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What is a set?

Definition

@ A set is a collection of related items

Examples

o A={1,2,3,4,5}

o P=1{23,5,711,13,17,...}

@ S is a set of square numbers

e B={m€Z|m="Tn+ 100 for some n € Z}




Subsets

Definitions

@ Subset. AC B& V, ifx € Athenxz € B
o Not subset. A ¢ B < Jz suchthatz € Aandz ¢ B
® Proper subset. A C B <

1. ACB

2. 3z suchthat z € Bandz & A

Problems

o Let A={1} and B ={1,{1}}.
(a) Is AC B?
(b) Is A C B?
o Let A={m € Z | m=6r+ 12 for some r € Z} and
B ={n€Z|n=3s for some s € Z}.
(a) Prove that A C B,
(b) Disprove that B C A.




Set equality

Definition

@ Given sets A and B, A equals B, written A = B, if, and only
if, every element of A is in B and every element of B is in A.

o A=B< ACBand BC A.

Problems

o A={m € Z | m=2a for some integer a}
B ={ne€Z|n=2b—2 for some integer b}
Is A= DB?




Venn diagrams

| Definition |

by pictures called Venn diagrams

@ Relationship between a small number of sets can be represented J

6) . (/A=B \ () \/ 5 ) <AKB ) /A /”\\W
\,, P NG /’ ) ()
@ ®) @ ® ©

[ Problems |

® Write a Venn diagram representing sets of numbers:
N, W, Q,R.




Operations on sets

Definition

Let A and B be subsets of a universal set U.

1. The union of A and B, denoted AUB, is the set of all elements
that are in at least one of A or B.
AUB={zecU|zcAorzec B}

2. The intersection of A and B, denoted AN B, is the set of all
elements that are common to both A and B.
ANB={xe€U |z € Aand z € B}

3. The difference of B minus A (or relative complement of A in
B), denoted B — A, is the set of all elements that are in B
and not A.

B-—A={reU|xeBandz ¢ A}

4. The complement of A, denoted A’, is the set of all elements
in U that are not in A.

A={zecU|x¢A}




Operations on sets

CONERCD

U u U

| Problems

o Let the universal set U = {a,b,c,d,e, f,g}.
Let A= {a,c,e,g} and B = {d,e, f,g}.
Find AUB, ANB, B— A, and A’.




Operations on sets

Notations

Given real numbers a and b with a < b:
° (a,b)={zeR|a<z<b}

[a,b] ={z e R |a <z <b}

(a,b)] ={zeR|a<z<b}

[a,b) ={z € R |a<z<b}

@ The symbols oo and —oo are used to indicate intervals that are
unbounded either on the right or on the left:
(a,00) ={z€R |z >a}
[a,00) ={z €eR | z>a}
(—o0,b) ={z R |z <b}

(—o0,b] ={z €eR |z <b}

Problems

o A=(-1,0={reR| —1<z<0}
B=1[0,1)={zeR|0<z<1}.
Find AUB, AnB, B— A, and A'.




Operations on sets

Notations

Given sets Ay, A1, As, ... that are subsets of a universal set U

and given a nonnegative integer n,

o U yA; ={x €U |z € Aforatleastonei=0,1,2,...,n}
>©0Ai ={z €U | z € A; for at least one whole number i}
PoAi={reU|zeAforali=012,...,n}

NXgAi ={x € U | x € A; for all whole numbers i}

1=

Problems

@ For each positive integer i, let
Ai={reR| —%<x<%}:(—%,%)
Find A; U Ay U A3z and A1 N Ay N As
Find U2, A; and NS2yA;




Empty set

Definition

Empty set, denoted by ¢, is a set with no elements.

Examples

° {1,3}ﬂ{2,4}:¢
o {zeR|2?2=-1}=¢
o {reR|3<zx<2}=0¢




Disjoint sets

Definition

@ Two sets are called disjoint if, and only if, they have no elements

in common.
® A and B are disjoint & ANB=2¢

Problems

o Let A={1,3,5} and B =1{2,4,6}. Are A and B disjoint?




Mutually disjoint sets

Definition

o Sets Ay, Ay, As, ... are mutually disjoint (or pairwise disjoint
or nonoverlapping) if, and only if, no two sets A; and A; with
distinct subscripts have any elements in common.

@ Foralli,7=1,2,3,...

A; N Aj = ¢ whenever i # j.

