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Differential Geometry of a Curve
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Differential Geometry of a Curve

Point p on the curve at u,
p
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| Differential Geometry of a Curve

Tangent T to the curve at u,

p

> Py
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Differential Geometry of a Curve

B

Puu _(T puu)T —BxT = (pu>< puu)>< P,
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| Differential Geometry of a Curve
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Differential Geometry of a Curve

p(Uo)

N(Uq)

\ 4

Department of Computer Science ST NYBR® K
STATE UNIVERSITY OF NEW YORK

Center for Visual Computing




Department of Computer Science CSES528 Lectures ST NYBR® K

Center for Visual Computing STATE UNIVERSITY OF NEW YORK



| Intrinsic Properties of Curves

» Different representations for the SAME curve

p(t) = (cos(t),sin(t))

1-t°  2t°
t) = ,
4t (1+t2 1+t2)
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| Intrinsic Properties of Curves

p(t) = (cos(t),sin(t))

p(0) =q(0) = (1,0)
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| Intrinsic Properties of Curves

p(t) = (cos(t),sin(t))
:[1—t2 2t?

1+t° 1+t2
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| Arc Length: The Basic Concept

o s(t)=t Implies arc-length parameterization
o Independent under any parameterization!!!
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Parametric Curves

e A curve:

— A set of points moving (along a curve) with one degree of
freedom

Torsion:

— How much a spatial curve deviates from a plane — how much
it attempts to “escape” the osculating plane

Arc length:

— The real length that iIs measured along a curve
Characterization of all planar curves:

— torsion =0

Characterization of all straight lines:

— curvature =0
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w Frenet Frame

 Unit-length tangent
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w Frenet Frame

 Unit-length tangent

T(ty= PO

|P'(®)

» Unit-length normal T'(t
T ()]
T p(t)
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w Frenet Frame

 Unit-length tangent

e Unit-length normal

 Binormal

B(t) =T (t) x N(t)
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w Frenet Frame

T) == P N(t):L(t) B(t) =T (t) x N(t)

[p' (V)] T ()|

 Provides an orthogonal frame anywhere on curve

B(t)-T(t) = B(t)-N(t) =T (t)- N(t) =0
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w Frenet Frame

B(t) =T (t) x N (t)

p'(t) T'(t)
T(t)=—2HBN(t)=—=
O ool o)

 Provides an orthogonal frame anywhere on curve

B(t)-T(t) = B(t)-N(t) =T (t)- N(t) =0
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w Frenet Frame

_ P ANOS v
T(t)—le(t)H HT o B(t) =T (t) x N(t)

 Provides an orthogonal frame anywhere on curve

B(t)- T(t)=B({)-N{@)=T(t)-N(t)=0

T(t)-T(t)=1

Department of Computer Science ST NYBR® K
STATE UNIVERSITY OF NEW YORK

Center for Visual Computing



w Frenet Frame

Tey=PO BNy =1 WG =T@®)xN (D

[p'®)] T

 Provides an orthogonal frame anywhere on curve

B(t)- T(t)=B({)-N({@)=T(t)-N(t)=0
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w Frenet Frame

p'(t) T'(t) -
T(t)—H O N (t) = HT o) B(t) =T (t)x N(t)

 Provides an orthogonal frame anywhere on curve

B(t)-T(t)=B({)-N({@)=T(t)-N(t)=0

T(t)-T(t) =1

T'®)-TE)+T() - T'(t)=0
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Frenet Frames: Applications

« Camera motion animation

 Extruding a cylinder along a path (generalized
cylinders)
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Frenet Frames

» Problems: The Frenet frame becomes unstable at
Inflection points or even undefined when

N = D

HT(t)H B(t)=T (t)x N(t)
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| Osculating Plane

 Plane defined by the point p(t) and the vectors
T(t) and N(t)

o |_ocally the curve resides in this plane

N T(t) p(t)

B(t)
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Curvature

e Measure how much the curve bends

T(t) p(t)
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Curvature

e Measure how much the curve bends

ar
oS

=

T(t) p(t)

/’\
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Curvature

e Measure of how much the curve bends

oT
K=|—
oS
ol Ol os
s ot
T(t) p(t)
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Curvature

e Measure how much the curve bends

o0

[P

T (1)
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Curvature

e Measure how much the curve bends

_To] (t)H _ [P ®x p" @)
lo' @)
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Curvature

e Measure how much the curve bends

[T'®] _[p'@®xp"@®)
p®  pe)f

k() =
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Torsion

» Measure how much the curve twists or how
quickly the curve leaves the osculating plane

7()=|B'(s)

T(t) p(t)

B(t)
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Frenet Equations

T'(s) = x(S)N(s)

il N (s) = 7(s)B(s) —x(S)T (s)
gl B'(s) = —7(S)N(s)

T () p(t)

B(t)
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Differential Geometry of Surfaces
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| Differential Geometry of a Surface
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| Differential Geometry of a Surface
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| Differential Geometry of a Surface
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| Differential Geometry of a Surface
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Differential Geometry of a
| Surface
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Differential Geometry of a
| Surface
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Differential Geometry of a
Surface N
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Differential Geometry of a
Surface N
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Differential Geometry of a
Surface N
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Bi-variate Parametric Surfaces

 Consider a curve r(t)=(u(t),v(t))
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Bi-variate Surfaces

» Consider a curve r(t)=(u(t),v(t))
 p(r(t)) Is a curve on the surface
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Parametric Surfaces

» Consider a curve r(t)=(u(t),v(t))
 p(r(t)) Is a curve on the surface
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Parametric Surfaces

» Consider a curve r(t)=(u(t),v(t))
 p(r(t)) Is a curve on the surface
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Surfaces

