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The Rod Cutting Problem

Suppose you are given:

- arod of length n inches, and
- alist of prices p; for integeri € [1,n],
where p; is the selling price of a rod of length i inches.

Determine the maximum revenue 7;, obtainable by cutting up the
rod and selling the pieces.



The Rod Cutting Problem

A sample price table for rods
length i 1 2 3 4 5 6 7 8 9 10
price p; 1 5 8 9 10 17 17 20 24 30

Solve the problem for n = 4 and the price table given above.
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Rod Cutting: Standard Recursive Algorithm

A sample price table for rods
length i 1 2 3 4 5 6 7 8 9 10
price p; 1 5 8 9 10 17 17 20 24 30

There is a different way of looking at the cuts and thus computing 7.
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OO T max{p;+ 7},  ifn>0.




Rod Cutting: Standard Recursive Algorithm

0, if n=0,
n = max i + i} if n>0.
SIsn

Cut-Rop (p, n)
. ifn = 0 then
return 0

. g — o

1

2

3

4. fori<«1tondo
5 q < max{q,p[i] + CuT-RoD (p,n — i)}
6

. return q




Rod Cutting: Standard Recursive Algorithm
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*Run on a dual-socket (2 X 8 cores) 2.0 GHz Intel E5-2650 with private 32KB L1 and 256KB L2 caches,
a shared 20MB L3 cache per socket and 32GB RAM. Only one core was used.



Rod Cutting: Standard Recursive Algorithm
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Rod Cutting: Standard Recursive Algorithm

Cut-Rob (p, n)
. ifn = 0 then
return 0

. ¢ — @

1

2

3

4. fori<«1tondo
5 q < max{q,p[i] + CuT-RoD (p,n — i)}
6

. return q

Let T(n) be the running time of the algorithm on an input of size n.

Then (0(1), ifn=0

T(n) = 5

2T(n—i)+@)(1), if n>0.
\i=1

Solving: T(n) = ©(2M).



Rod Cutting: Standard Recursive Algorithm

When CuT-Rop( n ) is called with n = 5, the values of n passed to

the recursive function calls are shown below.



Rod Cutting: Standard Recursive Algorithm

When CuT-Rop( n ) is called with n = 5, the values of n passed to

the recursive function calls are shown below.

We are calling Cut-Robp( n ) or solving the problem for the same
value of n over and over again!

How about saving the solution when we solve the problem for any
given value of n for the first time?



Rod Cutting: Recursion with Memoization
(a.k.a. Backiracking with Memoization)

MEMmoIzED-CUT-ROD ( p, n )

1. r[0..n] « new array

2. fori«0tondo

3. r[i] <« — o

4, return MEMOIZED-CUT-ROD-AUX ( p,n, T )

MEMOIZED-CUT-ROD-AUX ( p, n, T )
. if r[n] = 0 then
return r[n]
. ifn = 0 then

q<« 0

fori«1tondo
q < max{ q,p[i]| + MEMOIZED-CUT-ROD-AUX (p,n — i, 7 ) }

. r[n]<«gq

1
2
3
4
3. elseq« —o
4
5
6
7

. return q




Rod Cutting: Recursion with Memoization
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*Run on a dual-socket (2 X 8 cores) 2.0 GHz Intel E5-2650 with private 32KB L1 and 256KB L2 caches,
a shared 20MB L3 cache per socket and 32GB RAM. Only one core was used. 13



Rod Cutting: Recursion with Memoization
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Rod Cutting: Recursion with Memoization
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Rod Cutting: Recursion with Memoization
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Rod Cutting: Recursion with Memoization
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Rod Cutting: Bottom-up Dynamic Programming

Bottom-UpP-CuT-ROD ( p, 1)

. r[0..n] < new array
. r[0]<«0
. forj<«1tondo

q< —

q<«max{q,p[i] +r[j—i]}
r[jl<q

1

2

3

4

5. fori<«1tojdo
6

7

8. return r[n]




Rod Cutting: Bottom-up Dynamic Programming

Bottom-UpP-CuT-ROD ( p, 1)

. r[0..n] < new array
. r[0]<«0
. forj<«1tondo

q< —

q<«max{q,p[i] +r[j—i]}
r[jl<q

1

2

3

4

5. fori<«1tojdo
6

7

8. return r[n]

Let T(n) be the running time of Botrom-Upr-CuT-Rop on an input of
size n. Then |

T(m) =0(1+37,(1+3_,1)) =0(n?).
Note that Memoizep-CuT-Robp has the same O(nz) running time on an

input of size n.



Rod Cutting: Bottom-up Dynamic Programming
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*Run on a dual-socket (2 X 8 cores) 2.0 GHz Intel E5-2650 with private 32KB L1 and 256KB L2 caches,

a shared 20MB L3 cache per socket and 32GB RAM. Only one core was used.
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Rod Cutiting: Bottom-up Dynamic Programming
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—— recursion with memoization —O— bottom-up dynamic programming

*Run on a dual-socket (2 X 8 cores) 2.0 GHz Intel E5-2650 with private 32KB L1 and 256KB L2 caches,
a shared 20MB L3 cache per socket and 32GB RAM. Only one core was used.
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Rod Cutting: Exiracting the Solution

EXTENDED-BoOTTOM-UP-CUT-ROD ( p, 1)

1. r[0..n] < new array, s[0..n] < new array
r[0] < 0
for j<« 1 tondo
q —
fori«1tojdo
if g <pli] +r[j—i] then
qepli] + rlj—il
sljl«i
rljl<q
return r and s

S © ® N U AW

—

PRINT-CUT-ROD-SOLUTION ( p, n )

1. (r,s) < EXTENDED-BOTTOM-UP-CUT-ROD ( p, n)
2. whilen >0 do
3. print s[n]

4, n<«n — s[nj

22



Rod Cutting: Exiracting the Solution

A sample price table for rods
length i 1 2 3 4 5 6 7 8 9 10
price p; 1 5 8 9 10 17 17 20 24 30

EXTENDED-BoTTOM-UP-CUT-ROD( p, 1 ) returns the following arrays:

i o 1 2 3 4 5 6 7 8 9 10
rl[i]l o 1 5 8 10 13 17 18 22 25 30
sli]| o 1 2 3 2 2 6 1 2 3 10




Matrix-Chain Multiplication

A B C
(r X q) (g Xr) (p X1)

A p X q matrix A and a q' X r matrix B can be multiplied
provided g = q'.