Problems

Are the following sets mutually disjoint?
o A = {3,5}, Ay = {1,4,6}, and A3 = {2}
° B = {2,4, 6}, By = {3, 7}, and B3 = {4, 5}




Partition of a set

Definition

o A finite or infinite collection of nonempty sets { A, Ao, A3, ...}
is a partition of a set A if, and only if,
1. A is the union of all the A4;
2. The sets Ay, Ag, As, ... are mutually disjoint.

Problems

o Let A ={1,2,3,4,5,61 A = {1,2}, Ay = {3,4}, and A3 =
{5,6}. Is {41, Ag, A3} a partition of A?
@ Let Z be the set of all integers and let
To ={n € Z | n = 3k, for some integer k},
Ty ={n €Z | n=3k+1,for some integer k},
Ty ={n € Z | n = 3k + 2, for some integer k},
Is {Tv, Ty, T2} a partition of Z7?




Power set

Definition

e Given a set A, the power set of A, denoted P(A), is the set of
all subsets of A.

Problems

o Find the power set of the set {z,y}. Thatis, find P({z,y}).




Ordered n-tuple

Definition

gether with the ordering.
@ Ordered pair = ordered 2-tuple
Ordered triple = ordered 3-tuple

equal if, and only if, z1 = y1, 22 = y2,...,Zn

o Ordered n-tuple, (z1,x2,...,xy), consists of x1, xa, ..., T, to-

e Two ordered n-tuples (z1,z2,...,zy,) and (y1,y2,...,Yn) are
= Yn-
(11‘1,1‘27---’1%) = (3/17927---,yn)<:>$1 =Yi,---

y LIn, = Yn-

Problems

o ls(1,2,3,4) = (1,2,4,3)?
°ls (3, (—2)2,%) - (\/9,4, g)?
o Is ((1,2),3) = (1,2,3)?




Cartesian product

Definition

® Given sets Ai,As,...,A,, the Cartesian product of
Aq1,As,..., A, denoted A; X Ay X --- X A,, is the set of
all ordered n-tuples (aj,as,...,a,) where a; € Aj,ay €
Ao, ... ap € Ay

© A x Ay X -+ x Ay, = {(a1,a9,...,a,) | a1 € Ay a0 €
AQ,...,anEAn}.

Problems
o Let A} = {z,y}, A2 ={1,2,3}, and A3 = {a,b}. Find:
(a) A1 X AQ,

(b) (A1 X AQ) X Ag, and
(C) A1 X A2 X Ag.




Properties of sets

Definition

@ Inclusion of intersection: For all sets A and B,
ANBC Aand ANBC B.

@ Inclusion in union: For all sets A and B,
ACAUBand BC AUB.

@ Transitive property of subsets: For all sets A, B, and C,
if AC Band BC C, then A CC.




Procedural versions of set definitions

Definition

Let X and Y be subsets of a universal set U and suppose = and
y are elements of U.

o rxeXUYsaxeXorzeY
reXNYexrxeXandaxeY
reX-YereXandar gy

reX srgX

(r,y) e X xY oreXandyeY




Set identities

Laws

Formula

Formula

Commutative laws

AUB=BUA

ANB=BnNA

Associative laws

(AUB)UC = AU(BUC)

(ANB)NC = AN(BNC)

Distributive laws

AU(BNC) = (AUB)N

AN(BUC) = (ANB)U

(AUQ) (ANnCQC)
Identity laws AUgp=A ANU = A
Complement laws AU A ' =U ANA =¢
Double comp. law (A') = A
Idempotent laws AUA=A ANA=A
Uni. bound laws AuU=U ANg=¢

De Morgan'’s laws

(AUBY = AN B’

(ANB)Y = A'UB'

Absorption laws

AU(ANB)=A

AN(AUB)=A

Complements

U'=¢

o =U

Set diff. laws

A—-B=ANnpH




Element argument

Basic method for proving that a set is a subset of another

@ Let sets X and Y be given. To prove that X C Y,
1. suppose that x is a particular but arbitrarily chosen element
of X.
2. show that x is an element of Y.




Element argument

Basic method for proving that two sets are equal

@ Let sets X and Y be given. To prove that X =Y,
1. Prove that X C Y.
2. Prove that Y C X.




Element argument

Basic method for proving a set equals the empty set

@ To prove that a set X is equal to the empty set ¢, prove that
X has no elements.

® To do this, suppose X has an element and derive a contradic-
tion.