» Consider a curve r(t)=(u(t),v(t))
 p(r(t)) Is a curve on the surface

s(t) = [ [[p' (r(t)ot

[P (r@)] =+ p. - P

\‘er(r(t)) o
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Surfaces

» Consider a curve r(t)=(u(t),v(t))
 p(r(t)) Is a curve on the surface
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First Fundamental Form

E=p,-p, F=p,-p, G=p,-p,
 (Glven any curve In parameter space
r(t)=(u(t),v(t)), arc length of curve on surface Is

s(t) = j E2? R ady Gald

\‘l}(r(t)) o=
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First Fundamental Form

E:pu'pu I::pu'pv C;':pv°pv
 The infinitesimal surface area at u, v IS given by

[Py > P,
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First Fundamental Form

E:pu'pu I::pu°pv C-:':pv°pv
 The infinitesimal surface area at u, v IS given by

[Py > P

Jaxb]" =a]"[o]" sin(0)’
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First Fundamental Form

E=p,-p, F=p,-p, G=p,-p,
 The infinitesimal surface area at u, v IS given by
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First Fundamental Form

E:pu'pu I::pu'pv C;':pv°pv
 The infinitesimal surface area at u, v IS given by

|y > |

Jaxb]" =a]"[b]|" ~(a-b)
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First Fundamental Form

E=p,-p, F=p,-p, G=p,-p,
 The infinitesimal surface area at u, v IS given by

[Py > P,

Jaxb]" =[a]"[b]|" ~(a-b)

[Py x P =[Pl Rl = (py - P )
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First Fundamental Form

E:pu'pu I::pu°pv C-:':pv°pv
 The infinitesimal surface area at u, v IS given by

[y > P,

Jaxb]" =a]"[b]]" ~(a-b)
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First Fundamental Form
E=p,-p, F=p,-p, G=p,-p,

e Surface area at u, v Is given by JEG — F?
U
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W Second Fundamental Form

» Consider a curve p(r(s)) parameterized with
respect to arc-length where r(s)=(u(s),v(s))

- Curvature is given by IO ENRGORERONO

Department of Computer Science

Center for Visual Computing



W Second Fundamental Form

» Consider a curve p(r(s)) parameterized with
respect to arc-length where r(s)=(u(s),v(s))

OV RN OA | (S) =P (r(s)) = x(s)N(s)
T'(s)=x(SIN(S) = p,, &’
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W Second Fundamental Form

» Consider a curve p(r(s)) parameterized with
respect to arc-length where r(s)=(u(s),v(s))

O CRER RO | (S) =P (r(s)) =x(S)M(s)

T'(s) = x(s)N(S) = p,, 2°
e Let n be the normal of p(u,v)

n-N(s)=cos(g)
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W Second Fundamental Form

» Consider a curve p(r(s)) parameterized with
respect to arc-length where r(s)=(u(s),v(s))

OV RN | (S) =P '(r(s)) =x(S)N(s)

e Let n be the normal of p(u,v)

n-N(s)=cos(p)

u? u
K(S)COS(¢) =N- Py, % +2n- puvg_s%
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W Second Fundamental Form

» Consider a curve p(r(s)) parameterized with
respect to arc-length where r(s)=(u(s),v(s))

OV RN | (S) =P '(r(s)) =x(S)N(s)

I 2 2 2 2
T'(s)=w(S)N(S) = Py & +2p, ZE+ P& +P S+ P, &

e Letn be the normal of (u ")




Meushier’'s Theorem

* Assume EENIOEEH . [X8) 's called the normal
curvature

 Meusnier’s Theorem states that all curves on
p(u,Vv) passing through a point x having the same
tangent, have the same normal curvature
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Lines of Curvature

» We can parameterize all tangents through x using
a single parameter

L +2MA + NA2
E+2FA+GA°

K(A) =




Principle Curvatures
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Principle Curvatures

K, =

2 u 2
. (ﬂ) _ 0= (E+2FA+GA M +NA)~(L+MA+NA?)(FA+GA)

(E+2F2+GA2f
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Principle Curvatures

0= E+2FA+GA% (M+NA)-(L+MA+NA*)(FA+GA)

(E+2F2+G22f
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Gaussian and Mean Curvature

e Gaussian Curvature:

» Mean Curvature: NE —2MF + LG

EG - F°
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Gaussian and Mean Curvature

e Gaussian Curvature:

« Mean Curvature: NE —2MF + LG

EG — F?
. PEXY: elliptic
WK <Of hyperbolic

. BRI : parabolic
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Energy Formulation for Surfaces

K~ =K K K +K 2 2
K, = ——2 jl(‘l + K, OA
2

S
j Aic,, > — 2K 50A

K+ K, 4.[KM OA — 2_‘- KcOA

(K'12 +2K,K, + K, )— 2K,K,
4 j i\, " OA— 2(2@((5 ))

K +2KK, + K,
4(1 Z 22 ]—21{11(2
4jz<M OA—47(2-2G)
S

2
4['<2'<j 2n,

4i,, " — 2K,
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Bending Energy

_ Kt
Ky =
2

2 2
K tTK,

2 2
(K‘l +2K,K, + K, )— 2K,K,

K+ 2K 0 + i
4( L ZZ 2 j—ZK‘le

2
4( = ; - ) — 2K,K,

4i,,* — 2K,
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[ "+, "0A

j ZKMZ—zchaA
4ij oA — 2jKGaA
4j Ky, "OA— 2(2%;((8))

4ij OA—47(2-2G)
S




Department of Computer Science CSES528 Lectures ST NYBR® K

Center for Visual Computing STATE UNIVERSITY OF NEW YORK



Department of Computer Science CSES528 Lectures ST NYBR® K

Center for Visual Computing STATE UNIVERSITY OF NEW YORK