The result will be ap X r matrix C.



Matrix-Chain Multiplication

A B C
(p % q) (" x1) (pXx71)
v _ provid?d
q=q

MATRIX-MULTIPLY (D, q, A, q', T, B ) Time needed to multiply
1. if g #q then the p X g matrix A and
2. error “incompatible dimensions” the qXxr matrix B is

3. else )

, dominated by the total

4, C < new p X r matrix

5. forie1topdo number pqr of scalar

6. for j« 1 tor do multiplications performed
7. C[i,j] <0 in line 7.

8. for k<« 1 toqdo

5 Clij] < CLij] + AL, k] x B[k, ] Hence, running time of
10.  return C the algorithm is @(pqr).




Matrix-Chain Multiplication

Al AZ A3 A4 A
(3 x4) (4 X 5) (5% 2) (2 X 6) (3X6)

We can multiply the four matrices on the left hand side in five
distinct orders.

26



Matrix-Chain Multiplication

A A A A
/ (3 ><14) / (4 ><25) /(5- ><32) (2 ><46) \\\

- & N\ SIS

number of scalar multiplications
=5X2X6+4X5X6+3X4X6
= 252
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Matrix-Chain Multiplication

A A A A
/ (3 ><14) // (4 ><25) (5 xs-Z)\ (2 ><46) \\

- o _/ ./

number of scalar multiplications
=4X5X24+4X2X6+3%Xx4X6
= 160



Matrix-Chain Multiplication

A A A A
// (3 ><14) (4 ><25) \ (5 ><32) (2 ><46) \\

N NG ./

number of scalar multiplications
=3X4X54+5X2X64+3%X5%X6
= 210



(s

X 4)

Matrix-Chain Multiplication

/‘

A,
(4 X 5)

A3
(5 X

) )

X X X

o - S

number of scalar multiplications
=4X5X24+3%X4X24+3%X2X6
= 100




Matrix-Chain Multiplication

///(31114)

Az
(4 x5)

'\

/

number of scalar multiplications

=3X4X54+3Xx5%X24+3%X2X6

=126




Matrix-Chain Multiplication

The matrix-chain multiplication problem:
Given a chain (44, A,, ..., A,;) of n matrices,
where fori = 1, 2, ..., n, matrix 4; has dimension p;_{ X p;,
fully parenthesize the product 4,4, ... 4,

in @ way that minimizes the number of scalar multiplications.



Matrix-Chain Multiplication

Let P(n) = number of parenthesizations of a sequence of n matrices.

Then
1, ifn=1,

n—1
P(n) = - ZP(k)P(n—k), if n>2.

kk=1

Very easy to show that P(n) = Q(2").

Hence, exhaustively checking all possible parenthesizations of the
given chain of matrices does not give an efficient algorithm.



Matrix-Chain Mult: Standard Recursive Algorithm

Let Al] = AiAi+1 A]—lA] forl1 <i S] < n.

Let m(i,j) = the minimum number of scalar multiplications needed

to compute the matrix 4; ;.

Then m(1,n) = the minimum number of scalar multiplications
needed to compute A; ., (i.e., solve the entire
problem).

0, if i =J,
m(i,j) = - min {m(i, k) + m(k + 1,j) + pi_1pxP;}, if i <].

I<k<
\ J




Matrix-Chain Mult: Standard Recursive Algorithm

RECURSIVE-MATRIX-CHAIN ( p, i, j)
1. ifi =j then

2 return 0

3. g«

4, fork«itoj—1do

q,
_ RECURSIVE-MATRIX-CHAIN ( p, i, k)
S g min| 4 pryrvE-MATRIX-CHAIN (p, k+1, j)
+ Di-1PkDj

6. returnq




Matrix-Chain Mult: Standard Recursive Algorithm

Let T(n) be the running time of the algorithm on an input of size n.

Then .
1, if n=1,

T(n) = A«

n—1
14 E(T(k) FT(h—K)+1), ifn>1
L k=1

Solving: T(n) = 21 = T(n) = Q(2"M).



Matrix-Chain Mult: Standard Recursive Algorithm

2.2] (3..4 2..3] |4.4] [1..1] [2..2) (3..3]) [4..4) (1..1] [2..3 1..2] 3..3

9 (-0 B2 69) £2) (3 ©) B2




Matrix-Chain Mult: Standard Recursive Algorithm
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Matrix-Chain Mult: Recursion with Memoization

MEMOIZED-MATRIX-CHAIN ( p )

1.

2
3
4.
5
6

n <« p.length — 1
m[1..n,1..n] < new table
fori<«1tondo
for j«iton do
mli,j] < oo

return LOOKUP-CHAIN ( m,p,1,n )

LOOKUP-CHAIN ( m, p, i, j)

1.

o U kW

if m[i,j] < o then
return mli, j]
if i =j then
mli,j] < 0
fork«itoj—1do
q < LOOKUP-CHAIN (m, p, i, k)
+ LOOKUP-CHAIN (m p, k+ 1, j)
+ Di-1PkDj
if g <mli,j] then
mli,jl < q

return mli, j]

39



Matrix-Chain Mult: Bottom-up DP

MATRIX-CHAIN-ORDER ( p )
n<« p.length — 1
m[1..n,1..n] < new table, s[1..n — 1,2..n] < new table

fori<«1tondo

mli,i] <0

1.
2
3
4
5. forl<« 2 tondo /1 lis the chain length
6 fori<1ton—1+1do

7 j—i+l-1

8 mli, j] < oo

9

fork«itoj—1do

10. q < mli, k] + mlk + 1,j] + p;i_10kD;j
1. if g <mli,j] then

12. mli,jl «q

13. sli,jl <k

14. return m and s




Matrix-Chain Mult: Bottom-up DP

matrix Aq A, A3 Ay As Ag
dimension 30 X 35 35 x 15 155 5x10 10 x 20 20 X 25
(Po X p1) (p1 X p2) (p2 X p3) (P3 X Pa) (P4 X ps) (Ps X p6)
m S




