync Hence, #elements involved in

such a call:

S—+—+—== +—=<
2

{n1‘+ ng Ny Ny ng+n, 2n
=TT 2 4

N[ S
+



Parallel Merge

Par-Merge (T, p4, 4, Py, I, A, D3 )

1.
2.
3.
4.
5.
6.

10.
1.

12.

ny«ri-p+1, mer-p;+1
if ny < n, then
P1 > Py 1> N>y
if ny =0 then return
else
g <L(p+ry)r2]
g, < Binary-Search ( T[q.1, T, py, Iy)
QG < p3+(q-py)+(q-py)

Alg;] <« T[qy]

spawn Par-Merge ( T, P1, q1'1’ P2, q2'1’ A, pPs3)
Par'Merge ( T} q1+1} Iy, q2+1} I, Ay q3+1 )

sync

Span:
e(D), ifn=1
— 3n
Too () T, (T) + ®(logn), otherwise.
= 0©(logn) [ MT Case 2 ]
Work:

Clearly, Ty (n) = Q(n)
We show below that, T;(n) = O(n)

1 3 .
For some a € [Z’Z]’ we have the following

recurrence,

T;(n) = Ty(an) + Tl((l — a)n) + O(logn)

Assuming T;(n) < c;n — ¢, logn for positive constants c; and c,, and substituting on the right

hand side of the above recurrence gives us: T; (n) < ¢cyn — ¢, logn = O(n).

Hence, T;(n) = ©(n).



Parallel Merge Sort with Parallel Merge

Par-Merge-Sort (A, p, r) {sort the elementsinA[p..r]}
1. if p<rthen

2 gl (p+r)/2]

3 spawn Merge-Sort ( A, p, q)

4, Merge-Sort ( A, g+1, r)

5 sync

6 Par-Merge ( A, p, q, r)

Work 0(1), ifn=1,
ork: _ n
T(n) 2T, (E) + O(n), otherwise.
= O(nlogn) [ MT Case 2 ]
S O(1), ifn=1,
pan: - n
Too () T (E) + ®(log?n), otherwise.

= O(log3n) [ MT Case 2]
Parallelism: ;1(11) = ®( - )




