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Divide-and-conquer

Problem

Subproblem

A

Subproblem

Y

Subsolution

Subsolution

N

Solution

[Step 1. Divide]

[Step 2. Conquer]

[Step 3. Combine]



D&C problem-solving template

’ Step 1. Problem ‘

l

’Step 2. Subproblem ‘

l

’ Step 3. Core idea ‘

’ Step 4. Example‘

l

’ Step 5. Algorithm ‘

l

’Step 6. Complexity‘




Array Sum



Step 1. Problem

| Problem

@ Compute the sum of elements of a given array.




Step 2. Subproblem

SUM(A[l..h]) = Sum of all elements in subarray A[(..h]

Compute SUM(A[L..n]).



Step 3. Core idea

SuM(n)
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Step 4. Example
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Step 5. Algorithm

ARRAYSUM(A[low..high)])

if low = high then
return A[mid]
else if low < high then
mid < (low + high)/2
parallel: sum + ARRAYSUM(A[low..mid])
rsum < ARRAYSUM(A[(mid + 1)..high])
6. return {sum + rsum

a0




Step 6. Complexity

e ifn=1,
WorkT(n)_{ZT(n/Q)—i—@(l) ifn>1.}€@(n)
(e ifn=1,

Depth D(n) = {D(n/2)+9(1) ifn>1}e®(1ogn)
_Je ifn=1,
SpaceS(n)—{zS(n/2)+®(l) ifn>1.}€®(n)

O (M/B) ifn <~yM,

Cache Q(n) = {2@(n/2)+@(1) e >WM.} € ©(n/B)



Area Estimation



Step 1. Problem

| Problem |

e Compute the area of a closed shape (in 2-D space) defined by
function f(z).




Step 2. Subproblem

Hits(k) = #Points falling inside the closed shape with k attempts

Compute HITS(n).



Step 3. Core idea

Hit!

Miss!
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Source: Algorithms Unplugged



Step 3. Core idea

HiTs(n)

Divide

13

n/2

KAddﬁ




Step 5. Algorithm

AREA(f(z),n)

NGO R WD

Input: Region f(z), number of attempts n
Output: Area of region f(x)
1.

(Zmin, Tmax, Ymin, Ymax) <— extremes of function f(x)
define a bounding box with boundaries (Zmin, Tmax, Ymin, Ymax)
bozarea < (Tmax — Tmin) X (Ymax — Ymin)
hits < 0
parallel: for i < 1 to n do

(z,y) < random point in bounding box

if POINTINSIDEREGION(z, y) then

hits < hits + 1

return hits x boxarea/n




Step 5. Algorithm

AREA(f(z),n)

Input: Region f(x), number of attempts n
Output: Area of region f(z)

1. (@min, Tmax, Ymin, Ymax) < extremes of function f(z)

2. define a bounding box with boundaries (Zmin, Zmax, Ymin; Ymax)
3. boxarea < (Tmax — Tmin) X (Ymax — Yrmin)

4. hits < HiTs(n)

5. return hits x boxarea/n

HiTs(n)

2
3
4.
5
6

7.

Input: Number of attempts n; Global: f(x) and bounding box
Output: Number of hits i.e., number of points present inside f(z)
1.

if n =1 then
(z,y) « random point in bounding box
if POINTINSIDEREGION(z, y) then return 1
else return 0

. else

parallel: hitsl < HiTs(n/2)
hits2 <— HI1TS(n/2)
return hitsl 4 hits2




Step 6. Complexity

e ifn=1,
WorkT(n)_{ZT(n/Q)—i—@(l) ifn>1.}€@(n)
(e ifn=1,

Depth D(n) = {D(n/2)+9(1) ifn>1}e®(1ogn)
_Je ifn=1,
SpaceS(n)—{zS(n/2)+®(l) ifn>1.}€®(n)

O (M/B) ifn <~yM,

Cache Q(n) = {2@(n/2)+@(1) e >WM.} € ©(n/B)



Prefix Sum



Step 1. Problem

| Problem |

o Given an array A[l..n] compute the partial sum array S[1..n]
such that S[i] = A[1] + A[2] + - -- + A[i].




