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An Activity-Selection Problem

a; aa a a3 ag a; ag a; AQag Aaq9 aqo Qa1

Suppose:
- YouaregivenasetS = {aq,a,, ..., a,} of n proposed activities that wish
to use a resource, such as a lecture hall, which can serve only one
activity at a time.



An Activity-Selection Problem

a; a; a; a3 aq 4as Aag aa; Aag Aaq Ao Aa11
S; 1 3 0 5 3 5 6 8 8 2 12
fi 4 5 6 7 9 9 10 11 12 14 16

Suppose:

- YouaregivenasetS = {aq,a,, ..., a,} of n proposed activities that wish
to use a resource, such as a lecture hall, which can serve only one
activity at a time.

- Each activity a; has a start time s; and finish time f;, where 0 < s; <

f; < oo. If selected, activity a; takes place during the half-open time
interval [s;, f;).

- Activities a; and a; are compatible if the intervals [s;, f;) and [sj,fj) do
not overlap. That is, a; and a; are compatible if s; = f; ors; = f;.

Goal: Select a maximum-size subset of mutually compatible activities.

Assume that the activities are sorted in monotonically non-decreasing
order of finishtime: f; < fo, < f3 < < frii1 < fa-



An Activity-Selection Problem

An example set S of activities

a; a; a a3 a4 a; as a; Aag Aag9 a1 Qaqq
S; 3 0 5 3 5 6 8 8 2 12
fi |4 5 6 7 9 9 10 11 12 14 16
0
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An example set S of activities

a; a; a a3 a4 a; as a; Aag Aag9 a1 Qaqq
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set of activities

A mutually compatible
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An example set S of activities

a; aq aas ag a; Aag 4ag9 Qaq9 a1

0 5 3 5 6 8 8 2 12

--------------------------------------------------------------------------------------------------------------------------------------------------------------------------

A largest mutually

compatible set of activities




An Activity-Selection Problem

An example set S of activities

a; aq aas ag a; Aag 4ag9 Qaq9 a1

0 5 3 5 6 8 8 2 12

--------------------------------------------------------------------------------------------------------------------------------------------------------------------------

Another largest mutually

compatible set of activities




Activity-Selection: Greedy Choice

Let S, = the set of activities in S that start after activity a, finishes.

THEOREM: Consider any nonempty subproblem S; and let a,,, be an
activity in Sj, with the earliest finish time. Then a,, is included in
some maximum-size subset of mutually compatible activities of Sy,.

PROOF: Let A, = a maximum-size subset of mutually compatible
activities in 5.

Let a; be the activity in Ay with the earliest finish time.

If a; = a;,, we are done.

If aj # am, let Ay, = A —{a;} U {an}.

The activities in A}, are disjoint because the activities in A, are
disjoint, a; is the first activity in Ay to finish, and f;, < f;.

Since |A;{| = |Ay|, we conclude that A,, is a maximume-size subset of

mutually compatible activities of S, and it includes a,,,.



Greedy Activity Selection

An example set S of activities

a; a; a a3 a4 a; as a; Aag Aag9 a1 Qaqq
S; 3 0 5 3 5 6 8 8 2 12
fi |4 5 6 7 9 9 10 11 12 14 16
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Greedy Activity Selection

An example set S of activities

a; a; a a3 a4 a; as a; Aag Aag9 a1 Qaqq

S; 3 0 5 3 5 6 8 8 2 12

fi |4 5 6 7 9 9 10 11 12 14 16
0
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Overlap
with a

Greedy Activity Selection

An example set S of activities

a; a; a a3 a4 a; as a; Aag Aag9 a1 Qaqq

S; 1 3 0 5 3 5 6 8 8 2 12

fi |4 5 6 7 9 9 10 11 12 14 16
1 2 3 4 51617 8 9 P11




Greedy Activity Selection

An example set S of activities

a; a; a a3 a4 a; as a; Aag Aag9 a1 Qaqq
S; 3 0 5 3 5 6 8 8 2 12
fi |4 5 6 7 9 9 10 11 12 14 16
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Greedy Activity Selection

An example set S of activities

a; a; a a3 a4 a; as a; Aag Aag9 a1 Qaqq

S; 1 3 0 5 3 5 6 8 8 2 12

f i 4 5 6 7 9 9 10 11 12 14 16
1 2 3 4 5 6 | 7 8 9 P11
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Greedy Activity Selection

An example set S of activities

a; a; a a3 a4 a; as a; Aag Aag9 a1 Qaqq

S; 3 0 5 3 5 6 8 8 2 12

fi |4 5 6 7 9 9 10 11 12 14 16
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Greedy Activity Selection

An example set S of activities

a; a; a a3 a4 a; as a; Aag Aag9 a1 Qaqq
S; 3 0 5 3 5 6 8 8 2 12
f i 4 5 6 7 9 9 10 11 12 14 16
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Greedy Activity Selection

An example set S of activities

a; a a3 aq 4as; ag a; Aag Aaq9 a9 Aaqi

3 0 5 3 5 6 8 8 2 12
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Greedy Activity Selection

An example set S of activities
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Greedy Activity Selection

An example set S of activities
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Greedy Activity Selection

An example set S of activities

a; a; a a3 a4 a; as a; Aag Aag9 a1 Qaqq
S; 3 0 5 3 5 6 8 8 2 12
f i 4 5 6 7 9 9 10 11 12 14 16
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Greedy Activity Selection

An example set S of activities

a; a a3 aq 4as; ag a; Aag Aaq9 a9 Aaqi

3 0 5 3 5 6 8 8 2 12
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Greedy Activity Selection

An example set S of activities

a; a; a a3 a4 a; as a; Aag Aag9 a1 Qaqq
S; 3 0 5 3 5 6 8 8 2 12
f i 4 5 6 7 9 9 10 11 12 14 16
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Greedy Activity Selection

An example set S of activities

a; a a3 aq 4as; ag a; Aag Aaq9 a9 Aaqi

3 0 5 3 5 6 8 8 2 12
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Overlap
with ag

Greedy Activity Selection

An example set S of activities

-
. .

a; |aq a, a3 a Qas a, a; ag ag agy ap
S; 1 3 0 5 3 5 6 8 8 2 12
fi 4 5 6 7 9 9 10 11 12 14 16
1.2 3i4i5 6 7819 10|11 12 1314 15 16
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Greedy Activity Selection

An example set S of activities

a; a a3 aq 4as; ag a; Aag Aaq9 a9 Aaqi
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Greedy Activity Selection

An example set S of activities

a; a a3 aq 4as; ag a; Aag Aaq9 a9 Aaqi

3 0 5 3 5 6 8 8 2 12
4 5 6 7 9 9 10 11 12 14 16

Overlap
with ag
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Greedy Activity Selection

An example set S of activities

a; a a3 aq 4as; ag a; Aag Aaq9 a9 Aaqi

3 0 5 3 5 6 8 8 2 12
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Greedy Activity Selection

An example set S of activities

a; a a3 aq 4as; ag a; Aag Aaq9 a9 Aaqi

3 0 5 3 5 6 8 8 2 12




Greedy Activity-Selection

GREEDY-ACTIVITY-SELECTOR ( s, f )

1. n<s.length

2. A<{aq}

3. k<1

4. form<«2tondo

5. if sim] = flk] then
6 A<« AuU{a,}
7

8

k<m

. return A

Running time = O(n)



Topological Sort

A topological sort of a DAG (i.e., directed acyclic graph) G = (V,E) is a
linear ordering of all its vertices such that if G contains an edge (u, v), then
u appears before v in the ordering.

We can view a topological sort of a graph as an ordering of its vertices along
a horizontal line so that all directed edges go from left to right.