Proof by element argument: Example 1

‘ Proposition

@ Prove that for all sets A, B, and C'
Au(BNC)=(AUB)N(AUC)




Proof by element argument: Example 1

Proposition

@ Prove that for all sets A, B, and C
AU(BNC)=(AUB)N(AUCQC)

Proof

We need to prove:
1. Au(BNC)C(AUB)N(AUC)
2. (AUB)N(AUuC)C AU (BNC(O)




Proof by element argument: Example 1

Proof (continued)

Proof that AU (BNC)C (AUB)N(AUC).
Suppose x € AU (BN C).
xe€Aorze BNC (.- defn. of union)
@ Casel. [z € Al
reAUB (". defn. of union)
reAUC (.- defn. of union)

e Case 2. [t € BNC(C\]
x€Bandz el (" defn. of intersection)
reAUB (" defn. of union)
re AUuC (". defn. of union)

xe(AUB)N(AUCQ) (.- defn. of intersection)

zre(AUB)N(AUCQ) (.- defn. of intersection)




Proof by element argument: Example 1

Proof (continued)

Proof that (AUB)N(AUC) C AU (BnCO).
Suppose x € (AUB)N(AUC).
reAUBandz e AUC (" defn. of intersection)
@ Casel. [z € Al

re AU(BNQO) (.- defn. of union)
® Case 2. [z ¢ Al

reAorzeB (" defn. of union)
reB (cx g A
zreAorzxelC (" defn. of union)

zel (cxdA)
reBNC (" defn. of intersection)
reAU(BNQC) (.- defn. of union)




Proof by element argument: Example 2

‘ Proposition

® Prove that for all sets A and B, (AUB) = A'NB'.




Proof by element argument: Example 2

Proposition

® Prove that for all sets A and B, (AUB) = A'NB'.

Proof

We need to prove:
1. (AuB) CcA'NnB
2. AnB' C(AUB)




Proof by element argument: Example 2

Proof (continued)

® Proof that (AU B)' C AN B’
Suppose z € (AU B)'.
r¢AUB (" defn. of complement)
It is false that (x is in A or z is in B).
x is not in A and x is not in B (*." De Morgan's law of logic)
rgAandx ¢ B
zeA andz e B (" defn. of complement)
xe(ANB) (. defn. of intersection)
Hence, (AUB) C A'n B’ (.- defn. of subset)




Proof by element argument: Example 2

Proof (continued)

® Proof that AN B’ C (AU B)'.
Suppose x € A'N B'.
xeA andz e B (" defn. of intersection)
r¢Z&Aandx & B (". defn. of complement)
x isnot in A and z is not in B
It is false that (z is in A or z is in B)
(" De Morgan's law of logic)
r¢ AUB
z € (AUB) (" defn. of complement)
Hence, A N B’ C (AU B) (.- defn. of subset)




Proof by element argument: Example 3

‘ Proposition

@ For any sets A and B, if A C B, then
(a) ANB=Aand (b)) AUB = B.




Proof by element argument: Example 3

Proposition

@ For any sets A and B, if A C B, then
(a) ANB=Aand (b)) AUB = B.

Proof

Part (a): We need to prove:
1. AnNBCA
2. ACANB

Part (b): We need to prove:
1. AuUBCB
2. BCAUB




Proof by element argument: Example 3

Proof (continued)

Part (a).
1. Proof that AN B C A.

ANBCA ("." inclusion of intersection)
2. Proof that AC AN B.

Suppose z € A

r€B (-ACDB)

re€Aandz e B

re€ANB (. defn. of intersection)




Proof by element argument: Example 3

Proof (continued)

Part (b).
1. Proof that AU B C B.

Suppose z € AUB

reAorzeB (" defn. of union)

If x € A, then x € B (-ACB)

r€eDB (*. Modus Ponens and division into cases)
2. Proof that B C AU B.

BCAUB (. inclusion in union)




Proof by element argument: Example 4

‘ Proposition 1

o If E is a set with no elements and A is any set, then £ C A. ’




Proof by element argument: Example 4

Proposition

o If E is a set with no elements and A is any set, then £ C A.

Proof

Proof by contradiction.

@ Suppose there exists a set £/ with no elements and a set A such
that £ Z A.

Jr suchthatz € Eand 2 ¢ A (" defn. of a subset)

But there can be no such element since £ has no elements.
Contradiction!

Hence, if E is a set with no elements and A is any set, then
E C A.




Proof by element argument: Example 5

‘ Proposition

@ There is only one set with no elements.




Proof by element argument: Example 5

Proposition

@ There is only one set with no elements.