Step 2. Subproblem

PREFIXSUM(A[1..m]) = Prefix sum of A[l..m]

Compute PREFIXSUM(A[L..n]).



Step 3. Core idea

PREFIXSUM(n)

[5,2,4,7,1,3,2,6]

7,11, 4, 8]

[7,18,22, 30]

[5,7,11, 18,19, 22,24, 30]




Step 4. Example
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Step 5. Algorithm

PREFIXSUM(A[L..n])

1.
2.

if n =1 then
return A[1]
[Stage 1. Decrease]

parallel: for i < 1 to n/2 do
Bli] + A[2i — 1] + A[2i]
[Stage 2. Conquer]

C[1..n/2] + PREFIXSUM(BJ[1..n/2])
[Stage 3. Combine]

parallel: for i < 1 to n do

if i = 1 then S[1] « A[l]

else if i is even then S[i] - C[i/2]

else if i is odd then S[i] « C[(i — 1)/2] + A[1]
return S[1..n]




Step 6. Complexity

(e if =1,
Work T'(n) = {T(n/2)+@(n) ifn>1.} €0(n)
S TR ey P
(e if =1,
Space 5(n) = { S(n/2) + 0 (n) ifn> 1.} €6
O (M/B) if n <vM,

Cache Q(n) = { } €0 (n/B)

Q(n/2)+ 0O (n/B) ifn>~yM.



Recurrences



Method 1: Iteration and substitution

+1+14 41
————
k times

)
)+1+1+1
)
)

+k (set the basecase Qn—k = 1>



Method 1: Iteration and substitution

3
9 n cn 2
<2 (2T <33>+32>+3cn+cn

32 3

o1+ )+ ()

(will be continued on the next page...)

22 2
= 23T (@) + —=cn+ —cn+cn



Method 1: Iteration and substitution

T(n) < 2T (;) +en (1 + (;) ot @)“)

< okT (;) +cdn (geometrically decreasing series)

(Set basecase 3% = 1. This implies 3*¥ = n and 2% = nlog32.)
=nles2. T(1) + ¢n
< d'n,

€ O (n)



Method 2: Recursion tree

o T'(n)=2T(%) +cn

(3) en
[T(3) [T() [T(3) [T() (2)%en
T(1) T(1)

I+1+-+1=nlsa?
| S —

glogg n




Method 3: Guess and test

e Given a recurrence, guess a function and test if the recurrence
matches the function by induction.

o If the test fails, you might have to consider a fast-growing or
slow-growing function and test it again.

e This is a pretty dangerous method because if a function does not
match a recurrence, it does not necessarily imply that another
one proportional to this one will not work.



Method 4: Master theorem

® Suppose T'(n) has the following recurrence:

c if n <d,
jw”:{ﬂw@+fm)wnzd}

where d > 1 is a fixed natural number and a > 1,¢>0,b> 1
are real constants, and f(n) is a positive function for n > d.
® Then, the complexity of T'(n) is

C) (nA) if f(n)eO nA*G) for € > 0,
T(n) € O (f(n)logn) if f(n) €O nAlogkn),
&) ﬁﬂmeg7ﬁﬂ)mm>o
and f(n) > af(n/b)

where A = log; a is the discriminant of the recurrence.



Justification of master theorem

T(n)=aT (Z) + f(n)
— T (;) +af (Z) + f(n)
con(3) o1 (3) e ()

logy, n—1

_ alogbnT(l) + Z aif (Z)
1=0
log, n—1

o (n
R
=0
(n) is polynomially smaller than n® = T(n) € © (n?