, — 7 @ 0 N
A Directed Acyclic
Graph (DAG) d )

A topological sort h
of the DAG nodes _




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

n<9 i<0

1. n«|G.V]
2. i<0 / n
3. whilei<ndo
4 find a node x € G.V d E
with no incoming edges g
5. assign number i to x f
i<—i+1
7. remove x with all its
outgoing edges from G k n
(
\_




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

choose node a with no incoming edges

1. n«|G.V]
2. i<0 /
3. whilei<ndo
4 find a node x € G.V d
with no incoming edges g
5. assign number i to x f
i<—i+1
7. remove x with all its
outgoing edges from G k n
(
\_




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

assign numberi = (0 to node a

i — 1 (incrementi)

1. n«|G.V]
2. i< 0 0 ]
3. whilei<ndo
4 find a node x € G.V d E
with no incoming edges g
5. assign number i to x f
i<—i+1
7. remove x with all its
outgoing edges from G k n
(




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

remove node a with all its outgoing edges

/ao

7

f

-

Ea

1. n«|G.V]

2. i<0

3. whilei <ndo

4 findanode x € G.V
with no incoming edges

5. assign number i to x
l«—i+1

7. remove x with all its
outgoing edges from G

(




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

choose node b with no incoming edges

1. n«|G.V]
2. i<0 /a 0
3. whilei<ndo
4 find a node x € G.V d
with no incoming edges g
5. assign number i to x f
i<—i+1
7. remove x with all its
outgoing edges from G k n
(




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

assign numberi = 1 tonode b

i — 2 (incrementi)

1. n«|G.V]
. 0 1

2. i<0 /a u
3. whilei<ndo
4 find a node x € G.V d E

with no incoming edges g
5. assign number i to x f

i<—i+1
7. remove x with all its

outgoing edges from G k n

(




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )
remove node b with all its outgoing edges

1. n<«|G.V]|
. 0 1 \

2. i«0 /a b

3. whilei<ndo

4, findanode x € G.V (Tr\ @

with no incoming edges
assign number i to x f

. i<—i+1
7. remove x with all its
outgoing edges from G k n /

U1




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

choose node ¢ with no incoming edges

1. n«|G.V]
2. i<0 /a 0
3. whilei<ndo
4 find a node x € G.V d @
with no incoming edges g
5. assign number i to x f
i<—i+1
7. remove x with all its
outgoing edges from G k n
(




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

assign numberi = 2 to node ¢

i — 3 (incrementi)

1. n«|G.V]
. 0 1
2. i<0 /a b
3. whilei<ndo
4 find a node x € G.V d @
with no incoming edges g
5. assign number i to x f
i<—i+1
7. remove x with all its
outgoing edges from G k n
(




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

remove node ¢ with all its outgoing edges

/ao

7

f

-

Ea

1. n«|G.V]

2. i<0

3. whilei <ndo

4 findanode x € G.V
with no incoming edges

5. assign number i to x
l«—i+1

7. remove x with all its
outgoing edges from G

(




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )
1. nel|G.V| choose node d with no incoming edges

: 0 1
<0 /a b

2
3. whilei<ndo
4

find a node x € G.V (%\ @

with no incoming edges

5. assign number i to x f
i<—i+1
7. remove x with all its
outgoing edges from G k n
(




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

assign numberi = 3 to node d

i — 4 (incrementi)

1. n«|G.V]
. 0 1
2. i<0 /a b
3. whilei <ndo 3 .
4 find a node x € G.V d @
with no incoming edges g
5. assign number i to x f
i<—i+1
7. remove x with all its
outgoing edges from G k n
(
0 (v
0 1 2 3
\_




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

remove node d with all its outgoing edges

1. n«|G.V]
- 0
2. i<0 /a
3. whilei <ndo 3 .
4 find a node x € G.V d
with no incoming edges g
5. assign number i to x f
i<—i+1
7. remove x with all its
outgoing edges from G k n
(
0 (v
0 1 2 3
\_




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

choose node e with no incoming edges

1. n«|G.V]
. 0 1
2. i<0 /a b
3. whilei <ndo .
3
4 find a node x € G.V d E)
with no incoming edges g
5. assign number i to x f
i<—i+1
7. remove x with all its
outgoing edges from G k n
(
0 (v
0 1 2 3
\_




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

1.

U1

2
3.
4

n<«|G.V|
i< 0
while i < n do

findanode x € G.V
with no incoming edges

assign number i to x
l«—i+1

remove x with all its
outgoing edges from G

assign numberi = 4 to node e

i < 5(incrementi)

d

/ao

3

1
b

4

()

Ea




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

1.

U1

2
3.
4

n<«|G.V|
i< 0
while i < n do

findanode x € G.V
with no incoming edges

assign number i to x
l«—i+1

remove x with all its
outgoing edges from G

remove node e with all its outgoing edges

[
d
3

d




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )
1. nel|G.V| choose node g with no incoming edges

. 0 1
i< 0 /a N
3

2
3. whilei<ndo
4

4
find a node x € G.V d e
with no incoming edges g

5. assign number i to x f
i<—i+1

7. remove x with all its

outgoing edges from G k n




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

1.

U1

2
3.
4

n<«|G.V|
i< 0
while i < n do

findanode x € G.V
with no incoming edges

assign number i to x
l«—i+1

remove x with all its
outgoing edges from G

assign numberi = 5 to node g

i — 6 (incrementi)

d

/ao

3

1
b

E




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

1.

U1

2
3.
4

n<«|G.V|
i< 0
while i < n do

findanode x € G.V
with no incoming edges

assign number i to x
l«—i+1

remove x with all its
outgoing edges from G

remove node g with all its outgoing edges

[
d
3

d




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

1.

U1

2
3.
4

n<«|G.V|
i< 0
while i < n do

findanode x € G.V
with no incoming edges

assign number i to x
l«—i+1

remove x with all its
outgoing edges from G

choose node f with no incoming edges

[
d
3

d




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G ) assigh number i = 6 to node f
1. nelG.V| i < 7 (incrementi)
. 0 1
2. <0 /a b
3. whilei<ndo 3 4
4 find a node x € G.V d . e
with no incoming edges 6 g
5. assign number i to x f
i<—i+1
7. remove x with all its
outgoing edges from G k n
(




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

remove node f with all its outgoing edges

1. n«|G.V]
. 0
2. i<0 /a
3. whilei <ndo 3 .
4 find a node x € G.V d -
with no incoming edges 6 g
5. assign number i to x f
i<—i+1
7. remove x with all its
outgoing edges from G k n
(
0 1 2 3 5
\_




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

choose node h with no incoming edges

1. n«|G.V]
. 0
2. i<0 /a
3. whilei <ndo 3 .
4 find a node x € G.V d -
with no incoming edges 6 g
5. assign number i to x f
i<—i+1
7. remove x with all its
outgoing edges from G k n
(
0 1 2 3 5
\_




Topological Sort

GREEDY- TOPOLOGICAL-SORT ( G ) assigh number i = 7 to node h
1. nelG.V| i < 8 (incrementi)
; 0 1
2. i«<0 /a b
3. whilei<ndo 3 4
4 find a node x € G.V d . e
with no incoming edges 6 g
5. assign number i to x f -
i<—i+1
7. remove x with all its
outgoing edges from G k n
(




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

remove node h with all its outgoing edges

[
d
3

d

1. n«|G.V]
2. i<0
3. whilei <ndo
4 findanode x € G.V
with no incoming edges
5. assign number i to x
l«—i+1
7. remove x with all its
outgoing edges from G
(
J G
0 1 2
\_




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

choose node i with no incoming edges

1. n«|G.V]
- 0 1
2. i<0 /a b
3. whilei <ndo 3 4 .
4 find a node x € G.V d . e
with no incoming edges 6 g
5. assign number i to x f -
i<i+1 h
7. remove x with all its
outgoing edges from G k (I)
(




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G ) assigh numberi = 8 tonode i
1. nelG.V| i <9 (incrementi)
: 0 1
2. i«<0 /a b
3. whilei<ndo 3 4
4 find a node x € G.V d . e
with no incoming edges 6 g
5. assign number i to x f -
i—i+1 h
7. remove x with all its 8
outgoing edges from G k (I)
(




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

remove node i with all its outgoing edges

[
d
3

-

d

1. n«|G.V]
2. i<0
3. whilei <ndo
4 findanode x € G.V
with no incoming edges
5. assign number i to x
l«—i+1
7. remove x with all its
outgoing edges from G
(
J G
0 1 2
\_




Topological Sort

GREEDY-TOPOLOGICAL-SORT ( G )

|
1. nelG.V] Done:
. 0 1

2. i<0 /a b
3. whilei <ndo 3 4 .
4 find a node x € G.V d . e

with no incoming edges 6 g
5. assign number i to x f -

i<i+1 h
7. remove x with all its 8

outgoing edges from G k i

(




Topological Sort

1.

2.
3.
4

U1

GREEDY-TOPOLOGICAL-SORT ( G )

n<«|G.V|
i< 0
while i < n do

find anode x € G.V
with no incoming edges
assign number i to x
l«—i+1

remove x with all its
outgoing edges from G

letn = |G.V|and m = |G. E|.

Then the running time of the

algorithmis O(n + m).

GREEDY-TOPOLOGICAL-SORT ( G )

— —
-_— (@)
. .