Matrix-Chain Mult: Bottom-up DP

matrix Aq A, A3 Ay As Ag
dimension 30 X 35 35 x 15 155 5x10 10 x 20 20 X 25
(Po X p1) (p1 X p2) (p2 X p3) (P3 X Pa) (P4 X ps) (Ps X p6)
m S




Matrix-Chain Mult: Bottom-up DP

matrix Aq A, A3 Ay As Ag
dimension 30 X 35 35 x 15 155 5x10 10 x 20 20 X 25
(Po X p1) (p1 X p2) (p2 X p3) (P3 X Pa) (P4 X ps) (Ps X p6)
m S




Matrix-Chain Mult: Bottom-up DP

matrix Aq A, Aj Ay As Ag
dimension 30 X 35 35 x 15 155 5x10 10 x 20 20 X 25
(Po X p1) (p1 X p2) (p2 X p3) (P3 X Pa) (P4 X ps) (Ps X p6)
m S




Matrix-Chain Mult: Bottom-up DP

matrix Aq A, Aj Ay As Ag
dimension 30 X 35 35 x 15 155 5x10 10 x 20 20 X 25
(Po X p1) (p1 X p2) (p2 X p3) (P3 X Pa) (P4 X ps) (Ps X p6)
m S




Matrix-Chain Mult: Bottom-up DP

matrix Aq A, Aj Ay As Ag
dimension 30 X 35 35 x 15 155 5x10 10 x 20 20 X 25
(Po X p1) (p1 X p2) (p2 X p3) (P3 X Pa) (P4 X ps) (Ps X p6)
m S
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Matrix-Chain Mult: Bottom-up DP

matrix Aq A, Aj Ay As Ag
dimension 30 X 35 35 x 15 155 5x10 10 x 20 20 X 25
(Po X p1) (p1 X p2) (p2 X p3) (P3 X Pa) (P4 X ps) (Ps X p6)
m S
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Matrix-Chain Mult: Bottom-up DP

matrix Aq A, Aj Ay As Ag
dimension 30 X 35 35 x 15 155 5x10 10 x 20 20 X 25
(Po X p1) (p1 X p2) (p2 X p3) (P3 X Pa) (P4 X ps) (Ps X p6)
m S

To compute m|1, 6] <= l_g}l(igj{m(i, k) + m(k + 1,j) + pi—1pkpj} = 1r<nki£16{m(1, k) + m(k +1,6) + popkp6})




Matrix-Chain Mult: Bottom-up DP

matrix Aq A, Aj Ay As Ag
dimension 30 X 35 35 x 15 155 5x10 10 x 20 20 X 25
(Po X p1) (p1 X p2) (p2 X p3) (P3 X Pa) (P4 X ps) (Ps X p6)
m S

To compute m[1, 6] (= irg{igj{m(i, k) +mk +1,)) + pi_1pkpj} = min {m(1,k) +m(k + 1,6) + popkp6})
[k = 1] = m[1,1] + m[2,6] + pop1Pe = 0 + 10,500 + 30 x 35 X 25 = 36,750
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Matrix-Chain Mult: Bottom-up DP

matrix Aq A, Aj Ay As Ag
dimension 30 X 35 35 x 15 155 5x10 10 x 20 20 X 25
(Po X p1) (p1 X p2) (p2 X p3) (P3 X Pa) (P4 X ps) (Ps X p6)
m S

To compute m|1, 6] <= l_g}l(igj{m(i, k) + m(k + 1,j) + pi—1pkpj} = 1r<nki£16{m(1, k) + m(k +1,6) + popkp6})

[k = 1] = m[1,1] + m[2,6] + pop1Pe = 0 + 10,500 + 30 x 35 X 25 = 36,750
[k = 2] = m[1,2] + m[3,6] + pyp,pe = 15,750 + 5,375 + 30 x 15 x 25 = 32,375
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Matrix-Chain Mult: Bottom-up DP

matrix Aq A, Aj Ay As Ag
dimension 30 X 35 35 x 15 155 5x10 10 x 20 20 X 25
(Po X p1) (p1 X p2) (p2 X p3) (P3 X Pa) (P4 X ps) (Ps X p6)
m S

To compute m|1, 6] (= irsr’lcigj{m(i, k) +mk +1,)) + pi_1pkpj} = min {m(1,k) +m(k + 1,6) + popkp6})
[k = 1] = m[1,1] + m[2,6] + pop.pe = 0 + 10,500 + 30 X 35 X 25 = 36,750
[k = 2] = m[1,2] + m[3,6] + pop,pe = 15,750 + 5,375 + 30 X 15 x 25 = 32,375
[k = 3] = m[1,3] + m[4,6] + pypspe = 7,875 + 3,500 + 30 X 5 X 25 = 15,125
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Matirix-Chain Mult: Bottom-up DP

matrix Aq A, Aj Ay As Ag
dimension 30 X 35 35 x 15 155 5x10 10 x 20 20 X 25
(Po X p1) (p1 X p2) (p2 X p3) (P3 X Pa) (P4 X ps) (Ps X p6)
m S

To compute m|1, 6] <= l_g}l(igj{m(i, k) + m(k + 1,j) + pi—1pkpj} = 1r<nki£16{m(1, k) + m(k +1,6) + popkp6})

[k = 1] = m[1,1] + m[2,6] + pep1ps = 0 + 10,500 + 30 x 35 X 25 = 36,750

[k = 2] = m[1,2] + m[3,6] + pep,pe = 15,750 + 5,375 + 30 X 15 X 25 = 32,375
[k = 3] = m[1,3] + m[4,6] + popspe = 7,875 + 3,500 + 30 X 5 X 25 = 15,125
[k = 4] = m[1,4] + m[5,6] + pepape = 9,375 + 5,000 + 30 x 10 X 25 = 21,875
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Matirix-Chain Mult: Bottom-up DP

matrix Aq A, Aj Ay As Ag
dimension 30 X 35 35 x 15 155 5x10 10 x 20 20 X 25
(Po X p1) (p1 X p2) (p2 X p3) (P3 X Pa) (P4 X ps) (Ps X p6)
m S

To compute m|1, 6] <= l_g}l(igj{m(i, k) + m(k + 1,j) + pi—1pkpj} = 1r<nki£16{m(1, k) + m(k +1,6) + popkp6})