1. f
2. f(n) is asymptotically close to n® = T'(n) € © (f(n)logn)
3. f(n) is polynomially larger than n® = T'(n) € © (f(n))



Justification of master theorem

a times

7(3) 1(3)
a times a times
O B BN
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/ \
/ \
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Problems

Solve the following recurrences using the master theorem
T(n)=4T(n/2)+n

o T(n) =2T(n/2) +nlogn
° T(n) = (n/3) +n
° T(n) =2T(y/n) +logn



Stooge Sort



Step 1. Problem

| Problem

@ Sort a given n-sized array in nondecreasing order.




Step 2. Subproblem

SORT(A[l..h]) = Sort all elements in subarray A[(..h]

in nondecreasing order.

Compute SORT(A[1..n]).



Step 3. Core idea

ofslsle]7]

2] 4]

5

olslsfelafi]s]2]]
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The original array

First (2/3)rd of the array

Sort the first (2/3)rd of the array

Last (2/3)rd of the array

Sort the last (2/3)rd of the array

First (2/3)rd of the array

Sort the first (2/3)rd of the array

The original array is sorted



Step 5. Algorithm

STOOGESORT(A[l..h])

Input: An array A[l..h]

Output: Array A[¢..h] sorted in nondecreasing order
1. sizes—h—(+1

2. if size > 1 then
3. if (A[f] > A[h]) then SwAP(A[{], Alh])
4. if (size > 2) then

5. third + size/3

6 STOOGESORT(A[l..h — third)])

7 STOOGESORT(A[{ + third..h])

8 STOOGESORT(A[(..h — third)])




Step 6. Complexity

_ S} (1) ifn = 2’ 081.5
Work T(n) = { 3r(2n/3)+© (n) ifn> 2.} €O (nl 3)
_Je ifn=1,|
Space S(n) = { S(2n/3) +0(1) ifn> 1.} = © (logn)

Cache Q(n)

{ O (M/B) ifn <M\ _ 1108153
3Q(2n/3)+© (1) ifn>~M. | MB



Merge Sort



Step 1. Problem

| Problem

@ Sort a given n-sized array in nondecreasing order.




Step 2. Subproblem

SORT(A[l..h]) = Sort all elements in subarray A[(..h]

in nondecreasing order.

Compute SORT(A[1..n]).



Step 3. Core idea

SORT(n)

5247132 6]

S

5247 [1326]
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12234567




Step 4. Example
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Step 4. Example
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Step 5. Algorithm

SorT(A[0..(n — 1)])

Input: An array A[0..(n — 1)] of orderable elements
Output: Array A[0..(n — 1)] sorted in nondecreasing order
1. if n > 1 then
2. B[0..(|n/2] — 1)] «+ Al0..(|n/2] = 1)]
3. C0..([n/2] — 1)] « A[[n/2]..(n — 1)]
4. parallel: SORT(B[0..(|n/2] — 1))
SORT(CI0..([n/2] — 1))
5. MERGE(A, B,C)




Step 5. Algorithm

MERGE(A[0..(p + ¢ — 1)], B[0..(p — 1)], C[0..(¢ — 1)])

Input: Arrays B[0..(p — 1)] and C]0..(¢ — 1)] both sorted
Output: Sorted array A[0..(p + g — 1)] of the elements of B and C
1. i+-0;7+< 0, k<0
while i < p and j < g do
if B[i] < C[j] then
Akl «+ B[i; i+ i+1
else
Akl < Clli j+ i +1
k+—k+1
if i = p then
Alk..(p+q—1)] < Clj.(¢ — 1)]
else
Alk..(p+q—1)] « Bli..(p — 1)]

FOOCXNOU AW

= =




Step 6. Complexity

2T(n/2) +© (n) ifn> 1.
e(1) ifn =1,
-Mww+em)wn>L}eem>

e (1) ifn=1,
{2ﬂmm+@m)wn>L}E@@byw

— O (M/B) if n < yM, " .
Cache Q(n) = {QQ(n/Q) +0O(n/B) ifn> vM.} €0 (BlogM>

Work T'(n) = { } € O (nlogn)

Depth D(n) = {

Space S(n)



Quicksort



Step 1. Problem

| Problem

@ Sort a given n-sized array in nondecreasing order.