—_
N

13.
14.

© O N oA W N =

n<«|G.V|
foreachv e G.V dod[v] « 0
for each (u,v) € G.E do d[v] « d[v] + 1
queue Q « @
foreach v € G.V do
if d[v] = 0 then Q.Enqueue(v)
<0
while i <n do
x < Q.Dequeue( )
assign number i to x
l«—i+1
for each (x,v) € G.E do
dlv] « d[v] -1
if d[v] = 0 then Q.Enqueue(v)




The Minimum Spanning Tree (MST) Problem

We are given a weighted connected undirected graph G = (V,E)
with vertex set VV and edge set E, and a weight function w such
that for each edge (u, v) € E, w(u, v) represents its weight.

An acyclic subset T € E that connects all vertices of V must form
a tree, which we call a spanning tree since it “spans” the graph G.

A spanning tree of G can be found easily in O(n + m) time, where
n = |V| and m = |E|, using a breadth-first search (BFS) or a
depth-first search (DFS).

The minimum-spanning-tree (MST) problem asks us to find a
spanning tree T whose total weight w(T) = X, ,yer W, v) is

minimized.



The Minimum Spanning Tree (MST) Problem

A weighted undirected graph




The Minimum Spanning Tree (MST) Problem

A weighted undirected graph

Its MIST (in red) of total weight 37

69



MST: Greedy Strateqgy for Growing an MST

We are given a weighted connected undirected graph G = (V,E)
with vertex set V and edge set E, and a weight function w such
that for each edge (u, v) € E, w(u, v) represents its weight.

Suppose set A C E is a subset of some MST of (.

Now if edge (u, v) € E but edge (u,v) & A, we call (u,v) a safe
edge provided A U {u, v} is also a subset of an MST of G.



MST: Greedy Strateqgy for Growing an MST

8 7

Red edges form an MST.
Let’'scallit T

10

Let A ={(i,¢), (¢, /), (f, 9), (g, W)}
d Clearly, A C T.

14

10
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MST: Greedy Strateqgy for Growing an MST

8 7

Red edges form an MST.
Let’'scallit T

10

Llet A = {(i,c),(c, /), (f,9). (g, h)}

d Clearly, A C T.
9
14 Edge (b, c) is safe
because AU{(b,c)} S T.
10
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MST: Greedy Strateqgy for Growing an MST

8 7

Red edges form an MST.
Let’'scallit T

10

Llet A = {(i,c),(c, /), (f,9). (g, h)}

d Clearly, A C T.
9
14 Edge (c,d) is safe
because AU {(c,d)} ET.
10
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MST: Greedy Strateqgy for Growing an MST

8 7

Red edges form an MST.
Let’'scallit T

10

Llet A = {(i,c),(c, /), (f,9). (g, h)}

d Clearly, A C T.
9
14 Edge (a, b) is safe
because AU{(a,b)} S T.
10
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MST: Greedy Strateqgy for Growing an MST

8 7

Red edges form an MST.
Let’'scallit T

10

Llet A = {(i,c),(c, /), (f,9). (g, h)}

d Clearly, A C T.
9
14 Edge (d, e) is safe
because AU {(d,e)} € T.
10
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MST: Greedy Strateqgy for Growing an MST

8 7

Red edges form an MST.
Let’'scallit T

10

Let A ={(i,¢), (¢, /), (f, 9), (g, W)}
d Clearly, A C T.

14 Edge (h,1) is NOT safe
because AU {(h,i)}

10 Is NOT part of any MIST
1 > of the given graph.
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MST: Greedy Strateqgy for Growing an MST

8 7

Red edges form an MST.
Let’'scallit T

10

Let A ={(i,c), (¢, /), (f,9), (g, h)}
Clearly, A C T.

Edge (d, f) is NOT safe
because AU {(d, )}
Is NOT part of any MIST
of the given graph.
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MST: Greedy Strateqgy for Growing an MST

8 7

Red edges form an MST.
Let’'scallit T

10

Let A ={(i,c), (¢, /), (f,9), (g, h)}
Clearly, A C T.

Edge (a, h) is safe
because though A U {(a, h)}
is not a subset of T,
it is a subset of another MST.
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MST: Greedy Strateqgy for Growing an MST

Generic-MST (G = (V,E), w)

1 A<0

2 while A does not form a spanning tree of G do
3. find an edge (u,v) € E that is safe for A
4 A< AU{(uv)}

5 return A




MST: Finding Safe Edges
Acut (S,V \ S) of an undirected graph G = (V, E) is a partition of I/.

We say that an edge (u, v) € E crosses the cut (S,V \ S) if one of its
endpoints isin S and the otherisin V' \ S.

Green vertices belongtoset S, i.e., S = {a, b,d, e}.

White vertices belongtosetV — S,i.e,V—-S={c,f,g, h,i}.

The red line represent the cut (S,V — S).

Dotted edges are the cut edges, i.e., they cross the red line. 80



MST: Finding Safe Edges

A cut respects a set A of edges if no edge in A crosses the cut.

An edge is a light edge crossing a cut if its weight is the minimum of
any edge crossing the cut. Multiple light edges can cross a cut.

Let the blue thick edges form the set 4, i.e.,
A ={(a,b),(c[) (ci),(f g9) (g h}

Then edge (c,d) is a light edge crossing the cut.
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MST: Finding Safe Edges

A cut respects a set A of edges if no edge in A crosses the cut.

An edge is a light edge crossing a cut if its weight is the minimum of
any edge crossing the cut. Multiple light edges can cross a cut.

The entire set A can be on the same side of the cut, e.g.,
A={(f) (i) 9) @ h}

Still edge (¢, d) is a light edge crossing the cut.
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MST: Finding Safe Edges

A cut respects a set A of edges if no edge in A crosses the cut.

An edge is a light edge crossing a cut if its weight is the minimum of
any edge crossing the cut. Multiple light edges can cross a cut.

Consider a different cut as shown above.

Consider the same set A = {(c, f), (c,i), (f, g), (g, h)}.
Now both (a, h) and (b, c¢) are light edges crossing the cut.
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MST: Finding Safe Edges

THEOREM: Let G = (V, E) be a connected, undirected graph with a
real-valued weight function w defined on E. Let A be a subset of E
that is included in some minimum spanning tree for G, and let
(S,V\ S) be any cut of G that respects 4, and let (u, v) be a light
edge crossing (S5,V \ S). Then, edge (u, v) is safe for A.



MST: Finding Safe Edges

THEOREM: ... ... ... Let A C E is included in some MST T of G, and let
(S,V\ S) be any cut of G that respects 4, and let (u, v) be a light
edge crossing (S,V \ S). Then, edge (u, v) is safe for A.

PROOF IDEA:

Let (u, v) be a light edge crossing the cut.

Let’s assume (u, v) € T, as otherwise we are done.
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MST: Finding Safe Edges

THEOREM: ... ... ... Let A C E is included in some MST T of G, and let
(S,V\ S) be any cut of G that respects 4, and let (u, v) be a light
edge crossing (S,V \ S). Then, edge (u, v) is safe for A.

PROOF IDEA:

As T is a spanning tree, some edge (x,y) € T must also cross the cut.
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MST: Finding Safe Edges

THEOREM: ... ... ... Let A C E is included in some MST T of G, and let
(S,V\ S) be any cut of G that respects 4, and let (u, v) be a light
edge crossing (S,V \ S). Then, edge (u, v) is safe for A.

PROOF IDEA:

As T is a spanning tree, some edge (x,y) € T must also cross the cut.
Let’s add edge (u,v) to T.

That must form acyclein T U {(u, v)}.

So, T U {(u,v)}is not a tree. 94



MST: Finding Safe Edges

THEOREM: ... ... ... Let A C E is included in some MST T of G, and let
(S,V\ S) be any cut of G that respects 4, and let (u, v) be a light
edge crossing (S,V \ S). Then, edge (u, v) is safe for A.

PROOF IDEA: /\\

s] / | \ Is

V—Sl W—S
0, @

We can break the cycle by removing edge (x,y) from T U {(u, v)}.
LetT' =T — {(x,y)} U {(u,v)}.

Observe that T’ is now a spanning tree of G.

h
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MST: Finding Safe Edges

THEOREM: ... ... ... Let A C E is included in some MST T of G, and let
(S,V\ S) be any cut of G that respects 4, and let (u, v) be a light
edge crossing (S,V \ S). Then, edge (u, v) is safe for A.

