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The Divide-and-Conquer Process in Merge Sort

Suppose we want to sort a typical subarray A[p..r].

DivipEe: Split A[p..r] at midpoint g into two subarrays A[p..q] and
Alq + 1..r] of equal or almost equal length.

CoNQUER: Recursively sort A[p..q] and A[qg + 1..7].

CoMBINE: Merge the two sorted subarrays A[p..q] and A|g + 1..7]

to obtain a longer sorted subarray A[p..r].

The DIVIDE step is cheap — takes only ©(1) time.

But the COMBINE step is costly — takes ®(n) time, where n is the
length of A[p..r].




The Divide-and-Conquer Process in Quicksort

Suppose we want to sort a typical subarray A[p..r].

DIVIDE: Partition A[p..r] into two ( possibly empty ) subarrays
Alp..q — 1] and A|q + 1..r] and find index g such that

each element of A[p..q — 1] is < Alq], and

each element of A[q + 1..r] is = A[q].

CONQUER: Recursively sort A[p..q — 1] and A[g + 1..r].

CoMBINE: Since A[q] is “equal or larger” and “equal or smaller” than

everything to its left and right, respectively, and both left and right
parts are sorted, subarray A[p..r] is also sorted.

The COMBINE step is cheap — takes only ©(1) time.

But the DIVIDE step is costly — takes ®(n) time, where n is the
length of A[p..r].




Quicksort

Input: A subarray A[p : v | of r — p + 1 numbers, where p < r.

Output: Elements of A| p : r | rearranged in non-decreasing order of value.

QUICKSORT (A, p, )

1. if p <r then

2. // partition A[p..r] into A[p..q — 1] and A[q + 1..r] such that everything in
Alp..q — 1] is < A[q] and everything in A[q + 1..r] is = A[q]

q = PARTITION (A, p, r)

// recursively sort the left part

QUICKSORT (A, p, g-1)

// recursively sort the right part

N O U1 N W

QUICKSORT (A, g+ 1, r)




Partition

13

20| 4 [15|19| 6 |12| 6 |3 [17|15| 5 |(0)

item known to be < x
item known to be > x
item known to be at correct sorted location

item yet to be compared with x



Input:

Partition

j=1
iA[j] <x
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Al(9)]1]13]20]4]15]19]6[12]6]3]17]15] 5 |0
T x = A[15]
| =10

item known to be < x
item known to be > x
item known to be at correct sorted location

item yet to be compared with x



Partition

j=2

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

9 | 1{13|20] 4 [15]|19|6 12| 6|3 [17]|15] 5 |(0

T x = A[15]
=10

i=1

item known to be < x
item known to be > x
item known to be at correct sorted location

item yet to be compared with x



Partition

item known to be < x
item known to be > x
item known to be at correct sorted location

item yet to be compared with x



Input:

Partition

13

20| 4 [15|19| 6 |12| 6 |3 [17|15| 5 |(0)

item known to be < x
item known to be > x
item known to be at correct sorted location

item yet to be compared with x



Partition

mput: A |9 [ 1]@3)]20] 4 ]15]19]6 |12]6]3]17]15] 5 [Q0)

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

10



Partition

Input: A911320415196126317155

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

11



Partition

mput: A |9 |1 [13]Go)] 4 [15]19]6 |12]6]3]17]15] 5 [Q0)

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

12



Partition

Input: A911320415196126317155

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

13



Input:

Partition

11

12

13

14

1 ] 13 20@15 19] 6 [12] 6

17

15

item known to be < x

item known to be > x

item yet to be compared with x

item known to be at correct sorted location

14



Input:

Partition

3‘ 4 IS 6 7 8 9 10 11 12 13 14 15

Il
w

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

15



Partition

nput: A | 9| 1|4 |20[13(15[19|6 [12]6 |3 |17[15] 5 [Q0)

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

16



Partition

nput: A | 9| 1|4 |20[13(15[19|6 [12]6 |3 |17[15] 5 [Q0)

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

17



Input:

Partition

j=6

lA[j] > X

13

14

42013@196126317

15

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

18



Partition

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

nput: A |9 | 1|4 |20[13[15[19|6 [12]6 |3 |17[15] 5 [Q0)

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

19



Input:

Partition

J=7

lA[j] > X

13

14

42013156126317

15

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

20



Partition

nput: A |9 | 1|4 |20[13[15[19|6 [12]6 |3 |17[15] 5 [Q0)

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

21



Input:

Partition

420131519@12631715

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

22



Input:

Partition

|<x

11 12 13 14 15

- e
@

20 {13 | 15| 19

126317155

item known to be < x
item known to be > x
item known to be at correct sorted location

item yet to be compared with x

23



Input:

Partition

4l 5 6 7 lS 9 10 11 12 13 14 15

6 |13|15|19(20|12| 6 | 3 [17|15| 5 |Q0)]

item known to be < x
item known to be > x
item known to be at correct sorted location

item yet to be compared with x

24



Input:

Partition

Jj=9

l

4 5 6 7 8 9 10 11 12 13 14 15

13 15|19 (20| 12| 6 | 3 |17 | 15| 5 |(0),

I —> o
=
I
=
°=
A

item known to be < x
item known to be > x
item known to be at correct sorted location

item yet to be compared with x

25



Input:

Partition

Jj=9

lA[j] > X

4 5 6 7 8 9 10 11 12

13151920@6317

15

I—— o

item known to be < x
item known to be > x
item known to be at correct sorted location

item yet to be compared with x

26



Input:

Partition

13|15 |19(20 12| 6 | 3 |17 | 15| 5 |(0),

I —> o
=
I
=
°=
A

item known to be < x
item known to be > x
item known to be at correct sorted location

item yet to be compared with x

27



Input:

Partition

14

13 15|19 | 20 12@3 17

15

I—— o

item known to be < x
item known to be > x
item known to be at correct sorted location

item yet to be compared with x

28



Input:

Partition

14

15

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

29



Input:

Partition

15

item known to be < x
item known to be > x
item known to be at correct sorted location

item yet to be compared with x

30



Partition

Input: Alo|l1|4|6]|6|15/19(20|12[13]3 [17]15]5 [(O)

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

31



Input:

Partition

lA[/] <x
4 5 6 7 8 9 10 11 12 13 14
6 | 6 [15]19 |20 (12| 13 @ 17|15| 5

item known to be < x
item known to be > x
item known to be at correct sorted location

item yet to be compared with x

32



Input:

Partition

13

14

15

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

33



Input:

Partition

6l 7 8 9 10 lll

12

13

14

6 | 6 | 3|19

20

12

13

15

17

15

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

34



Input:

Partition

15

item known to be < x
item known to be > x
item known to be at correct sorted location

item yet to be compared with x

35



Partition

Input: A9146631920121315@155

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

36



Partition

Input: Alo|l1|4a|6]|6|3]19(20(12]13]|15[17|15] 5 [(0)

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

37



Partition

Input: A914663192012131517©5

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

38



Partition

Input: Alo|l1|4|6|6|3]19(20{12]13]|15[17|15] 5 |(O)

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

39



Partition

mput: A |9 1[a]6]6]3]19]20]12][13]15]17]15]|(5)][(0)

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

40



Partition

mput: A |9 1[a]6]6]3]19]20]12][13]15]17]15]|(5)][0)

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

41



Input:

Partition

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

42



Input:

Partition

10

11

12

12

13

15

17

15

19

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

43



Partition

swap
1 2 3 4 5 6 7 Sl 9 10 11 12 13 14 llS
nput: A |9 |1 |4|6|6|3|5]20[12{13[15]17[15]19 Q)
T x = A[15]
| =10

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

44



Input:

Partition

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

45



Input:

Partition

10

11

12

13

14

15

12

13

15

17

15

19

20

item known to be < x

item known to be > x

item known to be at correct sorted location

item yet to be compared with x

46



Partition

Input: A subarray A[p : v | of r — p + 1 numbers, where p < r.

Output: Elements of A[ p : r ] are rearranged such that for some q € [p, r]
everythingin A[p : ¢ —1]is < A[q] and everythingin A[ g + 1:7 ]is >
Alq]. Index q is returned.

PARTITION ( A, p, I)

x = Alr]
i=p—1
forj=ptor—1
if Alj] < x
i=i+1
exchange A[i] with A[j]
exchange A[i + 1] with A[r]

returni+ 1




Running Time of Partition

Input: A subarray A[p : v | of r — p + 1 numbers, where p < r.

Output: Elements of A[ p : r ] are rearranged such that for some q € [p, r]
everythingin A[p : ¢ —1]is < A[q] and everythingin A[ g + 1:7 ] is =

Alq]. Index q is returned.

PARTITION ( A, p, r)
1. x=A[r]
2 i=p—1
3 forj=ptor—1
4 if Alj] < x
5. [=i0+1
6 exchange A[i] with A[j]
7 exchange A[i + 1] with A[r]
8 return i+ 1

letn=r—p+ 1.