Step 2. Subproblem

SORT(A[l..h]) = Sort all elements in subarray A[(..h]

in nondecreasing order.

Compute SORT(A[1..n]).



Step 3. Core idea

SORT(n)

[52471386]

f Partition \’
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J\ Combine /\
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Step 4. Example
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Step 5. Algorithm

SORT(A[L..h])

Input: An array A[{..h] of orderable elements
Output: Array A[¢..h] sorted in nondecreasing order
1. if £ < h then
2. s + RANDOMIZEDPARTITION(A{..h]) > s is a split position
3. parallel: SORT(A[(..s —1])
SORT(A[s + 1..h])




Step 5. Algorithm

RANDOMIZEDPARTITION(A[(..h])

1. i < RaNnpoM({(,£+1,...,h})
2. Swap(A[(], Al4])
3. HOAREPARTITION(A{..h])

HOAREPARTITION(A[{..h])

pivot + A[{]
14 j+—h+1
while true do

while A[+ + 4] < pivot do
if i = h then break
while pivot < A[— — j] do
if 7 = ¢ then break
9. if i > j then break
10. else Swap(A[i], Alj])

©ONOOTR WM

12. SwaAP(pivot, A[j])
13. return j

> first element is the pivot




Step 6. Complexity

e = {T(n—1)+@(n) ifn>1.} co ()
DepthD(n)Z{D(n_1)+@(n) ifn>1,}€®(n2)
_ o (1) ifn=1,

SpaceS(n)—{S(n_l)+@(1) ifn>1,}€@(n)

Cache Q(n) = {O(M/B) if n < 'yM’} co <n2

Q(n—1)+0(n/B) ifn>yM.



Bitonic Sort



Step 1. Problem

| Problem

@ Sort a given n-sized array in nondecreasing order.




Step 2. Subproblem

SORT(A[l..h]) = Sort all elements in subarray A[(..h]

in nondecreasing order.

Compute SORT(A[1..n]).



Step 3. Core idea

BITONICSORT(n)

[37486215]

o~

[37 4 8] [621 5]

[3478] [6521]

J\ BitonicMerge ;

12345678




Step 4. Example

N/
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BITONICSORT(n)
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Step 5. Algorithm

BITONICSORT(A[L..h], order)

Input: An array A[{..h], ascending/descending
Output: Array A[(..h] sorted as per the given order
Invoke: BITONICSORT(A[0..n — 1], ascending)

1. size<—h—{+1

2. if size > 1 then

3. m+« ({+h)/2

4. BITONICSORT(A[l..m], ascending)

5.  BITONICSORT(A[m + 1..h], descending)

6. BITONICMERGE(A[L..h], order)




Step 5. Algorithm

BITONICMERGE(A[L..h], order)

Input: Array A[{..h], ascending/descending order

Output: Bitonic merge the array

1. size<—h—{0+1

2. if size > 1 then

3. m<+ ({+h)/2

4.  COMPARE&SWAP(A[L..h], order)

5. parallel: BITONICMERGE(A[{..m], order)
BITONICMERGE(A[m + 1..h], order)

COMPARE&SWAP(A[L..h], order)

Input: Array A[{..h], ascending/descending order
Output: Compare elements in left and right halves of A[{..h] and order them
1. size<—h—{0+1
2. for i< £ to ¢+ size/2 — 1 do
3. j< i+ size/2
4. if (order is ascending and A[i] > A[j]) or
(order is descending and A[i] < A[j]) then
Swap(Ali], Alj)

o




Step 6. Complexity

_ e if n=1,
Work T(n) = { 2T (n/2) 4+ O (nlogn) ifn > 1.} €0 (nlog2 n)
_Je) ifn=1,
Depth D(n) = {D(n/?) +0O(n) ifn> 1.} €6

O (1) ifn=1,
25(n/2) +©(n) ifn>1.