PROOF IDEA: /\\

s] / | \ Is

V—Sl \/\/lv\—s

Now, w(T") = w(T — {(x,y»)} U {(u,v)})
= w(T) — W((x, y)) + W((u, v)) < w(T)
But we assumed that T is an MST of G, and so w(T) < w(T")
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MST: Finding Safe Edges

THEOREM: ... ... ... Let A C E is included in some MST T of G, and let
(S,V\ S) be any cut of G that respects 4, and let (u, v) be a light
edge crossing (S,V \ S). Then, edge (u, v) is safe for A.

PROOF IDEA: /\\

s] / | \ Is

V—Sl \L/l;—S

Since, w(T") < w(T) and w(T) < w(T'), we have w(T") = w(T).
So, T' must also be an MST of G.
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MST: Finding Safe Edges

THEOREM: ... ... ... Let A C E is included in some MST T of G, and let
(S,V\ S) be any cut of G that respects 4, and let (u, v) be a light
edge crossing (S,V \ S). Then, edge (u, v) is safe for A.

PROOF IDEA: /\\

s] / | \ Is

V—Sl W—S
0, @

SinceAS Tand(x,y) € A,wehave A S T'.
Thus, AU {(u,v)} € T
Since T' is an MST of G, edge (u, v) is safe for A.

h
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MST: Finding Safe Edges

THEOREM: Let G = (V, E) be a connected, undirected graph with a
real-valued weight function w defined on E. Let A be a subset of E
that is included in some minimum spanning tree for G, and let
(S,V\ S) be any cut of G that respects 4, and let (u, v) be a light
edge crossing (S5,V \ S). Then, edge (u, v) is safe for A.

COROLLARY: Let G = (V, E) be a connected, undirected graph with a
real-valued weight function w defined on E. Let A be a subset of E
that is included in some minimum spanning tree for G, and let C =
(V¢, E-) be a connected component (tree) in the forest G, = (V, A)
If (u, v) is a light edge crossing from C to some other component of
G4, then edge (u, v) is safe for A.



MST: Prim’s Algorithm

MST-Prim (G = (V,E), w, 1)

—
.

for each vertex v € G.V do

2. v.d < ©

3. v.m < NIL

4. r.d <0

5. Min-Heap Q < @

6. for each vertex v € G.V do

7. INSERT( Q,v )

8. while Q # @ do

9. u < EXTRACT-MIN( Q )

10. for each (u,v) € G.E do

11. ifveQandw(u,v) < v.d then
12. v.d «w(u,v)

13. VT < U

14. DECREASE-KEY( Q, v, w(u,v) )




MST: Prim’s Algorithm

Initial State

b.d =
b.m = NIL

a.d = o
a.w = NIL

c.d =
c.mt = NIL

d.d =
d.m = NIL

g.m = NIL

f.m = NIL

10

e.d =o
e.mt = NIL

101



MST: Prim’s Algorithm

Initial State

b.d =
b.m = NIL

a.d=0
a.w = NIL

c.d =
c.mt = NIL

d.d =
d.m = NIL

g.m = NIL

f.m = NIL

10

e.d =o
e.mt = NIL
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MST: Prim’s Algorithm

Step 1: add vertex a to MST

b.d =
b.m = NIL

c.d =
c.mt = NIL

d.d =
d.m = NIL

h.m = NIL

g.m = NIL

f.m = NIL

10

e.d =o
e.mt = NIL
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MST: Prim’s Algorithm

Step 1': update neighbors of a

b.d =4
b.t=a

c.d =
c.mt = NIL

d.d =
d.m = NIL

h.d =8
h.mt=a

g.d =
g.m = NIL

S = {a}

Cut=(S5,V —5)

f.d=o
f.m = NIL

10

e.d =o
e.mt = NIL
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MST: Prim’s Algorithm

Step 2: add vertex b through edge (a, b)

b.d =4
b.t=a

c.d =
c.mt = NIL

d.d =
d.m = NIL

h.d =8
h.mt=a

g.d =
g.m = NIL

S ={a}

Cut=(S5,V —5)

f.d=o
f.m = NIL

(a, b) is the light edge crossing the cut

10

e.d =o
e.mt = NIL
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MST: Prim’s Algorithm

Step 2': update neighbors of b

b.d =4

a.d=0
a.w = NI

\

c.d =8
c.T=Db

d.d =
d.m = NIL

h.d =8
h.mt=a

g.d =
g.m = NIL

S ={a, b}
Cut=(S5,V —5)

f.d=o
f.m = NIL

10

e.d =o
e.mt = NIL
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MST: Prim’s Algorithm

Step 3: add vertex c through edge (b, ¢)

a.d=0
a.w = NI

b.d =4

\ 8

c.d =8
c.T=Db

d.d =
d.m = NIL

h.d =8
h.mt=a

g.d =
g.m = NIL

S ={a, b}
Cut=(S,V —5)

f.d=o
f.m = NIL

(b, ¢) is a light edge crossing the cut

10

e.d =o
e.mt = NIL
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MST: Prim’s Algorithm

Step 3’: update neighbors of ¢

d=28

—

b.d =
‘m=a

c.T=b"

7

d.d
d.m

=7
=c

h.d =8

h.mt=a

g.d =

g.m = NIL

S={ab,c}
Cut=(S,V —5)

\d

14

10

e.d =o
e.mt = NIL
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MST: Prim’s Algorithm

Step 4: add vertex i through edge (c, i)

—

d=28

b.d =
‘m=a

c.T=b"

7

d.d=7
dm=c

\d

14

h.d =8

h.mt=a

g.d =

g.m = NIL

S={a,b,c}
Cut=(S,V —5)

(c, i) is the light edge crossing the cut

10

e.d =o
e.mt = NIL
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MST: Prim’s Algorithm

Step 4': update neighbors of i

b.d =4
=a

c.d =8

C.TT =

N 7

d.d=7
dm=c

\d

14

10

S={ab,c,i}
Cut=(S5,V —29)

e.d =o
e.mt = NIL
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MST: Prim’s Algorithm

Step 5: add vertex f through edge (c, f)

b.d =4 c.d=28
=a C.T=

8 \7

d.d=7
dm=c

\d

14

10

g-d
g.
S={ab,c,i}
Cut=(S,V —5)

(c, f) is the light edge crossing the cut

e.d =o
e.mt = NIL
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MST: Prim’s Algorithm

Step 5': update neighbors of f

e.d =10
e.m =

S={ab,cif}
Cut=(S5,V —5)
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MST: Prim’s Algorithm

Step 6: add vertex g through edge (£, g)

e.d =10
e.m =

S={ab,cif}
Cut=(S,V —5)
(c, g) is the light edge crossing the cut
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MST: Prim’s Algorithm

Step 6': update neighbors of g

a.d =
a.w =/NIL

bd=4] —lcd=8 dd=7
b.m =d | c.m= drt=c
()

e.d =10
e.m =

S={ab,cif, g}
Cut=(S,V —5)
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MST: Prim’s Algorithm

Step 7: add vertex h through edge (g, h)

a.d =
a.w =/NIL

bd=4] —lcd=8 dd=7
b.m =d | c.m= drt=c
()

e.d =10
e.m =

S — {a;b;C;i;f;g}
Cut=(S,V-35)
(g, h) is the light edge crossing the cut
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MST: Prim’s Algorithm

Step 7': update neighbors of h

e.d =10
e.m =

a.d
a.m

=1 g.d=2
hm=g ——lgn=f

S={ab,cif,g, h}
Cut=(S,V —5)
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MST: Prim’s Algorithm

Step 8: add vertex d through edge (¢, d)

e.d =10
e.m =

a.d
a.m

S=1{ab,cif,g, h}
Cut=(S5,V —5)
(c,d) is the light edge crossing the cut
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MST: Prim’s Algorithm

Step 8': update neighbors of d

bd=4| —— c.d =38 — d.d=7
b#=a | cmt=h o = C
S
9
a.d=0 e.d=9
a.n=NIJ emr=d

S=1{ab,cif,g, hd}
Cut=(5,V —5)
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MST: Prim’s Algorithm

Step 9: add vertex e through edge (d, e)

bd=4| —— c.d =29 —1dd=7
h#=a | cmt=h Tt =c

a.d=0

a.m =NIJ

S=1{a,b,cif,g hd}
Cut=(S5,V —5)
(d, e) is the light edge crossing the cut
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MST: Prim’s Algorithm

Step 9': update neighbors of e

b.d =4
T =a

ed— 8

a.d=ﬁ

am =N

c.T=D>b

S={ab,cif,g hd,e}

10
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MST: Prim’s Algorithm

a.d=0
a.w = NIL

d
T

i1
Q

9.
9.