[k = 1] = m[1,1] + m[2,6] + pep1ps = 0 + 10,500 + 30 x 35 X 25 = 36,750

[k = 2] = m[1,2] + m[3,6] + pep,pe = 15,750 + 5,375 + 30 X 15 X 25 = 32,375
[k = 3] = m[1,3] + m[4,6] + popspe = 7,875 + 3,500 + 30 X 5 X 25 = 15,125
[k = 4] = m[1,4] + m[5,6] + pepape = 9,375 + 5,000 + 30 x 10 X 25 = 21,875
[k = 5] = m[1,5] + m[6,6] + pepsps = 11,875 + 0 + 30 X 20 X 25 = 26,875
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Matrix-Chain Mult: Bottom-up DP

matrix Aq A, Aj Ay As Ag
dimension 30 X 35 35 x 15 155 5x10 10 x 20 20 X 25
(Po X p1) (p1 X p2) (p2 X p3) (P3 X Pa) (P4 X ps) (Ps X p6)
m S

To compute m|1, 6] <= l_g}l(igj{m(i, k) + m(k + 1,j) + pi—1pkpj} = 1r<nki£16{m(1, k) + m(k +1,6) + popkp6})

[k = 1] = m[1,1] + m[2,6] + pep1ps = 0 + 10,500 + 30 x 35 X 25 = 36,750

[k = 2] = m[1,2] + m[3,6] + pep,pe = 15,750 + 5,375 + 30 X 15 X 25 = 32,375
[k = 3] = m[1,3] + m[4,6] + popspe = 7,875 + 3,500 + 30 X 5 X 25 = 15,125
[k = 4] = m[1,4] + m[5,6] + pepape = 9,375 + 5,000 + 30 x 10 X 25 = 21,875
[k = 5] = m[1,5] + m[6,6] + pepsps = 11,875 + 0 + 30 X 20 X 25 = 26,875
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Matrix-Chain Mult: Bottom-up DP

matrix Aq A, Aj Ay As Ag
dimension 30 X 35 35 x 15 155 5x10 10 x 20 20 X 25
(Po X p1) (p1 X p2) (p2 X p3) (P3 X Pa) (P4 X ps) (Ps X p6)
m S

To compute m|1, 6] <= l_g}l(igj{m(i, k) + m(k + 1,j) + pi—1pkpj} = 1r<nki£16{m(1, k) + m(k +1,6) + popkp6})

[k = 1] = m[1,1] + m[2,6] + pep1ps = 0 + 10,500 + 30 x 35 X 25 = 36,750
[k = 2] = m[1,2] + m[3,6] + pep,pe = 15,750 + 5,375 + 30 X 15 X 25 = 32,375
min 4 [k = 3] = m[1,3] + m[4,6] + popsps = 7,875 + 3,500 + 30 X 5 X 25 = 15,125
[k = 4] = m[1,4] + m[5,6] + pepape = 9,375 + 5,000 + 30 x 10 X 25 = 21,875
[k = 5] = m[1,5] + m[6,6] + pepsps = 11,875 + 0 + 30 X 20 X 25 = 26,875 .




Matrix-Chain Mult: Bottom-up DP

matrix Aq A, Aj Ay As Ag
dimension 30 X 35 35 x 15 155 5x10 10 x 20 20 X 25
(Po X p1) (p1 X p2) (p2 X p3) (P3 X Pa) (P4 X ps) (Ps X p6)
m S

To compute m|1, 6] <= l_g}l(igj{m(i, k) + m(k + 1,j) + pi—1pkpj} = 1r<nki£16{m(1, k) + m(k +1,6) + popkp6})

[k = 1] = m[1,1] + m[2,6] + pep1ps = 0 + 10,500 + 30 x 35 X 25 = 36,750
[k = 2] = m[1,2] + m[3,6] + pep,pe = 15,750 + 5,375 + 30 X 15 X 25 = 32,375
min < |[k = 3] = m[1,3] + m[4,6] + popsps = 7,875 + 3,500 + 30 X 5 X 25 = 15,125
[k = 4] = m[1,4] + m[5,6] + pepape = 9,375 + 5,000 + 30 x 10 X 25 = 21,875
[k = 5] = m[1,5] + m[6,6] + pepsps = 11,875 + 0 + 30 X 20 X 25 = 26,875 .




Matrix-Chain Mult: Bottom-up DP

matrix Aq A, Aj Ay As Ag
dimension 30 X 35 35 x 15 155 5x10 10 x 20 20 X 25
(Po X P1) (p1 X p2) (p2 X p3) (P3 X Pa) (P4 X ps) (Ps X p6)
m S




Matrix-Chain Mult: Exiracting the Solution

dimension 30 x35 35x15 15 x5 5x10 10 x 20 20 x 25

PRINT-OPTIMAL-PARENS (s, i, j )

1. ifi=j then
2. print “A;”

3. else print “(”

4. PRINT-OPTIMAL-PARENS ( s, i, s[i,j])
5 PRINT-OPTIMAL-PARENS ( s, s[i,j1+ 1, j)
6. print “) »
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Dynamic Programming vs. Divide-and-Conquer

— Dynamic programming, like the divide-and-conquer method,
solves problems by combining solutions to subproblems

— Divide-and-conquer algorithms

O partition the problem into disjoint subproblems,
O solve the subproblems recursively, and
O then combine their solutions to solve the original problem

— |In contrast, dynamic programming applies when the subproblems
overlap — that is, when subproblems share subsubproblems

— A dynamic-programming algorithm solves each subsubproblem
just once and then saves its answer in a table, thereby avoiding
the work of recomputing the answer every time it solves each
subsubproblem



Elements of Dynamic Programming

An optimization problem must have the following two ingredients for
dynamic programming to apply.

1) Optimal substructure

— an optimal solution to the problem contains within it optimal
solutions to subproblems

2) Overlapping subproblems

— subproblems share subsubproblems and/or subsubsubproblems
and/or subsubsubsubproblems, and so on



Dynamic Programming

When developing a dynamic-programming algorithm, we follow a

sequence of four steps:

1) Characterize the structure of an optimal solution.
2) Recursively define the value of an optimal solution.

3) Compute the value of an optimal solution, typically in a

bottom-up fashion.

4) Construct an optimal solution from computed information.

If we need only the value of an optimal solution, and not the solution

itself, then we can omit step 4.