_ JOW/B) if n <~yM, n.oon
Cache Q(n) = {2Q(n/2)+@(glog]\’}[) ifn>wM.} 6O(Blog M>

Space S(n) = { } € ©(nlogn)



Integer Multiplication



Step 1. Problem

Problem

® Multiply two n-bit nonnegative binary numbers.
For simplicity, we assume n is a power of 2.

o Formally, let A[(n — 1)..0] and B[(n — 1)..0] be n-bit binary
numbers. Compute C' = C[(2n — 1)..0] such that

[Cl(2n —1)..0]| =] A[(n — 1)..0] | x| B[(n — 1)..0]




Step 2. Subproblem

Murt(Alh..], B[h..f]) = Multiply two nonnegative numbers
Alh..£] and B[h..0].

Compute MurLT(A[n — 1..0], B[n — 1..0]).



Step 3. Core ldea

A x B = (ALAR) x (BLBR)
= (A -2"% 4 AR) x (By, - 2"/% 4+ Bp)
= (A x Br) - 2" + (A x Bp + Ag x Bp) - 2"/?
+ (AR x Bg)



Step 3. Core idea

MULT( )

ALAR BLBR

// N

Ar, B, Ar, Br Ar, Br, AR, Br
| | | |

\\:“//




Step 4. Example

1100 x 1001 = (11)(00) x (10)(01)
= (11-2% +00) x (10-2% 4 01)
= (11 x 10) - 2* 4 (11 x 01 + 00 x 10) - 22 + (00 x 01)



Step 5. Algorithm

PropuCT(A[h ... 4], B[h...{])

Input: Two n-bit nonnegative binary numbers A and B, where h and ¢ are
the higher and lower order bits and n =h — ¢+ 1
Output: Product of nonnegative integers A and B
1. if h =/ then
2. return A[h] x B[h]
3. else
4. mid<+ [(h+£€)/2];n< h—(+1
5 Ap <+ Alh...mid], Ap + Almid+1...{]
6. Br < B[h...mid], Bgr < Blmid+1.../]
7. parallel: P, < ProbucT(Ar, Br)
P, <~ PRODUCT(AL, Br)
P3; < PrODUCT(AR, Br)
Py + PrODUCT(AR, Br)
8. return (P -2" + (P2 + P3) - 2"/% 4 Py)




Step 6. Complexity

Work T'(n) = { o)

Depth D(n) = { o)

Space S(n)

Cache Q(n) = { O (M/B)

4T (n/2) + © (n)
D(n/2)+ © (n)

{@(1)
45(n/2) + © (n)

ifn=1
!n ’ 6@(n2)
if n > 1.
ifn=1,
ifn>1.

ifn=1,
o rhee )

}E@(n)

if n <~yM, n?
1Q(n)2) + O (n/B) ifn> VM.} €0 (MB)



Amazing idea

Problem

Is there is a strategy to perform multiplication of two complex
numbers with only 3 multiplications?
(a +1ib)(c+ id) = (ac — bd) + i(bc + ad)

Solution 1

Let x = bd, y = ac, and z = (a + b)(c + d).
Then, real part = y — x and imaginary part =z — = — y.

Solution 2

Let x =c(a+0), y =a(d—c¢), and z = b(c + d).
Then, real part =z — z and imaginary part = = + y.

Solution 3

Let z =c(a+b), y =a(c—d), and z = d(a — b).
Then, real part = y 4+ z and imaginary part =z — y.




Step 3. Core idea

A x B=(ALAR) x (BLBR)
= (Ar - 2V2 + AR) x (B, - 2% + Bg)
= (A x Br) - 2" + (A x Bp + Ag x Bp) - 2™/2
+ (Ag X Bg)
= (AL x Bp)-2"

AL+ A Br + B n
(SO )

+ (AR X BR)



Step 3. Core idea

MuLt(n)

[AL4r] . |BLBr]

\

\

A, Bp, Ar+Ag, B,+Bg Agr, Bgr

Py

|
/




Step 4. Example

1100 x 1001 = (11)(00) x (10)(01)
= (11-22 + 00) (10 - 2% 4 01)
= (11 x 10) - 2* + (11 x 01 + 00 x 10) - 22 + (00 x 01)
= (

