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Linear Homogeneous Recurrence

A linear homogeneous recurrence relation of degree k with constant
coefficients is a recurrence relation of the form:

A, = C1Qny_1 + C0y_» + =+ CrQy_p,

where ¢4, ¢, ..., ¢ are real constants, and ¢, # 0.

For constant r, a,, = r™ is a solution of the recurrence relation iff:

=™ 4 ™2 4 e TR

S8 —crfl —crk 2 — i — v =, =0

The equation above is called the characteristic equation of the
recurrence, and its roots are called characteristic roots.



Linear Homogeneous Recurrence

Recurrence: a,, = cia,-1 + a5 + -+ Cra,_y,

k k—1

Characteristic Equation: 7" — ¢q7r — v —CpqT —C, =0

If the characteristic equation has k distinct roots 1y, 75, ..., 1%,
then a sequence {a,,} is a solution of the recurrence relation iff

a, = a1t + a,ryt + -+ a,ry forintegersn = 0,

where a4, a5, ..., a; are constants.



Linear Homogeneous Recurrence

Recurrence: a,, = ¢c1ay_1 + C20,_>

2

Characteristic Equation: r“ —cyr—c, =0

a, = a;ry + a,r; = {a,}is a solution to the recurrence:

ré =cyry+cy and 15 =1y + ¢

— n-—1 n—1 n-—2 n-—2
C1Ap-1 T CQy_» = Cl(alrl + a,r, ) + ¢, (a1r1 + a,n, )

n-—2 n-—2
a1 (111 + ¢3) + ayryt o (cqry + c3)
= a1 + apryt A
= a1 + a1y’

:an



Linear Homogeneous Recurrence

Recurrence: a,, = ¢c1ay_1 + C20,_>

Characteristic Equation: 7% —c¢;r—c, =0

{a,}is a solution to the recurrence = a,, = a1} + a,ry :

Assume initial conditions: ay = Cy and a; = (3

aO — CO — (11 +a2
a1 — Cl — CZ1T1 + azrz

C1—CoT Cor1—C1

and a, =

Solving: a4 =
8- &1 ri—nr; ri1—"nr;

Since the initial conditions uniquely determine the sequence, it

— n n
follows that a,, = a r{" + a,ry".



Linear Homogeneous Recurrence
Recurrence for Fibonacci numbers:

( 0 if n=0,
[ =+ 1 if n=1,
Un-1+ fu—2 otherwise.

Characteristic equation: 7* —r—1=0

1+V5 1-V5
and r, = —

1+\/§)n
2

Characteristic roots: r =

Then for constants @y and a,: f,, = ay (

Initial conditions: fo =a; +a, =0

fi=a (1+2\/5) T a (1_7\/5) =1

1 1
Constants: a; = and a, = 7

n n
Solution: f,, = \/15 (1+2\/§) — \/15 (1_2\@)




Linear Homogeneous Recurrence

Recurrence: a,, = cia,-1 + a5 + -+ Cra,_y,

k k—1

Characteristic Equation: 7" — ¢q7r — v —CpqT —C, =0

If the characteristic equation has t distinct roots 1y, 17y, ..., 1 with
multiplicities mq, m,, ..., m¢, respectively, so that all m;’s are positive
and )., <j<m; = k, then a sequence {a,, } is a solution of the

recurrence relation iff

— mi—1\,-n
a, = (“1,0 T ag N+t Am,—1N* )r1
+(a2,0 + o N+ azjmz_lnmz‘l)rzn

4t (“t,o +agn+ e+ at’mt_lnmt_l)rgl for integersn = 0,

where a; ; are constantsforl <i<tand0<j<m; — 1.



Linear Homogeneous Recurrence

( 1 if n=0,
A, =+ 6 if n=1,
6a,_1 —9a,_, otherwise.

Characteristic equation: 7° —6r +9 =0

Characteristicroot: r =3

Then for constants a; and a,: a,, = a;3"™ + a,n3"

Initial conditions: ag = a4 =1
a; =3a;1+3a, =6

Constants: ¢y =1 anda, =1

Solution: a,, = 3"(n+ 1)



Linear Homogeneous Recurrence

2 if n=0,
a, = 7 if n=1,
an-1 + 2a,_, otherwise.
=3-2" - (—1)"
( : —
2 if n=0,
5 ifn=1,
tn = 15 ifn=2,
k6an_1 —11a,_, + 6a,,_3 otherwise.

=1-2"4+2-3"
( : —
1 if n=0,
—2 ifn=1,
On = -1 if n=2,
k—3an_1 —3a,_, —a,_3 otherwise.

= (1+3n-2n2)(-1)"



Linear Nonhomogeneous Recurrence

A linear nonhomogeneous recurrence relation of degree k with
constant coefficients is a recurrence relation of the form:

a, = C1ap_1 + Coap_o + -+ cra,_; + F(n),

where ¢4, C5, ..., C are real constants, ¢, # 0, and F(n) is a function
not identically zero depending only on n.

The recurrence relation
Ap, = C10p_1 T C20p_o9 + =+ CrQp_y

is called the associated homogeneous recurrence relation.



Linear Nonhomogeneous Recurrence

Recurrence: a,, = ¢1Q,_1 + CQp_o + -+ Crap_ + F(n),

Suppose {a,(lp)} is a particular solution of the recurrence above,

M . . .
and {a,(l )} is a solution of the associated homogeneous recurrence.

Then every solution of the given nonhomogeneous recurrence is of

the form {a,(lp) + a,gh)}.



Linear Nonhomogeneous Recurrence

Recurrence: a,, = ¢1Q,_1 + C,ap_o + -+ Ccrap_ + F(n),

Suppose F(n) = (btnt +bent 4+ -+ bn+ bo)sn ,

where by, by, ..., by and s are real numbers.

If s is not a solution of the characteristic equation of the associated

homogeneous recurrence, then there is an a,,(lp) of the form:

(ptnt +pnt 4+ pn+ pO)S".

If s is a solution of the characteristic equation and its multiplicity is m,

then there is an a,(,Lp) of the form:

n™(pnt + pe_ntl+ o+ pin +pg)s™.



Linear Nonhomogeneous Recurrence

3 fn=1,
an:{ if n

3a,_1 +2n otherwise.
Associated homogeneous equation: a,, = 3a,,_1
Homogeneous solution: a,,(lh) = a3"

(p)

Particular solution of nonhomogeneous recurrence: a,;”” = pin + py

Then pyn+py = 3(p1(n — 1) +py) + 2n
3

Solution: a, = a,(lp) + a,(,Lh) =—n-— % +a- 3"
; 11
= = = —
aq a =

3 11
Hence a, —n—5+?-3”
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