Total weight = 37
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MST: Prim’s Algorithm

MST-Prim (G = (V,E), w, 1)

1. for each vertex v € G.V do Let n = |V| and m = |E|
2. v.d « ©

3. v.m < NIL

4. rdeo H# INSERTS = n

5. Min-Heap Q « 0 # EXTRACT-MINS = n

6. for each vertex v € G.V do H DECREASE-KEYS < m

7. INSERT( Q,v )

8. while Q # @ do

9. u < EXTRACT-MIN( Q ) TOtaI cost

10. for each (u,v) € G.E do S TL(COStmsert + COStExtract—Min)
11. if ve Q and w(u,v) < v.d then 4 m(COStDecrease—Key)
12. v.d « w(u,v)

13. V. < U

14. DECREASE-KEY( Q, v, w(u,v) )




MST: Prim’s Algorithm

MST-Prim (G = (V,E), w, 1)

1. for each vertex v € G.V do Let n = |V| and m = |E|

2. v.d « oo

3. v.m < NIL

4 rdeo For Binary Heap ( worst-case costs ):
6. for each vertex v € G.V do _

7. INSERT( Q, v ) COStgxtract—Min = O(log n)
8.  whileQ # @ do COStDecrease—Key — O(log TL)
9. u < EXTRACT-MIN( Q )

10. for each (u,v) € G. £ do = Total cost ( worst-case )

11. ifveQandw(u,v) < v.d then

12. v.d « w(u,v) o O((m + n) log n)
13. VT« U

14. DECREASE-KEY( Q, v, w(u,v) )




MST: Prim’s Algorithm

MST-Prim (G = (V,E), w, )

1. for each vertex v € G.V do Let n = |V| and m = |E|

2. v.d « oo

3. v.m « NIL . . .

4 rdeo For Fibonacci Heap ( amortized ):
6. for each vertex v € G.V do _

7. INSERT( Q, v ) COStExtract—Mm — O(log n)
8. while Q = ¢ do COStDecrease—Key — O(l)

9. u < EXTRACT-MIN( Q )

10. for each (u,v) € G. £ do = Total cost ( amortized )

11. ifve d ,v) <v.d th

ifveQandw(u,v) <v en :O(m+n10gn)

12. v.d « w(u,v)

13. VT« U

14. DECREASE-KEY( Q, v, w(u,v) )




A Disjoint-Set Data Sitructure
( for Kruskal's MST Algorithm )

A disjoint-set data structure maintains a collection of disjoint

dynamic sets. Each set is identified by a representative which must
be a member of the set.

The collection is maintained under the following operations:

MAKE-SET( x ): create a new set {x} containing only element x.

Element x becomes the representative of the set.

FIND( x ): returns a pointer to the representative of the set
containing x

UNION( x, ¥ ): replace the dynamic sets S, and S,, containing

x and y, respectively, with the set S, U S,



A Disjoint-Set Data Structure

( union by rank )

MAKE-SET ( x )

1. m(x) « x

2. rank(x) < 0

LINK ( x,v )

1. if rank(x) > rank(y) then n(y) « x

2. else m(x) <y

3.

if rank(x) = rank(y) then rank(y) < rank(y) + 1

UNION ( x,y )

1. LINK (FIND (x ), FIND (y ) )

FIND ( x )

2. else return x

1. if x # m(x) then return FIND ( m(x) )




A Disjoint-Set Data Structure
( union by rank )

THEOREM: A sequence of N MAKE-SET, UNION and FIND operations of
which exactly n (< N) are MAKE-SET operations takes O(N logn)
time to execute.



MST: Another Useful Lemma

LEMMA: Let G = (V, E) be a connected, undirected graph with a real-
valued weight function w defined on E. Let C be a cycle of G with a
unique heaviest edge é € E. Then é cannot be part of any MST of G.



MST: Another Useful Lemma

LEMMA: Let G = (V, E) be a connected, undirected graph with a real-
valued weight function w defined on E. Let C be a cycle of G with a
unique heaviest edge é € E. Then é cannot be part of any MST of G.
PROOF:

Let € be part of some spanning tree T of G.
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MST: Another Useful Lemma

LEMMA: Let G = (V, E) be a connected, undirected graph with a real-
valued weight function w defined on E. Let C be a cycle of G with a
unique heaviest edge é € E. Then é cannot be part of any MST of G.
PROOF:

Let € be part of some spanning tree T of G.
Let’s remove é from T. Then T will get split into two components.
There must be an edge ¢ € C that reconnects the two components.



MST: Another Useful Lemma

LEMMA: Let G = (V, E) be a connected, undirected graph with a real-
valued weight function w defined on E. Let C be a cycle of G with a
unique heaviest edge é € E. Then é cannot be part of any MST of G.
PROOF:

—
—

h

Llet’'saddétoT — {é},and letT' =T U {e} —{é}.

Then T’ is a spanning tree of G.

Since w(é) > w(é), we get, w(T') = w(T) —w(é) +w(e) < w(T).
So, T cannot be an MST of G'!



MST: Kruskal's Algorithm

MST-Kruskal (G = (V,E), w)

—
.

A<0Q
for each vertex v € G.V do
MAKE-SET(v )
sort the edges of G.E into nondecreasing order by weight w
for each edge (u,v) € G.E taken in nondecreasing order by weight do
if FIND(u ) # FIND(v ) then
A« AU{(u,v)}

UNION(u,v )

¥ o N oo~ w N

return A




MST: Kruskal's Algorithm

Initial State:

Disjoint-Set Make-SET(x ), x € {a,b,c,d, e, f, g, h,i}

Data Struct
(uaniE:m I::/cr::li only) : @ @ @ @ @ (Cé} @ (C;?} @
a Cc l
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MST: Kruskal's Algorithm

(1) edge (h, g9):

S = {component (connected through red edges) containing h} = {h}
Cut=(S,V —S)
(h, g) is the light edge crossing the cut

Disjoint-Set FIND( 1v ) returns 1, FIND( g ) returns g

Data Struct
(uaniin I:)l\l/cr::li only) : @ @ (C;)} @ @ @ @ @ @
a c g i




MST: Kruskal's Algorithm

(1) edge (h, g9):

S = {component (connected through red edges) containing h} = {h}
Cut=(S,V —S)
(h, g) is the light edge crossing the cut

Disjoint-Set UNION( h, g )

Data Struct
(uaniE:m I:)l\l/cr:r:i only) : @ @ (C;)} @ @ @ ((8'
(& e @ l
h

a b



MST: Kruskal's Algorithm

(2) edge (i, c):

S = {component (connected through red edges) containing i} = {i}
Cut=(S,V —S)
(i, c) is the light edge crossing the cut

Disjoint-Set FIND( i ) returns i, FIND( ¢ )returnsc

Data Struct
(uaniE:m I;l\l/cr::lionly): @ @ @ @ @ (Cé} @
a C @ l
h




MST: Kruskal's Algorithm

(2) edge (i, c):

S = {component (connected through red edges) containing i} = {i}
Cut=(S,V —S)
(i, c) is the light edge crossing the cut

Disjoint-Set Union( i, ¢ )

Data Struct
(uaniE:m I::/Cr::li only) : @ @ 39 @ @ (@} g
a b o d e f o
i h




MST: Kruskal's Algorithm

(3) edge (g, f):

S = {component (connected through red edges) containing g} = {h, g}
Cut=(S,V —5)
(g, f) is the light edge crossing the cut

Disjoint-Set FIND( g ) returns g, FinD( ) returns f

Data Struct
(uaniE:m I::/cr::li only) : @ @ c@D @ @ @ ne
a b W d e f S
i h
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MST: Kruskal's Algorithm

(3) edge (g, f):

S = {component (connected through red edges) containing g} = {h, g}
Cut=(S,V —5)
(g, f) is the light edge crossing the cut

Disjoint-Set UNioN( g, f)
Data Structure
(union by rank only) : @ @ cD @ @ ne
e
O h‘(‘ }5 .
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MST: Kruskal's Algorithm

(4) edge (a, b):

S = {component (connected through red edges) containing a} = {a}
Cut=(S,V —S)
(a, b) is the light edge crossing the cut

Disjoint-Set FIND( @ ) returns a, FinD( b ) returns b

Data Structure
(union by rank only) : @ @ @ @
a e
Ko 0 ©,
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MST: Kruskal's Algorithm