The loop of lines 3—6 takes
O(r—1—p+1) =0(n) time.

Lines 1, 2, 7 and 8 take ©(1) time each.

Hence, the overall running time is @(n).



Running Time of Partition

Input: A subarray A[p : v | of r — p + 1 numbers, where p < r.

Output: Elements of A[ p : r ] are rearranged such that for some q € [p, r]
everythingin A[p : ¢ —1]is < A[q] and everythingin A[ g + 1:7 ] is =

Alq]. Index q is returned.

PARTITION ( A, p, r)
1. x=A[r]
2 i=p—1
3 forj=ptor—1
4 if Alj] < x
5. [=i0+1
6 exchange A[i] with A[j]
7 exchange A[i + 1] with A[r]
8 return i+ 1

letn=r—p+ 1.

The loop of lines 3—6 takes
O(r—1—p+1) =0(n) time.

Lines 1, 2, 7 and 8 take ©(1) time each.

Hence, the overall running time is @(n).



Input:

Quicksort

10

11

12

13

14

15

13

20

4 |15

19

12

17

15

10

item determined to be at correct sorted location

50




Quicksort

Partition A[1..15] around 10

Input: A911320415196126317155

item determined to be at correct sorted location

51



Input:

Quicksort

Partition A[1..15] around 10

10

11

12

13

14

15

4663512

13

15

17

15

19

20

item determined to be at correct sorted location

52




Input:

Quicksort

Partition A[1..7] around 5

11

12

13

14

15

4663@101213

15

17

15

19

20

item determined to be at correct sorted location

53




Input:

Quicksort

Partition A[1..7] around 5

11

12

13

14

15

15

17

15

19

20

item determined to be at correct sorted location

54




Input:

Quicksort

Partition A[1..3] around 3

11

12

13

14

15

15

17

15

19

20

item determined to be at correct sorted location

55




Input:

Quicksort

Partition A[1..3] around 3

11

12

13

14

15

15

17

15

19

20

item determined to be at correct sorted location

56




Input:

Quicksort

A[1..1] is trivially sorted

10

11

12

13

14

15

12

13

15

17

15

19

20

item determined to be at correct sorted location

57




Input:

Quicksort

A[1..1] is trivially sorted

10

11

12

13

14

15

12

13

15

17

15

19

20

item determined to be at correct sorted location

58




Input:

Quicksort

A[3..3] is trivially sorted

10

11

12

13

14

15

12

13

15

17

15

19

20

item determined to be at correct sorted location

59




Input:

Quicksort

A[3..3] is trivially sorted

10

11

12

13

14

15

12

13

15

17

15

19

20

item determined to be at correct sorted location

60




Input:

Quicksort

Partition A[5..7] around 6

11

12

13

14

15

4569@101213

15

17

15

19

20

item determined to be at correct sorted location

61




Input:

Quicksort

Partition A[5..7] around 6

11

12

13

14

15

456@9101213

15

17

15

19

20

item determined to be at correct sorted location

62




Input:

Quicksort

A[5..5] is trivially sorted

11

12

13

14

15

15

17

15

19

20

item determined to be at correct sorted location

63




Input:

Quicksort

A[5..5] is trivially sorted

11

12

13

14

15

15

17

15

19

20

item determined to be at correct sorted location

64



Input:

Quicksort

A[7..7] s trivially sorted

11

12

13

14

15

15

17

15

19

20

item determined to be at correct sorted location

65




Input:

Quicksort

A[7..7] s trivially sorted

11

12

13

14

15

15

17

15

19

20

item determined to be at correct sorted location

66




Quicksort

Partition A[9..15] around 20

Input: A134566910121315171519

item determined to be at correct sorted location

67



Quicksort

Partition A[9..15] around 20

Input: A134566910121315171519

item determined to be at correct sorted location

68



Quicksort

Partition A[9..14] around 19

mput: A |1 [3]a]5]6]6]9]10]12]13]15[17]15]|@9]20

item determined to be at correct sorted location

69




Quicksort

Partition A[9..14] around 19

mput: A |1 [3]a]5]6]6]9]10]12]13]15]17]15]@g)20

item determined to be at correct sorted location

70




Quicksort

Partition A[9..13] around 15

mput: A |1 ]3] a]s5]6]6]9]10]12]13]15][17]|@)[19]20

item determined to be at correct sorted location

71




Quicksort

Partition A[9..13] around 15

mput: A |1 ]3] a]s5]6]6]9]10]12]13]15]@917]19]20

item determined to be at correct sorted location

72




Quicksort

Partition A[9..11] around 15

1 2 3 4 5 6 7 3 9 10 11 12 13 14 15

5[®

Input:

- item determined to be at correct sorted location

73



Quicksort

Partition A[9..11] around 15

Input:

- item determined to be at correct sorted location

74



Quicksort

Partition A[9..10] around 13

1 2 3 4 5 6 7 3 9 10 11 12 13 14 15

Input: @]

- item determined to be at correct sorted location

75



Quicksort

Partition A[9..10] around 13

Input:

- item determined to be at correct sorted location

76



Quicksort

A[9..9] is trivially sorted

Input:

- item determined to be at correct sorted location

77



Quicksort

A[9..9] is trivially sorted

Input:

- item determined to be at correct sorted location

78



Quicksort

A[13..13] is trivially sorted

Input:

- item determined to be at correct sorted location

79



Quicksort

A[13..13] is trivially sorted

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

- item determined to be at correct sorted location

80



Quicksort

A[1..15] is now fully sorted

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

- item determined to be at correct sorted location

81



Quicksort

Input: A subarray A[p : v | of r — p + 1 numbers, where p < r.

Output: Elements of A| p : r | rearranged in non-decreasing order of value.

QUICKSORT (A, p, )

1. if p <r then

2. // partition A[p..r] into A[p..q — 1] and A[q + 1..r] such that everything in
Alp..q — 1] is < A[q] and everything in A[q + 1..r] is = A[q]

q = PARTITION (A, p, r)

// recursively sort the left part

QUICKSORT (A, p, g-1)

// recursively sort the right part

N O U1 N W

QUICKSORT (A, g+ 1, r)




Worst-case Running Time of Quicksori

QUICKSORT (A, p, r)

1. if p <r then

2. // partition A[p..r] into A[p..q — 1]
and A[q + 1..r] such that everything
in A[p..q — 1] is < A[q] and everything
inA[g + 1..7] is = A[q]

q = PARTITION (A, p, )

// recursively sort the left part

QUICKSORT (A, p, g - 1)

// recursively sort the right part

N w AW

QUICKSORT (A, g+ 1, 1)

Assuming n = r — p + 1, the worst-case running time of quicksort:

(1) if n=1,
T(n) = {max T@-p)+Tr—@}+06m) ifn>1.

DSQsr
Replacing g with k + p — 1, we get:

0(1) if n=1,
T() =9 max {T(k — 1) + T(n— K)} + O(n) if n>1.

1<k=<n



Worst-case Running Time of Quicksort (Upper Bound)

Forn > 1 and a constantc > O,

T(n) = max{T(k—1)+Tn—k)} +cn

1<k<n

Our guess for upper bound: T(n) < c¢;n? for constant ¢; > 0.
Using this bound on the right side of the recurrence equation, we get.

T(n) < max {c;(k —1)2 + ¢;(n — k)?} + cn

1<k=<n

= T(n) < ¢; max {(k — 1%+ (n— k)z} + cn

1<k=<n

But (k — 1)? + (n — k)? reaches its maximum value for k = 1 and k = n.

Hence,
T(M) <c((1-12+m—-1)?%)+cn
>Tmn) <ci(n—1)%+cn
= T(n) < cn? —(c;(2n—1) — cn)



Worst-case Running Time of Quicksort (Upper Bound)

But for ¢c; = ¢, we have,
ct@n—1)=>2c(2n—-1)
=>c(2n—1)=2cn—c
=>c(2n—1)—cn=>cn—c

Butn>1=>cn=>=>c=>cn—c=>=0,andthus
ci2n—1)—cn=0
= —(c;(2n—-1)—cn) <0
= cn? — (c;(2n—1) — cn) < ¢yn?

But T(n) < ¢yn® — (¢;(2n — 1) — cn).

Hence, T(n) < ¢yn? forc; = c.



Worst-case Running Time of Quicksort (Lower Bound)

Forn > 1 and a constantc > O,

T(n) = max{T(k—1)+Tn—k)} +cn

1<k<n

Our guess for lower bound: T(n) = c,n? for constant ¢, > 0.
Using this bound on the right side of the recurrence equation, we get.

T(n) = max {c,(k — 1)+ c;(n — k)?} + cn

1<k=<n

= T(n) = c, max {(k — 1%+ (n— k)z} + cn

1<k=<n

But (k — 1)? + (n — k)? reaches its maximum value for k = 1 and k = n.

