CSE 548: Analysis of Algorithms

Lecture S
( Divide-and-Conquer Algorithms:
The Master Theorem )

Rezaul A. Chowdhury

Department of Computer Science
SUNY Stony Brook
Fall 2017



A Useful Recurrence

Consider the following recurrence:

(0(1), if n <1,

— n
rm) =y - (E) + f(n),  otherwise;
\

where,a = 1and b > 1.

Arises frequently in the analyses of divide-and-conquer algorithms.
Consider the following recurrences from previous lectures.
Karatsuba’s Algorithm: T(n) = 3T (2) + O(n)

Strassen’s Algorithm: T(n) = 7T (g) + (H)(nz)

Fast Fourier Transform: T(n) = 2T (g) + O(n)



How the Recurrence Unfolds
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aT (E) + f(n), otherwise.
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How the Recurrence Unfolds
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aT (B) + f(n), otherwise.
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How the Recurrence Unfolds

0(1), ifn<l,
T(n) = aT (g) + f(n), otherwise.
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How the Recurrence Unfolds: Case 1

0(1), ifn<l,
T(n) = aT (g) + f(n), otherwise.
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Sums Geometrically Increase
Level by Level.

Last Level Dominates.
N

T(n) = O(n %)




How the Recurrence Unfolds: Case 2

0(1), ifn<l,
T(n) = aT (%) + f(n), otherwise.

T(n)




How the Recurrence Unfolds: Case 3

0(1), ifn<l,
T(n) = aT (g) + f(n), otherwise.
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The Master Theorem
(O(1), ifn<1,

n
aT (E) + f(n), otherwise (a > 1,b > 1).
\

T(n) =+

log,a-¢€

Casel: f(n) = O(n ) for some constant € > 0

T(n) = ©n°%")

log,a

Case 2: f(n) = @(Tl lgkn) for some constant k > 0.

T(n) = @)(nlog”alg’”ln)

Case 3: f(n) = Q™" ") and af (3 ) < ¢f ()

for constants €e > 0 and ¢ < 1.

T(n) = 0(f(n))




Example Applications of Master Theorem
Example 1: T(n) = 3T (g) + O(n)

Master Theorem Case 1: T(n) = ©(n'°823)

Example 2: T(n) = 7T (g) + ®(n?)

Master Theorem Case 1: T(n) = @(n!°827)

Example 3: T(n) = 2T (g) + ©(n)
Master Theorem Case 2: T(n) = ®(nlogn)

Assuming that we have an infinite number of processors, and each
recursive call in example 2 above can be executed in parallel:

Example4:T(n) =T (g) + ©(n?)
Master Theorem Case 3: T(n) = ©(n?)



Recurrences not Solvable using the Master Theorem
Example1: T(n) =+/nT (g) +n

a = \/n is not a constant

Example 2: T(n) = ZT( = ) + n?

logn

b = logn is not a constant
1 n 2
Example3: T(n) = ET (E) +n
1.
a=:is hot>1

Example4: T(n) = 2T (%n) +n

3,
b=Z|5n0t> 1.



Recurrences not Solvable using the Master Theorem
Example 5: T(n) = 3T (g) —n

f(n) = —nis not positive

Example6: T(n) = 2T (g) + n?sinn
violates regularity condition of case 3

n

Example 7: T(n) = 2T (23) +

logn

f(n) = O(nlogb “), but # O(nlogb “‘E) for any constante > 0

Example8:T(n) =T (g) + 2T (%) +n

a and b are not fixed