If we perform step 4, we sometimes maintain additional information
during step 3 so that we can easily construct an optimal solution.



Longest Common Subsequence (LCS)

A subsequence of a sequence X is obtained by deleting zero or more
symbols from X.

Example:
X = abcba
Z= bca <« obtained by deleting the 1%t ‘a” and the 2" ‘b’ from X

A Longest Common Subsequence (LCS) of two sequence X and Yis a
sequence Z that is a subsequence of both X and Y, and is the longest
among all such subsequences.

Given X and Y, the LCS problem asks for such a Z.
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LCS: Optimal Subsiructure

Given two sequences: X = (X1, Xy, ..., X;m) and Y = (y{, Vo, .o, Vi)
let Z = (24,25, ..., Z) beany LCSof X and Y.
For0 <i <m,letX; = (x4, x5, ..., x;). We define Y; and Z; similarly.
Then
(1) £ X = yn,
then z, = x,, =y, and Z,_; isan LCS of X,,,_; and ¥;,_.
(2) If X,y # Vi,

then z, # x,,, implies that Z isan LCS of X,,,_4 and Y.

(3) f X0y # Vi,
then z;, # y,, impliesthat Zisan LCSof X and Y,,_;.



LCS: Recurrence

Given two sequences: X = (X1, X5, ..., X;m) and Y = (y1, Vo, oo, V)

For0<i<mand0 <j <n,
let c[i, j] be the length of an LCS of X; and Y;. Then

(0, ifi=0Vj=0,
cli,jl=<cli—1,j—-1]+1, if i,j >0Ax; =yj,
\max{c[i,j —1],cli — 1,j]}, otherwise.
c Y1 Y2 Y3 Ya Y5 Yo Y7 Y8

X4

X, | <

’ B

X3 < A

X4 A :\K <€ c[i,j]

Xs x|

Xs T |« path (€5

X7

Xq ‘l\-- “«— mn]
= length of LCS




LCS: Boitom-up DP

LCS-LENGTH ( X, Y)

1.

O 00 N o0 1 AW N

N U N U |
~N o AW NN =2 O

m « X.length
n « Y.length
b[1..m,1..n] < new table, c[0..m,0..n] « new table
fori<1tom
c[i,0] « 0
forj<0ton
c[0,j] < 0
fori<1tom
forje<1ton
if x; = Vi
cli,jlecli—1,j—-1]+1
bli,j] « “~\”
elseif c[i—1,j] = c[i,j — 1]
cli,j] < cli =1,/
bli,j] « “1”
else c[i,j] « c[i,j — 1]
bli,j] « “&”

Running time = ©(mn)




LCS: Bottom-up DP
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LCS: Bottom-up DP
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LCS: Bottom-up DP

0 2 3 4 5
Yj B D cC A B
0 0 0 0 0
T T N
0 0 0 1] « 1
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LCS: Bottom-up DP

0 2 3 4 5 6
Yj B D C A B A
0 0 0 0 0 0
T T N N
0 0 0 1| « 1 1
N T N
1| « 1| « 1 1 2| « 2
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LCS: Bottom-up DP

0 2 3 4 5 6
Vj B D C A B
0 0 0 0 0 0
T N N
0 0 0 1| « 1 1
N T N
1| « 1| « 1 1 2| « 2
T T N T T
1 1 2| « 2 2 2
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LCS: Bottom-up DP

0 2 3 4 5 6
Yj B D C A B
0 0 0 0 0 0
T N N
0 0 0 1| « 1 1
N T N
1| « 1| « 1 1 2| « 2
T T N T T
1 1 2| « 2 2 2
N T T T N
1 1 2 2 3 « 3
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Bottom-up DP

LCS

Yj
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Bottom-up DP

LCS
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Bottom-up DP

LCS
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Bottom-up DP

LCS
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Bottom-up DP

LCS
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Bottom-up DP

LCS
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Bottom-up DP

LCS

Yj
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Bottom-up DP

LCS

Yj
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Bottom-up DP

LCS
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Bottom-up DP

LCS
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Bottom-up DP

LCS
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Bottom-up DP

LCS
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LCS: Constructing an LCS

PRINT-LCS ( b, X, i, j)

—
.

ifi=0o0rj=0
return
if bli,j] = “\”
PRINT-LCS ( b, X,i—1,j—1)
print x;
elseif b[i,j] = “1”
PRINT-LCS ( b, X,i—1,j )
else PRINT-LCS ( b, X,i,j—1)

© N o v A W N

Running time = O(m + n)



Longest Increasing Subsequence (LIS)

An Increasing Subsequence L of a given sequence A =

(a4, a,, ..., a,) of numbers is obtained by deleting zero or more
numbers from A such that every number x € L is larger than the
number immediately preceding x in L.

A Longest Increasing Subsequence (LIS) of A has the maximum
length among all increasing subsequences of A.



Longest Increasing Subsequence (LIS)

Let’s augment the given sequence A = (a4, a,, ...,a,) to
include a sentinel value ay = —o0. Thus {(ag, a4, a,, ..., a,) is
our augmented sequence.

Let LIS (i) be the length of the longest increasing subsequence of

a;, ai.4, ..., A, ) that starts at a;.
l 1+1 n l

Then
LIS(D) = 1+ max {LIS() | a; > a;)

i<jsn

Running time = ©(n?).



Subset Sum

Given an array A[1..n] of n positive integers and a target integer T,
determine if any subset of the numbersin A sumuptoT.



Subset Sum

Given an array A[1..n] of n positive integers and a target integer T,
determine if any subset of the numbersin A sumuptoT.

Let S(i, t) be True iff some subset of A[i..n] adds up to t.

Then
(True, ift =0,
S(i,t) =< False, ift<0ori>n,
S+ 1L,t)vS(i+1,t—Ali]), otherwise.

Running time = O(nT).

The resulting DP algorithm is called a pseudo-polynomial time
algorithm because its running time depends on the numeric value
of the input.



The Knapsack Problem

You have a knapsack of integer weight capacity W.

There are n items to pick from with the it" item having weight w;
and value v;, where 1 < i < n. All weight values are integers.

You need to pick the most valuable combination of items that fit
in your knapsack

Unbounded Knapsack:
Pick as many copies of each item as you want.

