
Expectation 
Maximalization



The E.M. Algorithm

• We’ll get back to unsupervised learning soon.
• But now we’ll look at an even simpler case with 

hidden information.
• The EM algorithm

An excellent way of doing  unsupervised clustering.
Many, many other uses, including inference of 
Hidden Markov Models.



























Another (Simple) Example
Let events be “grades in a class”

w1 = Gets an A P(A) = ½
w2 = Gets a   B P(B) = μ
w3 = Gets a   C P(C) = 2μ
w4 = Gets a   D P(D) = ½-3μ

(Note  0 ≤ μ ≤1/6)
Assume we want to estimate μ from data.  In a given class 

there were
a   A’s
b   B’s
c   C’s
d   D’s

What’s the maximum likelihood estimate of μ given a,b,c,d 
?



Simple  Example - contd
Let events be “grades in a class”

w1 = Gets an A P(A) = ½
w2 = Gets a   B P(B) = μ
w3 = Gets a   C P(C) = 2μ
w4 = Gets a   D P(D) = ½-3μ

(Note  0 ≤ μ ≤1/6)
Assume we want to estimate μ from data.  In a given class 

there were
a   A’s
b   B’s
c   C’s
d   D’s

What’s the maximum likelihood estimate of μ given a,b,c,d ?



Trivial Statistics
P(A) = ½ P(B) = μ P(C) = 2μ P(D) = ½-3μ
P( a,b,c,d | μ) = K(½)a(μ)b(2μ)c(½-3μ)d

log P( a,b,c,d | μ) = log K + alog ½ + blog μ + clog 2μ + dlog (½-3μ)
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Same Problem with Hidden Information
Someone tells us that
Number of High grades (A’s + B’s) = h
Number of C’s                                 = c
Number of D’s                                 = d

What is the max. like estimate of μ now?

REMEMBER

P(A) = ½

P(B) = μ

P(C) = 2μ

P(D) = ½-3μ



Same Problem with Hidden Information
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Someone tells us that
Number of High grades (A’s + B’s) = h
Number of C’s                                 = c
Number of D’s                                 = d

What is the max. like estimate of μ now?

We can answer this question circularly:

EXPECTATION

MAXIMIZATION

If we know the value of μ we could compute the 
expected value of a and b

If we know the expected values of a and b
we could compute the maximum likelihood 
value of μ

REMEMBER

P(A) = ½

P(B) = μ

P(C) = 2μ

P(D) = ½-3μ

Since the ratio a:b should be the same as the ratio ½ : μ



E.M. for our Trivial Problem
We begin with a guess for μ
We iterate between EXPECTATION and MAXIMALIZATION to 
improve our estimates of  μ and a and b.

Define    μ(t)  the estimate of μ on the t’th iteration
b(t)  the estimate of b on t’th iteration

REMEMBER

P(A) = ½

P(B) = μ

P(C) = 2μ

P(D) = ½-3μ
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Continue iterating until converged.
Good news:  Converging to local optimum is assured.
Bad news:   “local” optimum.



E.M. Convergence
• Convergence proof based on fact that Prob(data | μ) must increase or 

remain same between each iteration [NOT OBVIOUS]

• But it can never exceed 1    [OBVIOUS]

So it must therefore converge   [OBVIOUS]

t μ(t) b(t)
0 0 0
1 0.0833 2.857
2 0.0937 3.158
3 0.0947 3.185
4 0.0948 3.187
5 0.0948 3.187
6 0.0948 3.187

In our example, 
suppose we had

h = 20
c = 10
d = 10

μ(0) = 0

Convergence is generally linear: error 
decreases by a constant factor each time 
step.



Maximum Likelihood Estimation

Recap



Log-Likelihood

MLE: 



Models with Hidden Variables: Formalization



EM Formalization



Deriving the EM Algorithm



EM Algorithm



MLE for CPTs



MLE for CPTs

X1 = FLU, X2 = FEVER, X3 =SINUS,  X4 = TEMP, 
X5 = SWELL, X6 = HEAD

MLE:

Let:

Note:



EM for Bayesian Nets



EM for BN Example



EM for BN: Worked Example



EM for BN: Initial Model



Iteration 1: Fill in Data



Iteration 1: Re-estimate Params



Iteration 2: Fill in Data



Iteration 2: Re-estimate Params



Iteration 5



Iteration 10



Increasing Log-Likelihood
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