(4) edge (a, b):

S = {component (connected through red edges) containing a} = {a}
Cut=(S,V —S)
(a, b) is the light edge crossing the cut

Disjoint-Set UnioN( a, b))
Data Structure
(union by rank only) : @ @ g
d e
a ; ©

@ O,
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MST: Kruskal's Algorithm

(5) edge (c, f):

S = {component (connected through red edges) containing c} = {c, i}
Cut=(S,V —S)
(c, f) is the light edge crossing the cut

Disjoint-Set FIND( ¢ ) returns ¢, FinD( ) returns g

Data Structure
(union by rank only) : @ @ no,
d e
0O . ©

0 ©
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MST: Kruskal's Algorithm

(5) edge (c, f):

S = {component (connected through red edges) containing c} = {c, i}
Cut=(S,V —S)
(c, f) is the light edge crossing the cut

Disjoint-Set UNioN( ¢, f)
Data Structure
(union by rank only) : @ @ g4
e
a hc D f
@

l
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MST: Kruskal's Algorithm

(6) edge (i, g):

S = {component (connected through red edges) containing i} = {i,c, f, g, h}
Cut=(S,V —-25)
(i, g) creates a cycle by connecting two nodes of S, and it is the heaviest edge on that cycle

Disjoint-Set FIND( L ) returns g, FIND( g ) returns g
Data Structure
(union by rank only) : @ @ g A2
d e
a hc (D f

- ©

l
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MST: Kruskal's Algorithm

(6) edge (i, g):

S = {component (connected through red edges) containing i} = {i,c, f, g, h}
Cut=(S,V —-25)
(i, g) creates a cycle by connecting two nodes of S, and it is the heaviest edge on that cycle

Disjoint-Set

Data Structure
(union by rank only) : p QD @ @ 952
e
a hc D f
. ©




MST: Kruskal's Algorithm

(7) edge (c,d):

S = {component (connected through red edges) containing c} = {i,c, f, g, h}
Cut=(S,V —S)
(c,d) is the light edge crossing the cut

Disjoint-Set FIND( ¢ ) returns g, FIND( d ) returns d
Data Structure
(union by rank only) : @ @ g A2
d e
a hc D f

©

[
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MST: Kruskal's Algorithm

(7) edge (c,d):

S = {component (connected through red edges) containing c} = {i,c, f, g, h}
Cut=(S,V —S)
(c,d) is the light edge crossing the cut

Disjoint-Set Union( ¢, d )
Data Structure
(union by rank only) : p D @
e
©
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MST: Kruskal's Algorithm

(8) edge (i, h):

S = {component (connected through red edges) containing i} = {i,c, f, g, h}
Cut=(S,V—-25)
(i, h) creates a cycle by connecting two nodes of S, and it is the heaviest edge on that cycle

Disjoint-Set FIND( L ) returns g, FIND( iv) returns g
Data Structure
(union by rank only) : p @ @ I42)
e
O 9D 00,

©

l
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MST: Kruskal's Algorithm

(8) edge (i, h):

S = {component (connected through red edges) containing i} = {i,c, f, g, h}
Cut=(S,V —-25)
(i, h) creates a cycle by connecting two nodes of S, and it is the heaviest edge on that cycle

Disjoint-Set
Data Structure
(union by rank only) : p QD @ IN2)
e
a hc d f



MST: Kruskal's Algorithm

(9) edge (a, h):

S = {component (connected through red edges) containing a} = {a, b}
Cut=(S,V —S)
(a, h) is a light edge crossing the cut

Disjoint-Set FIND( a ) returns b, FinD( iv ) returns g
Data Structure
(union by rank only) : (@ @ 942
e
3O 9D QO

©

[
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MST: Kruskal's Algorithm

(9) edge (a, h):

S = {component (connected through red edges) containing a} = {a, b}
Cut=(S,V —S)
(a, h) is a light edge crossing the cut

Disjoint-Set Union( a, k)
Data Structure
(union by rank only) : @
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MST: Kruskal's Algorithm

(10) edge (b, c):

S = {component (connected through red edges) containing b} = {a,b,c,d, f, g, h,i}
Cut=(S,V-25)
(b, ¢) creates a cycle by connecting two nodes of S, and it is a heaviest edge on that cycle

Disjoint-Set FIND( b ) returns g, FIND( ¢ ) returns g

Data Structure
(union by rank only) :
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MST: Kruskal's Algorithm

7

\d

(10) edge (b, c): 14

10

S = {component (connected through red edges) containing b} = {a,b,c,d, f, g, h,i}
Cut=(S,V-25)
(b, ¢) creates a cycle by connecting two nodes of S, and it is a heaviest edge on that cycle

Disjoint-Set
Data Structure
(union by rank only) :




MST: Kruskal's Algorithm

(11) edge (d, e):

S = {component (connected through red edges) containing d} = {a, b,c,d, f, g, h,i}
Cut=(S,V —S)
(d, e) is a light edge crossing the cut

Disjoint-Set FIND( d ) returns g, FinD( e ) returns e
Data Structure
(union by rank only) : @
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MST: Kruskal's Algorithm

(11) edge (d, e):

S = {component (connected through red edges) containing d} = {a, b,c,d, f, g, h,i}
Cut=(S,V —S)
(d, e) is a light edge crossing the cut

Disjoint-Set Union( d, e)
Data Structure
(union by rank only) :

156



MST: Kruskal's Algorithm

(12) edge (e, f):

S = {component (connected through red edges) containing e} = {a, b,c,d,e,f, g, h,i}
Cut=(S,V —-25)
(e, f) creates a cycle by connecting two nodes of S, and it is the heaviest edge on that cycle

Disjoint-Set FIND( e ) returns g, FIND( [ ) returns g

Data Structure
(union by rank only) :
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MST: Kruskal's Algorithm

7

(12) edge (e, f):

S = {component (connected through red edges) containing e} = {a, b,c,d,e,f, g, h,i}
Cut=(S,V —-25)
(e, f) creates a cycle by connecting two nodes of S, and it is the heaviest edge on that cycle

Disjoint-Set
Data Structure
(union by rank only) :
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MST: Kruskal's Algorithm

7

(13) edge (b, h):

S = {component (connected through red edges) containing b} = {a,b,c,d,e, f, g, h,i}
Cut=(S,V-25)
(b, h) creates a cycle by connecting two nodes of S, and it is the heaviest edge on that cycle

Disjoint-Set FIND( b ) returns g, FIND( iv) returns g

Data Structure
(union by rank only) :
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MST: Kruskal's Algorithm

8 7

—
p—

(13) edge (b, h):

b

S = {component (connected through red edges) containing b} = {a,b,c,d,e, f, g, h,i}
Cut=(S,V-25)
(b, h) creates a cycle by connecting two nodes of S, and it is the heaviest edge on that cycle

Disjoint-Set
Data Structure
(union by rank only) :
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MST: Kruskal's Algorithm

—
p—

(14) edge (d, f):

S - - -

S = {component (connected through red edges) containing d} = {a,b,c,d,e, f, g, h,i}
Cut=(S,V—-25)
(d, f) creates a cycle by connecting two nodes of S, and it is the heaviest edge on that cycle

Disjoint-Set FIND( d ) returns g, FIND( f ) returns g

Data Structure
(union by rank only) :
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MST: Kruskal's Algorithm

—
p—

(14) edge (d, f):

b

S = {component (connected through red edges) containing d} = {a,b,c,d,e, f, g, h,i}
Cut=(S,V—-25)
(d, f) creates a cycle by connecting two nodes of S, and it is the heaviest edge on that cycle

Disjoint-Set
Data Structure
(union by rank only) :
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MST: Kruskal's Algorithm

(14) edge (d, f):

—
p—

b

Disjoint-Set
Data Structure
(union by rank only) :

163



MST: Kruskal's Algorithm
( union by rank )

MST-Kruskal (G = (V,E), w)

A<Q
for each vertexv € G.V do
MAKE-SET( v )
sort the edges of G.E into nondecreasing order by weight w
for each edge (u,v) € G.E taken in nondecreasing order by weight do
if FIND(u ) # FIND( v ) then
Ae=Au{,v)}

UNION(u,v)

e T A A

return A

Letn = || and m = |E|. Since G is connected, we have m > n — 1.
Then the sorting in step 4 can be done in O(mlogm) time.