Hence,
T(n) = c,(1—1)?+(n—1)2)+cn
>Tm) =>c,(n—1)%2 +cn

= T(n) = c;n? + (ecn — ¢,(2n — 1))



Worst-case Running Time of Quicksort (Lower Bound)

C
But for ¢, < ~» We have,

c,(2n—1) < %(Zn - 1)

But ¢ > 0, and thus
cn—c,(2n—1) >0

= c;n? + (en — c;(2n — 1)) > ¢,n?

But T(n) = c,n? + (cn —c,(2n — 1)).

C
Hence, T(n) = c,n? for ¢, < >



Worst-case Running Time of Quicksort (Tight Bound)

We have proved that
T(n) < ¢yn® forcy = c,

C
and T(n) = c,n? forc, < =

Cc

Thus c,n? < T(n) < ¢ n? for constants ¢; = c and ¢, < .

Hence, T(n) = 0(n?).



[ Optional ]
Average Case
Running Time of Quicksori



Average Case Running Time of Quicksort

QUICKSORT (A, p, r)

1. if p <r then

2. // partition A[p..r] into A[p..q — 1]
and A[q + 1..r] such that everything
in A[p..q — 1] is < A[q] and everything
inA[g + 1..7] is = A[q]

q = PARTITION (A, p, )

// recursively sort the left part

QUICKSORT (A, p, g - 1)

// recursively sort the right part

N w AW

QUICKSORT (A, g+ 1, 1)

( 0(1) ifn=1,
T(n)=<% z {Tlk—1)+Tn—-k)}+0(n) ifn>1.

\ 1<k<n




Average Case Running Time of Quicksort

Forn > 1 and a constantc > O,
T(n) = =Y 1cpeniT(k — 1) + T(n — k)} + cn

= nT(n) = XckenlT(k — 1) + T(n — k)} + cn?
= nT(n) = 2 ¥ocpen—1 T (k) +cn® (1)

Replacing n withn — 1,
>nM—-—DTn—1) =2YckcnoTk) +c(n—1)* - (2)

Subtracting equation (2) from equation (1), we get
nTm) —n—1DTn—-1)=2T(n—1)+c(2n—-1)
=>nTn)—(n+1DT(n—-1)=c(2n—1)

Dividing both sides by n(n + 1), we get

m _ T(n—-1) _ c(2n-1)
n+1 n o n(n+1)




Average Case Running Time of Quicksort

Assuming % = A(n), we get from the equation from the previous slide,
c(2n-1)

n(n+1)

c(2n-1)

n(n+1)

An) —An-1) =

=>An) =An-1) +

> AM) = A —1) + —— —

n+l1 nn+1)

2c
= An) < A(n—1) +m

2Cc
n+1

:>A(n)<A(n—2)+2nC+

= A() <A(n—3) +—+ =+ =
n-1 n n+1

2C 2C 2C 2C

=>A(n) <A(n_k) +n—k+2 n—k+3+m+ n +n+1

2Cc

2C 2Cc 2Cc
ﬁA(Tl) <A(1)+?+:+.“+7+n+1



Average Case Running Time of Quicksort

Since A(1) = @ = 0(1), we get,

:>A(n)<®(1)+2c(;+%+---+1+i)

n n+1

>Am) <) +2c(1+5 43+ +-+—-)—2c(1+3)

ButH,,;1 =1+ % + g + -+ % + ﬁ is the n + 1’st Harmonic Number,

and lim H,,; =In(n+ 1) + y, where y = 0.5772 is known as the

n—>00
Euler-Mascheroni constant.

Hence, forn - o0: A(n) < 2c(In(n+ 1) +y) — 3c + 0(1)
= An) <2cln(n+1) + 6(1)
=20 < 2¢In(n + 1) + O(1)

=>Tn)<2c(n+ Dln(n+ 1) + 6(n)
= T(n) = 0(nlogn)



[ Optional ]
Proof of Correctness
of Partition



Correctness of Partition

Input: A subarray A[p : v | of r — p + 1 numbers, where p < r.

Output: Elements of A[ p : r ] are rearranged such that for some q € [p, r]
everythingin A[p : ¢ —1]is < A[q] and everythingin A[ g + 1:7 ]is >
Alq]. Index q is returned.

Loop Invariant

PARTITION (A, p, r) At the start of each iteration of the
for loop of lines 3-6, for any array
. x=4lr index k
2. i=p-1 ’
3. forj=ptor-—1 1. fp<k<i
4 if A[j] < x then Alk] < x.
> =i+l 2. ifi+tl1<k<j-—1,
6 exchange A[i] with A[j] then A[k] > x
7 exchange A[i + 1] with A[r] .
8 returni+1 3. Ifk =T
then Alk] = x.
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