Proof

Suppose F7 and Es are both sets with no elements.
F C Ey ("." previous proposition)

Ey C Ey (*. previous proposition)

ThUS, E1 = E2




Proof by element argument: Example 6

| Proposition

@ Prove that for any set A, AN¢ =¢




Proof by element argument: Example 6

Proposition

@ Prove that for any set A, AN¢ =¢

Proof

Proof by contradiction.

Suppose there is an element x such that x € AN ¢
reAandz € ¢ (. defn. of intersection)
TEQP

Impossible because ¢ cannot have any elements
Hence, the supposition is incorrect.

So, AN¢p=1¢




Proof by element argument: Example 7

‘ Proposition ’

o Forallsets A, B,and C,if A C Band B C C’, then ANC = ¢. ’




Proof by element argument: Example 7

Proposition

o Forallsets A, B,and C,if A C Band B C C’, then ANC = ¢.

Proof

Proof by contradiction.

Suppose there is an element x such that x € ANC
x€Aandz el (". defn. of intersection)
reA

xr e B (-xeAand AC B)

zel (-zeBand BC ()

xgC (". defn. of complement)
reCandx & C

Contradiction!

Hence, the supposition is incorrect.

So, ANC =¢




Proof by counterexample: Example 1

‘ Proposition

o Forallsets A, B,and C, (A—B)U(B—-C)=A-C.




Proof by counterexample: Example 1

( Proposition

o Forall sets A, B,and C, (A—-B)U(B—-C)=A-C.

Ln’
AT K
(i 7 -. )
{ F \
. o . )




Proof by counterexample: Example 1

[ Proposition

o Forallsets A, B,and C, (A—B)U(B—-C)=A-C.

U U
y oo PO AN
\ | r |
S / N N
XN 2
|
N "'\-.._C S/
Disproof

(A-B)UB-C)#A-C

@ Draw Venn diagrams

o Counterexample 1: A= {1}, B=¢, C ={1}
o Counterexample 2: A=¢, B={1},C=9¢




Proof by mathematical induction: Example 1

‘ Proposition ’

o For all integers n > 0, if a set X has n elements, then P(X)
has 2" elements.




Proof by mathematical induction: Example 1

Proposition

o For all integers n > 0, if a set X has n elements, then P(X)
has 2™ elements.

Proof

Let P(n) denote “Any set with n elements has 2" subsets.”
e Basis step. P(0) is true.
The only set with zero elements is the empty set. The only
subset of the empty set is itself. Hence, 20 = 1.
e Induction step. Suppose that P(k) is true for any k£ > 0.
i.e., “Any set with k elements has 2 subsets.”
Now, we want to show that P(k + 1) is true.
i.e., “Any set with k + 1 elements has 2¥*1 subsets.”




Proof by mathematical induction: Example 1

Proof (continued)

Suppose set X has k + 1 elements including element a.
#£subsets of X

= F#subsets of X without a + #subsets of X with a
= #subsets of (X — {a}) + #subsets of X with a

= #subsets of (X — {a}) + #subsets of (X — {a})
(*.- 1:1 correspondence)

= 2. #subsets of (X — {a})

=2.2"

— 2k+1

Hence, P(k + 1) is true.

@ 1:1 correspondence.
Any subset A of X — {a} can be matched up with a subset B,
equal to AU {a}, of X that contains a.




Algebraic proof: Example 1

| Proposition 1

@ Construct an algebraic proof that for all sets A, B, and C,
(AUB)-C=(A-C)u(B-0)




Algebraic proof: Example 1

Proposition

@ Construct an algebraic proof that for all sets A, B, and C,
(AUB)-C=(A-C)u(B-0)

Proof

e (AUB)-C
=(AuB)nC’ (. set difference law)
=C'Nn(AUB) (".- commutative law)
=(C'"NnA)uU(C'NB) (. distributive law)
=(AN C’) (BNncC") (".- commutative law)
=(A U(B-20C) (. set difference law)




Algebraic proof: Example 2

‘ Proposition 1

e Construct an algebraic proof that for all sets A and B, A —
(AnNB)=A-B




Algebraic proof: Example 2

Proposition

e Construct an algebraic proof that for all sets A and B, A —
(AnNB)=A-B

Proof

e A—(ANB)
=ANn(AnB)Y (.- set difference law)
=ANn(4A'UB) (. De Morgan's law)
=(ANnA)YU(ANB) (.- distributive law)
=9oU(ANB) (".- complement law)
=(ANnB)YU¢ (*.- commutative law)
=ANB (. identity law)
=A-B (. set difference law)