#disjoint-set operations performed, N = 2m + 2n — 1, of which
HMAKE-SET: n, #FIND: 2m, #UNION:n — 1

So, total time taken by disjoint-set operations = O((n + m) log n)

Hence, MST-Kruskal’s running time = O(mlogm)



The Single-Source Shortest Paths (SSSP) Problem

We are given a weighted, directed graph G = (V, E') with vertex
set V and edge set E, and a non-negative weight function w such
that for each edge (u, v) € E, w(u, v) represents its weight.

We are also given a source vertex s € V.

Our goal is to find a shortest path (i.e., a path of the smallest total

edge weight) from s to each vertex v € V.




Intuition behind Dijkstra’s SSSP Algorithm

Lemma: [ subpaths of shortest paths are shortest paths ] Given a
weighted, directed graph G = (V, E) with weight function w: E —
R, let p = v{v, ... v} be a shortest path from vertex v, to vertex
v and, foranyiandjsuchthatl <i<j <k, letp;; =

V;Vi41 ... Vj be the subpath of p from vertex v; to vertex v;. Then

pij is a shortest path from v; to v;.



Intuition behind Dijkstra’s SSSP Algorithm

Lemma: [ subpaths of shortest paths are shortest paths ] ... ... ...
let p = v,v, ... v} be a shortest path from v, to v, and, for any i

and jsuchthatl <i <j <k, letp;; = v;v;;; ... v; be the subpath

of p from v; to v;. Then p;; is a shortest path from v; to v;.
p [ J pl] l J

Proof: Let’s decompose p as follows.

-~ - -~ - —— ~~ - ——
\\\ ’¢ ~ \\ ’/ ~ \\ ”/ ~
\\\\\\\\\\\\

P1i Pij Pjk

Then weight of path p, w(p) = w(pq;) + W(pij) + W(pjk).



Intuition behind Dijkstra’s SSSP Algorithm

Lemma: [ subpaths of shortest paths are shortest paths ] ... ... ...
let p = v,v, ... v} be a shortest path from v, to v, and, for any i

and jsuchthatl <i <j <k, letp;; = v;v;;; ... v; be the subpath

of p from v; to v;. Then p;; is a shortest path from v; to v;.
p [ J pl] l J

Proof: Let’s decompose p as follows.

Then weight of path p, w(p) = w(pq;) + W(pl-j) + W(pjk).
If p;; is not a shortest path, let p{j be a shorter path from v; to v;.

cwps) +w(ph) + w(pje) < wpw) +w(pi) +wlpj) = w),
which contradicts our assumption that p is a shortest v; to v; path.



Intuition behind Dijkstra’s SSSP Algorithm

Observations: Let v € V and v # s.

Consider any shortest path pg,, from s to v.

Path pg ,, must reach v through a node u from which v has an
incoming edge, i.e., (u,v) € E.

N L eemmy . e e
Ss - D W ~ PR ~
~ Pie ~ -
\\\\\\\\

Psu (u,v)

Let p, ,, be the subpath of pg ,, that goes from s to u.

Since subpaths of shortest paths are also shortest paths, p,,, must
be a shortest path from s to u.

So, once we know py,,, we can append (u, v) to it to find p; ,,.

But two questions!



Intuition behind Dijkstra’s SSSP Algorithm

First question: v can have multiple incoming edges. How do we

know which of them lies on pg ,,?

Suppose, v has k incoming edges (u4, v), (u,, v), ..., (Ug, v).
The solution is to maintain a tentative shortest s to v distance d|[v]
initialized to o0, and update d[v] to min{d[v], W(ps,u) + w(u, v)}

when we find the shortest path py ,, to each u € {uq, u,, ..., ug}.



Intuition behind Dijkstra’s SSSP Algorithm

Second question: When do we know that d[v] = 6 (s, v), where

& (s, v) is the shortest distance from s to v?

Find shortest paths to vertices in non-decreasing order of §(s, - ).
We start with vertex s because we know 6(s,s) = 0.

Since edge weights are non-negative, any u with d(s,u) > 6(s, v)
cannot be on pg ,,.

So, if d[v] is the smallest among all vertices to which we are yet to
find shortest distances, we know that d[v]| = 6 (s, v).



Dijkstra’s SSSP Algorithm with a Min-Heap
( SSSP: Single-Source Shortest Paths )

Input: Weighted graph G = (V, E) with vertex set IV and edge set E, a
weight function w, and a source vertex s € G[V].

Output: For all v € G[V], v.d is set to the shortest distance from s to v.

Dijkstra-SSSP ( G = (V,E), w, s )

1 for each vertex v € G.V do
2 v.d < ©

3 v.w < NIL
4 s.d <0

5. Min-Heap Q < @
6

7

8

9

for each vertex v € G.V do

INSERT( Q, v )
while Q # @ do
u < EXTRACT-MIN( Q )
10. for each (u,v) € G.E do
11. ifu.d+ w(uv) <v.d then
12. v.d «u.d+w(,v)
13. V. < U

14. DECREASE-KEY( Q, v, u.d + w(u,v) )




SSSP: Dijkstra’s Algorithm

Initial State (with initial tentative distances)




SSSP: Dijkstra’s Algorithm

Step 1: add vertex s to SPT




SSSP: Dijkstra’s Algorithm

Step 1': update neighbors of s




SSSP: Dijkstra’s Algorithm

Step 2: add vertex y through edge (s, y)




SSSP: Dijkstra’s Algorithm

Step 2': update neighbors of y
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SSSP: Dijkstra’s Algorithm

Step 3: add vertex z through edge (v, z)

182



SSSP: Dijkstra’s Algorithm

Step 3': update neighbors of z
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SSSP: Dijkstra’s Algorithm

Step 4: add vertex t through edge (v, t)
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SSSP: Dijkstra’s Algorithm

Step 4': update neighbors of t

185



SSSP: Dijkstra’s Algorithm

Step 5: add vertex x through edge (t, x)
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SSSP: Dijkstra’s Algorithm

Step 5': update neighbors of x
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SSSP: Dijkstra’s Algorithm

188



SSSP: Dijkstra’s Algorithm

One undirected edge = Two directed edges
®)
C > C C




SSSP: Dijkstra’s Algorithm

Initial State (with initial tentative distances)

b.d =
b.m = NIL

a.d = o
a.w = NIL

c.d =
c.mt = NIL

d.d =
d.m = NIL

h.m = NIL

g.m = NIL

f.m = NIL

10

e.d =o
e.mt = NIL




SSSP: Dijkstra’s Algorithm

Initial State (with initial tentative distances)

b.d =
b.m = NIL

a.d=0
a.w = NIL

c.d =
c.mt = NIL

d.d =
d.m = NIL

h.m = NIL

g.m = NIL

f.m = NIL

10

e.d =o
e.mt = NIL




SSSP: Dijkstra’s Algorithm

Initial State (with initial tentative distances)

b.d =
b.m = NIL

a.d=0
a.w = NIL

c.d =
c.mt = NIL

d.d =
d.m = NIL

h.m = NIL

g.m = NIL

f.m = NIL

10

e.d =o
e.mt = NIL




SSSP: Dijkstra’s Algorithm

Step 1: add vertex a to SPT

b.d =
b.m = NIL

c.d =
c.mt = NIL

d.d =
d.m = NIL

h.m = NIL

g.m = NIL

f.m = NIL

10

e.d =o
e.mt = NIL
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SSSP: Dijkstra’s Algorithm

Step 1': update neighbors of a

b.d =4
b.t=a

c.d =
c.mt = NIL

d.d =
d.m = NIL

h.d =8
h.mt=a

g.m = NIL

f.d=o
f.m = NIL

10

e.d =o
e.mt = NIL
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SSSP: Dijkstra’s Algorithm

Step 2: add vertex b through edge (a, b)

b.d =4
b.t=a

c.d =
c.mt = NIL

d.d =
d.m = NIL

h.d =8
h.mt=a

g.m = NIL

f.d=o
f.m = NIL

10

e.d =o
e.mt = NIL
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SSSP: Dijkstra’s Algorithm

Step 2': update neighbors of b

b.d=4
‘m=a

a.d =
a.mw =N

c.d =12
c.T=Db

d.d =
d.m = NIL

h.d =8

h.mt=a

g.m = NIL

f.d=o
f.m = NIL

10

e.d =o
e.mt = NIL
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SSSP: Dijkstra’s Algorithm