0/1 Knapsack:
Pick at most one copy of each item.



The Knapsack Problem

You have a knapsack of integer weight capacity W.

There are n items to pick from with the it" item having weight w;
and value v;, where 1 < i < n. All weight values are integers.

You need to pick the most valuable combination of items that fit
in your knapsack

Unbounded Knapsack:

Pick as many copies of each item as you want.
Let K(w) = maximum value achievable with a knapsack of capacity w.
Then K(w) = max {K(w — w;) + v;}
L:Wisw

Running time = @ (nWW).



The Knapsack Problem

You have a knapsack of integer weight capacity W.

There are n items to pick from with the it" item having weight w;
and value v;, where 1 < i < n. All weight values are integers.

You need to pick the most valuable combination of items that fit
in your knapsack

0/1 Knapsack:
Pick at most one copy of each item.

Let K(w, i) = maximum value achievable with a knapsack of capacity
w and items 1,2, ..., i.

Then K(w,i) =max{K(w —w;,i—1)+v, K(w,i — 1)}

Running time = O (nlW).



Optiondl
Optimal Binary Search Trees



Optimal Binary Search Trees (OPBST)
Given (1) a sequence K = (kq, k,, ..., k,;) of n distinct keys in
sorted order (sothat ky < k, < -+ < k),
(2) for i € [1,n], probability p; that a search will be for k;,
(3) fori € [1,n — 1], probability g; that a search will be
for a key (say, d;) between k; and k; 1,

(4) probability go that a search will be for a key (say, dg)
smaller than k,, and
(5) probability g,, that a search will be for a key (say, d.,;)
larger than k,,.
So, Xi=1Pi + Xic0qi =
Construct a binary search tree T from keys in K such that the
following expected search cost in T is minimized:

Z(depth(ki) +1).p; + Z(depth(di) +1).q;
=1 i=0



Optimal Binary Search Trees (OPBST)

ki k1 kz k3 k4 k5

Di 0.15 0.10 0.05 0.10 0.20

di do d1 dz d3 d4 d5
qi; | 0.05 0.10 0.05 0.05 0.05 0.10
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Optimal Binary Search Trees (OPBST)

node depth probability contribution
k4 1 0.15 0.30
k, 0 0.10 0.10
k- 2 0.05 0.15
ky 1 0.10 0.20
ke 2 0.20 0.60
dy 2 0.05 0.15
d4 2 0.10 0.30
d, 3 0.05 0.20
ds 3 0.05 0.20
dy 3 0.05 0.20
ds 3 0.10 0.40

Total 2.80




Optimal Binary Search Trees (OPBST)

node depth probability contribution
kq 1 0.15 0.30
k- 0 0.10 0.10
k- 3 0.05 0.20
k4 2 0.10 0.30
ke 1 0.20 0.40
dy 2 0.05 0.15
dq 2 0.10 0.30
d, 4 0.05 0.25
ds 4 0.05 0.25
dy 3 0.05 0.20
ds 2 0.10 0.30

Total 2.75




OPBST: Recurrence

letw(i, ) =Y +Y_,_q for1<i<j<n.

Let e(i,j) = expected cost of searching an optimal binary search

tree containing the keys k;, ..., kj.

Then e(1,n) = expected cost of searching an optimal binary search
tree containing k4, ..., k,, (i.e., containing all keys).

If k- is the root of an optimal subtree containing k;, ..., k;, then

e(i,j) =p, +{e(i,r—1)+w(,r—1)}
+{e(r+1,))+wl+1,j)}
=e(i,r—1)+e(r+1,j)+w(,j)
Hence,

C (qiew, if j=i—1,
e(l,j) = min{e(i,r —1)+e(r+1,j) +w(i,j)}, ifi<j.

IST<]



OPBST: Boitom-up DP (Cubic Time)

OPTIMAL-BST (p, q, n)

1.

— e e )
w N =

—_ =
(8, N N

© WV O N o U A WN

e[1l..n+ 1,0..n] < new table,
w[l..n+ 1,0..n] < new table,
root[1..n,1..n] <« new table

fori<~1ton+1do
eli,i —1] < qi_1
wli,i —1] < q;—
forl«1tondo
fori<~1ton—-1+1do
je—it+i—1
eli,j] <« oo
wli,jl<wli,j — 1] +p; + q;
forr<«itojdo
t@eli,r—1]+e[r+1,j] + wli,j]
if t <eli,j] then
eli,jl <t
root[i,jl < r

return e and root

Running time = 0(n?)






OPBST: Boitom-up DP (Quadratic Time)

OPTIMAL-BST (p, q, n)

1.

_ = = e
w N =

—_ =
(8, NN

© WV O N o U A WN

e[1l..n+ 1,0..n] < new table,
w[l..n+ 1,0..n] < new table,
root[1..n,1..n] <« new table

fori<1ton+1do
eli,i—1]«q;—4
wli,i — 1] < q;_4
forl<« 1 tondo
fori<1ton—1+1do
j«—i+1-1
eli,j] oo
wli,jl«wli,j = 1] +pj +q;
for r <~ root[i,j — 1] to root[i + 1, ] do
t@eli,r—1]+e[r+1,j] + wli,j]
if t <eli,j] then
eli,jl«t
root[i,jl < r

return e and root

Running time = 0(n?)



Optional
DP using Recursive

Divide-and-Conquer



Rod Cutting: Recursive Divide-&-Conquer

DivIDE-AND-CONQUER-CUT-ROD ( p, )
r[0..n] < new array
r[0] <0
fori<«1tondo
rli] < — o

DC-Cut-RoDp-A ( p,r,1,n)

o AN W N

return r[n]

DC-CuT-ROD-SOLVE-BASE ( p,7,k{,nq, ko, 15 )
1. forj<«k, tok, +n,—1do

2. q < r[j]

3. for i < kq to min{j, k; +n,; —1} do
4, q< max{q,p[i] +r[j—i]}

5. r[j]l < q




Rod Cutting: Recursive Divide-&-Conquer

DC-Cut-Robp-A (p, r, k, n)

—
.

if n < BASE_SIZE then

DC-Cut-Rop-B ( p,r,k,m,k + m,n—m ) | // update right part using left part

2. DC-CuT-ROD-SOLVE-BASE ( p,7, k,n, k,n )

3. else

4, m<« |n/2]

5. DC-CuTt-Rop-A ( p,r, k,m ) // update left part using left part
6.

7.