Step 3: add vertex h through edge (a, h)

b.d=4 c.d =12 d.d =
m=a c.t=D>b d.m = NIL
8

e.d =o
e.mt = NIL

a.
a.m

10

h.d =8

h.mt=a

g.m = NIL

f.d=o
f.m = NIL




SSSP: Dijkstra’s Algorithm

Step 3': update neighbors of h

b.d = c.d =12 d.d =
T=a \ c.t=D>b d.m = NIL

e.d =o
e.mt = NIL

a.d £0
a.w =\NIL

10

. =9 .
h. =" =h f.m = NIL
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SSSP: Dijkstra’s Algorithm

Step 4: add vertex g through edge (h, q)

b.d = c.d =12 d.d =
T=a \ c.t=D>b d.m = NIL
9
a.d £0 e.d =o
a.w =\NIL e.mt = NIL
7l
N(/ 10
h J

. =9 .
h. =" =h f.m = NIL
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SSSP: Dijkstra’s Algorithm

Step 4': update neighbors of g

b c.d =12 d.d = o
b.t=a c.T=Db d.m = NIL

10

e.d =o
e.mt = NIL

200



SSSP: Dijkstra’s Algorithm

Step 5: add vertex f through edge (g, f)

b
b.t=a

c.d =12
c.T=Db

d.d =
d.m = NIL

e.d =o
e.mt = NIL

201



SSSP: Dijkstra’s Algorithm

Step 5': update neighbors of f

a.d_|

=0

a.m =

NIL

e.d=21
e.m =

c.d=12 d.d =25
cm=bhb drn=f
()
i.d =15
i.t=nh
N
h.d =8 g-d=9
Nt =a g.mt=nh
o ———
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SSSP: Dijkstra’s Algorithm

Step 6: add vertex ¢ through edge (b, ¢)

a.d_|

=0

a.m =

NIL

e.d=21
e.m =

c.d=12 d.d =25
cm=bh drn=f
()
i.d =15
i.t=nh
N
h.d =8 g-d=9
Nt =a g.mt=nh
o ———
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SSSP: Dijkstra’s Algorithm

Step 6’: update neighbors of ¢

c.d = d.d =19
c.T=D>b dm=c

14 e e.d =21

e.T =

hd=8 gd=9 fd=11

h.m=a

204



SSSP: Dijkstra’s Algorithm

Step 7: add vertex i through edge (c, i)

c.d = d.d =19
c.T=D>b dm=c

14 e e.d =21

e.T =

hd=8 gd=9 fd=11

h.m=a

205



SSSP: Dijkstra’s Algorithm

Step 7': update neighbors of i

b.d =4
=a

d.d =19
dm=c

e.d=21
e.m =

206



SSSP: Dijkstra’s Algorithm

Step 8: add vertex d through edge (¢, d)

bhd=4 | — T ad =<2 d.d=19

=a c.n=b\ dn=c

e.d=21
e.m =

207



SSSP: Dijkstra’s Algorithm

Step 8': update neighbors of d

b.d =4
T =a

a.d
a.m =

IL

c.d =12
c.T=D>b

d =19
dmnxsc

e.d=21
e.m =

208



SSSP: Dijkstra’s Algorithm

Step 9: add vertex e through edge (£, e)

bd=4 | —Fcd=12 ——dd=19
_bT=a | cm=b ﬁ%c

e.d=21
e.m =

a.d £0
a.mw=WIL

209



SSSP: Dijkstra’s Algorithm

Step 9': update neighbors of e

b.d= c.d =12 ‘_@i
. ct=b dm=

e.d ¥ 21
enfEf

10

210



SSSP: Dijkstra’s Algorithm

a.d=0
a.w = NIL

e.d=21
e.m =

211



Dijkstra’s SSSP Algorithm with a Min-Heap
( SSSP: Single-Source Shortest Paths )

Input: Weighted graph G = (V, E) with vertex set IV and edge set E, a
weight function w, and a source vertex s € G[V].

Output: For all v € G[V], v.d is set to the shortest distance from s to v.

Dijkstra-SSSP (G = (V,E), w, s)

1. for each vertexv € G.V do LEtn — |G[V]| andm — |G[E]|
2. v.d « o

3. v.m < NIL

i edeo # INSERTS = n

5. Min-HeapQ < @ # EXTRACT-MINS = n

6. for each vertexv € G.V do # DECREASE'KEYS S m

7. INSERT( Q, v )

8. while @ # @ do

9. u « EXTRACT-MIN( Q ) Total cost

10. or each (u,v) € G.E do

1. f if u.d(—i- ;(1L,v)<v.d then = n(COStInseTt + COStExtract—Min)
12. v.d «u.d+w(u,v) + m(COStDecrease—Key)

13. V.U

14, DecreasE-KEY( Q, v, u.d + w(u,v) )




Dijkstra’s SSSP Algorithm with a Min-Heap

( SSSP: Single-Source Shortest Paths )

Input: Weighted graph G = (V, E) with vertex set IV and edge set E, a
weight function w, and a source vertex s € G[V].

Output: For all v € G[V], v.d is set to the shortest distance from s to v.

—

¥ @ NI kN

10.

12.
13.
14,

Dijkstra-SSSP( G = (V,E), w, s )

for each vertexv € G.V do
v.d « ©
v.T < NIL
s.d <0
Min-Heap Q <« @
for each vertexv € G.V do
INSERT( Q, v )
while @ # @ do
U «— EXTRACT-MIN( Q)
for each (u,v) € G.E do
if u.d + w(u,v) <v.d then
v.d «u.d+w(u,v)
VT U

DECrReASE-KEY( Q, v, u.d + w(u,v) )

Letn = |G[V]| and m = |G[E]|

For Binary Heap ( worst-case costs ):

coStipsert = O(logn)
costgxeract—min = O(logn)
COStpecrease—Key = O(log n)

= Total cost ( worst-case )

= O((m +n) logn)



Dijkstra’s SSSP Algorithm with a Min-Heap

( SSSP: Single-Source Shortest Paths )

Input: Weighted graph G = (V, E) with vertex set IV and edge set E, a
weight function w, and a source vertex s € G[V].

Output: For all v € G[V], v.d is set to the shortest distance from s to v.

—

¥ @ NI kN

10.

12.
13.
14,

Dijkstra-SSSP( G = (V,E), w, s )

for each vertexv € G.V do
v.d « ©
v.T < NIL
s.d <0
Min-Heap Q <« @
for each vertexv € G.V do
INSERT( Q, v )
while @ # @ do
U «— EXTRACT-MIN( Q)
for each (u,v) € G.E do
if u.d + w(u,v) <v.d then
v.d «u.d+w(u,v)
VT U

DECrReASE-KEY( Q, v, u.d + w(u,v) )

Letn = |G[V]| and m = |G[E]|

For Fibonacci Heap ( amortized ):

COStipsert = O(1)
costgxeract—min = O(logn)
COStpecrease—Key = O(1)

= Total cost ( amortized )

= O(m +nlogn)



Optional
Kruskal's MST algorithm
and a Union-Find data siructure
with union by rank and path compression




A Disjoint-Set Data Siructure
( union by rank and path compression )

MAKE-SET ( x )

1. m(x) « x

2. rank(x) < 0

LINK ( x,v )
1. if rank(x) > rank(y) then n(y) « x

2. else m(x) <y
3. if rank(x) = rank(y) then rank(y) < rank(y) + 1
UNION ( x,y )

1. LINK (FIND (x ), FIND (y ) )

FIND ( x )

. if x # m(x) then m(x) « FIND ( m(x) )

2. return mw(x)




A Disjoint-Set Data Siructure
( union by rank and path compression )

THEOREM: A sequence of N MAKE-SET, UNION and FIND operations of

which exactly n (< N) are MAKE-SET operations takes O(Na(n))
time to execute, where a(n) is the extremely slowly growing
Inverse Ackermann Function which has a value no larger than 3 for
all practical values of n.



MST: Kruskal's Algorithm
( union by rank and path compression )

MST-Kruskal (G = (V,E), w)

A<Q
for each vertexv € G.V do
MAKE-SET( v )
sort the edges of G.E into nondecreasing order by weight w
for each edge (u,v) € G.E taken in nondecreasing order by weight do
if FIND(u ) # FIND( v ) then
Ae=Au{,v)}

e T A A

UNION(u,v)

return A

Letn = || and m = |E|. Since G is connected, we have m > n — 1.
Then the sorting in step 4 can be done in O(mlogm) time.

#disjoint-set operations performed, N = 2m + 2n — 1, of which
HMAKE-SET: n, #FIND: 2m, #UNION:n — 1

So, total time taken by disjoint-set operations = O((n + m)a(n))

Hence, MST-Kruskal’s running time = O(mlogm)
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