DC-Cut-Rop-A ( p,r, k+mn—m) // update right part using right part

update right part using
data from left part

_— T

left part

right part T

update left part using
data from left part

split in the middle

update right part using
data from right part
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Rod Cutting: Recursive Divide-&-Conquer

DC-Cut-RoD-B ( p, r, ki, nq, ko, ny)

1. if n < BASE_SIZE then

2. DC-CuT-ROD-SOLVE-BASE ( p,7, ki, nq, ko, 15 )

3. else

4 my < |n./2], my, < |n, /2] //letL=[ky..ky +ny —1]and R = [k,.. k, + n, — 1]
5. DC-CuTt-Robp-B ( p,r,ki,mq, k,,m, ) // left of L updates left of R
6 DC-Cut-Rop-B ( p,r,k;y + my,n;y —m, k,,m, ) // right of L updates left of R
7 DC-Cut-Rop-B ( p,r,ky,my, ky, + my,n, —m, ) // left of L updates right of R
8 DC-Cut-Rop-B ( p,1,k; + mqy,ny — my, k, + my,n, —m, ) {/ right of L updates right of R

split in the middle

left part right part L=rlky..k; +ny — 1]
left part right part R =rlky..ky +n, — 1]
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Rod Cutting: Recursive Divide-&-Conquer

Let T(n), To(n) and Tg(n) be the running times of DIVIDE-AND-
CONQUER-CUT-Rop, DC-CuTt-Robp-A and DC-CuT-RoD-B,
respectively, on an input of size n. Then

T(n) =Ty(n) + 0(n).

(0(1), if n < BASE_SIZE,
T — n n
a(n) = - 2T, (E) + Ty (E) + 0(1), otherwise.
\
(0(1), if n < BASE_SIZE,
T = n
p(n) = 4Ty (E) + 0(1), otherwise.
\

Solving: T (n) = 0(n?).



Rod Cutting: Recursive Divide-&-Conquer

|
=

BASE_SIZE = 10,000

M+ L = LN o
= = -] = =

running time (seconds)

[
=

0 100,000 200,000 300,000 400,000 500,000
rod length (n)

—— recursive divide-and-conquer —O— bottom-up dynamic programming

*Run on a dual-socket (2 X 8 cores) 2.0 GHz Intel E5-2650 with private 32KB L1 and 256KB L2 caches,
a shared 20MB L3 cache per socket and 32GB RAM. Only one core was used. 107



Rod Cutting: Recursive Divide-&-Conquer

10
BASE_SIZE = 10,000
3 e
_.___,_.—-—-—'--..__.--"'_'_'_._._._._

G St
S 4
k5
o 2
oL
[y
2 0

-2

4

-6

0 100,000 200,000 300,000 400,000 500,000

rod length (n)

% speedup of recursive divide-and-conguer over iterative dynamic programming

*Run on a dual-socket (2 X 8 cores) 2.0 GHz Intel E5-2650 with private 32KB L1 and 256KB L2 caches,
a shared 20MB L3 cache per socket and 32GB RAM. Only one core was used. 108



Mairix-Chain Mult: Recursive Divide-&-Conquer
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Matrix-Chain Muli: Recursive Divide-&-Conquer
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Apar (X,X.X)
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=

Buar(X12,X11,X32))

N

Byar (X, U V)

Byar (X21, Uzz, V1))

Cpar (K11, V12, X21))
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Boar((X12,Usy, Vi2))

N
<

Cpar X1z, K19, Vi2))

A

i

Bpar (X33, Usy, V1y))

s
X

Bpar (X352, Uz, Vaz))

nn
S

=

N
me
N

e
x

Cpar(Xiz, Usz, X537)

m
<

Coar (X, U,V))

U

|4

!

‘

Cpar{&11, Uy, Via))

Cpar(Xi12,U1, Vi2))

CparXa1, Uy, Vi)

Cpar((X22,Uz1, Vi2))

N

Cpar (K11, Uz, V2))

N

Cpar (X12,U1,V2))

<

Cpar ((Xa1, Uz, V21))

£
N

Cpar(X32,Uzp, Vaz))

N

N

N

<

O0+—0O



Matrix-Chain Muli: Recursive Divide-&-Conquer

r

'A’PG:’?“((X:» X:X>)

o e e

if X is a small matrix then A;,0p-par((X, X, X))

else
Par: Ao (X115 X1 5:X11 ) )y A parliXan, Xag,; Xog))
Bpar({(Xi12, X11, Xa22))

Bpar({(X,U,V))

2o =l iEh G g el

if X is a small matrix then B ,0p par ((X, U, V))

else

B ounltXog, Uz, Vig})

par: Cpan({ X11, Ura, Vou ) ) Coan(( KXo, Xoa,; Viz))
par: Beard { X5 Uid5 Y43} ) Bounl { Xos: Xos: Vo5 ))
Courii X9 Uiz, Xo3) )

Erdl X o Xaas YVis))

Bpar({(Xi2,U11, Vaa))

hYd

Cpar((X, U, V)

1. if X is a small matrix then C;,0p-par ((X, U, V'))
2.
3.

else
par: epaﬁr(<XllaU11:V11>)aepar(<X12:U11 Via)),
parl X2t s Us1, Vax }); Cear (X 29, Uan; Van))
par: epaﬁr(<X11:U12:V21>)aepar(<X123U12:V22>)a
€ par({Xo1; Uszs Voi ), Cpar ((Xaos,Usa; Von))
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Matrix-Chain Mult: Empirical Performance

R-DP: recursive divide-&-conquer (BASE_SIZE = 64 X 64),
I-DP: iterative DP, Tiled I-DP: tiled iterative DP

o~
N~
|

w
N

o~

-0-R-DP ——I-DP —x-Tiled I-DP

Giga Updates/Sec (log scale)

0.5 -
1000 5000 2000 13000 17000

DP table dimension (n), p =16

*Run on a dual-socket (2 X 8 cores) 2.7 GHz Intel Sandy Bridge with private 32KB L1 and 256KB L2 caches,
a shared 20MB L3 cache per socket and 32GB RAM. 112



Matrix-Chain Mult: Empirical Performance

R-DP: recursive divide-&-conquer (BASE_SIZE = 64 X 64),
I-DP: iterative DP, Tiled I-DP: tiled iterative DP

512 -
256 -
128 -
64 -
32 4

-+R-DP ——I|-DP —*-Tiled |I-DP

' /T, (log scale)

N &~ 0 O
]

1 < T T T 1

] 2 4 8 16
Number of cores (p), n = 8192

*Run on a dual-socket (2 X 8 cores) 2.7 GHz Intel Sandy Bridge with private 32KB L1 and 256KB L2 caches,
a shared 20MB L3 cache per socket and 32GB RAM. 113



Matrix-Chain Mult: Empirical Performance

R-DP: recursive divide-&-conquer (BASE_SIZE = 64 X 64),
I-DP: iterative DP, Tiled I-DP: tiled iterative DP

16 -
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O .
= 12 4| =-DRAM (Tiled I-DP/R-DP)
% 10 4L =PKG (Tiled I-DP/R-DP)
E A
2 8- AP
g ANYL A OAND BE T
v 6 ] ANADMANL  DAD B -
> ATA YA
9 4 - A
m X "AVA
IE 2 7 A,A*A‘\A'A "

0 i";"*o"i'ofo"o"o"o"o“\"tot"‘Tﬂl’i"ai‘?‘ vae . CRRFXIARKS M

1000 5000 2000 13000

DP table dimension (n), p =16

*Run on a dual-socket (2 X 8 cores) 2.0 GHz Intel Sandy Bridge with private 32KB L1 and 256KB L2 caches,
a shared 20MB L3 cache per socket and 32GB RAM. 114



Matrix-Chain Mult: Empirical Performance

R-DP: recursive divide-&-conquer (BASE_SIZE = 64 X 64),
I-DP: iterative DP, Tiled I-DP: tiled iterative DP
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=R -R-DP —-I-DP  Tiled-I DP

©

= .l E+05 1 ! I ] I
1000 5000 9000 13000 17000

DP table dimension (n), p = 16

*Run on a dual-socket (2 X 8 cores) 2.7 GHz Intel Sandy Bridge with private 32KB L1 and 256KB L2 caches,
a shared 20MB L3 cache per socket and 32GB RAM. 115



Matrix-Chain Mult: Empirical Performance

R-DP: recursive divide-&-conquer (BASE_SIZE = 64 X 64),
I-DP: iterative DP, Tiled I-DP: tiled iterative DP
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1E+10
1E+09

1E+08
1E+07

Total L2 cache misses (log scale)

~~R-DP ——I-DP —x Tiled-I DP

1E+05

1000

5000 2000 13000 17000
DP table dimension (n), p =16

*Run on a dual-socket (2 X 8 cores) 2.7 GHz Intel Sandy Bridge with private 32KB L1 and 256KB L2 caches,
a shared 20MB L3 cache per socket and 32GB RAM.
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Matrix-Chain Mult: Empirical Performance

R-DP: recursive divide-&-conquer (BASE_SIZE = 64 X 64),
I-DP: iterative DP, Tiled I-DP: tiled iterative DP

1E+12

M
+

1E+10
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1E+08

1E+07

1E+04 ~-R-DP —-I-DP x Tiled-I DP

Total L3 cache misses (log scale)

] E+05 I I | |
1000 5000 2000 13000 17000

DP table dimension (n), p =16

*Run on a dual-socket (2 X 8 cores) 2.7 GHz Intel Sandy Bridge with private 32KB L1 and 256KB L2 caches,
a shared 20MB L3 cache per socket and 32GB RAM. 117



Matrix-Chain Mult: Empirical Performance

R-DP: recursive divide-&-conquer (BASE_SIZE = 64 X 64),
I-DP: iterative DP, Tiled I-DP: tiled iterative DP

o 250 1
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*Run on a dual-socket (2 X 8 cores) 2.0 GHz Intel Sandy Bridge with private 32KB L1 and 256KB L2 caches,
a shared 20MB L3 cache per socket and 32GB RAM.



Matrix-Chain Mult: Empirical Performance

R-DP: recursive divide-&-conquer (BASE_SIZE = 64 X 64),
I-DP: iterative DP, Tiled I-DP: tiled iterative DP
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0 = , ~=R-DP —Tiled I-DP
O & ]
Sco |
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percentage (%) of L3 cache space available

*Run on a dual-socket (2 X 8 cores) 2.0 GHz Intel Sandy Bridge with private 32KB L1 and 256KB L2 caches,
a shared 20MB L3 cache per socket and 32GB RAM.



LCS: Linear Space with Recursive Divide-&-Conquer

Q=c[1..n,1..n]

n=29

I I I I T I I T I I I I I I I I I IIII1 1 Y
e e e e e e el

C

QO

NXOTTITTIT I I T I I T I T I T T T T T T T T T T 11711

] stored values
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LCS: Linear Space with Recursive Divide-&-Conquer

Q=([1..

n, 1..n]

n

= 24

1. Decompose Q: C

Split Q into four quadrants.

2. Forward Pass ( Generate Boundaries ):
Generate the right and the bottom
boundaries of the quadrants recursively.
( of at most 3 quadrants )

Qi

Q2

Q1

Q)

NXOTTITTIT I I T I I T I T I T T T T T T T T T T 11711

Q

] stored values

I I I T T T T I T I I I I I I I I T IIII1 11 Y
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LCS: Linear Space with Recursive Divide-&-Conquer

Q=c[1..n,1..n]

n=29

I I I T T T T I T I I I I I I I I T IIII1 11 Y

IIIIIIII@IIII I I I

1. Decompose Q: C
Split Q into four quadrants.

2. Forward Pass ( Generate Boundaries ):
Generate the right and the bottom
boundaries of the quadrants recursively.
( of at most 3 quadrants )

Qi L. Qp

IIIII(!)IIIIIII

NN EEEC I NN
-

3. Backward Pass ( Extract LCS-Path
Fragments ):
Extract LCS-Path fragments from the
quadrants recursively.
( from at most 3 quadrants)

Q1 05

4. Compose LCS-Path: e @)
Combine the LCS-Path fragments. Q

NXOTTITTIT I I T I I T I T I T T T T T T T T T T 11711

] stored values
m LCS path
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