(11400) x (10+01) \ .2
11> 10) -2 ( —11x10—00x 01" )2

+ (00 x 01)



Step 5. Algorithm

KARATSUBAPRODUCT(A[h... 4], B[h...1])

Input: Two n-bit nonnegative binary numbers A and B, where h and ¢ are

the higher and lower order bits and n =h — ¢+ 1

Output: Product of nonnegative integers A and B

1. if h =/ then

2. return A[h] x B[h]

3. else

4. mid<+ [(h+0)/2];n<h—(+1

5. AL(—A[h’n’LZd],AR(—A[m’Ld-f—lE]

6. B < Blh...mid], Br + Blmid+1.../]

7. parallel: P, + KAraTsuBaProDUCT(AL, Br)
P, < KARATSUBAPRODUCT((AL + ARr), (BL + Br))
P3 + KARATSUBAPRODUCT(AR, Br)

8. return (P, -2" + (P, — P — Ps) - 2V/2 4+ P)




Step 6. Complexity

Work T'(n) = { ©Q)

Depth D(n) = { o)

Space S(n)

Cache Q(n) = { O (M/B)

3T (n/2) +© (n)
D(n/2)+ © (n)

{@m
35(n/2) + O (n)

i =1, .
;fZ>1.} €0 (n'?)

f”:L}eem>

if n > 1.

if n =1, .
TS

if n < yM 0 logy 3
3Q(n/2)+ 0O (n/B) ifn>~M. © MB



Matrix Multiplication



Step 1. Problem

o A's ith row x B's jth column = C1i, j] cell
e Eg:5x4+8x6+3x8+8x5=132

Example

2 7 3 6 8 4 4 3 92 96 104 116
5 8 3 8 77 6 8| | 127 125 132 147
6 4 56 |°|5 3 8 4|=1]113 97 118 112
0397 2 5 5 7 80 83 125 109

Definition

Z i, k] x Blk,j] fori,7 € [1,n]
k=1

If A and B are n X n matrices consisting of real numbers, then
the matrix product C' = A x B is defined and computed as




Step 2. Subproblem

MM(A, B) = Multiply two square submatrices A and B.

Compute MM(A, B).



Step 3. Core idea

Ci1| Cha Aq| A Bi1| Bio

Co1 | Oy Az | Ay By | By

A1 B+ A1aBy | AnBia + A12Bo

Ap Bi1 + A By | Ao Bis + A2y By

AllBll A12B21 AllBIZ AlZBQZ

AZIBH A22B21 AZIBIZ A22BZ2




Step 3. Core idea

\C*/ \;/ \*/
\H\F _ ‘}/421/2




Step 3. Core idea

MM(A, B,C)

v

MM(Ai1, Bi1,Ci1)

MM(Ay1, Bia, Ci2)

MM(As, Bi1, Cor)

MM(As1, Bz, Cs2)

v

v

MM(A13, Bay, C11)

MDM(A;2, Baz, C12)

MM(As2, Ba1,Ca1)

MM (Asz, Baz, Cas)




Step 5. Algorithm

M(A, B,C,n)

1. if n =1 then

2. C=C+AxB

3. else

4. parallel: MM (A1, Bi1, C11,n/2)
Ml\/I(Au, Blz, 012, n/2)
MM (A21, B11,C21,n/2)
MM (A21, Bi2,C22,n/2)

paraIIeI kﬂVI(Alz, BQ1, Cn, n/2)

(

M(

M(

o

MM A1z, B2z, C12,n/2)
Az, Ba1,C21,1/2)
Azz, B2z, C22,n/2)




Step 6. Complexity

(e ifn—1,
Work T{n) = {ST(n/Z) LO0(1) ifn> 1.} co(n)
(e ifn—1,
Depth D(n) = {2D(n/2) +O1) ifn> 1.} €6
_Je ifn=1,
Space S(n) = {4S(n/2) +O(1) ifn> 1.} €0 (n)

_ Jo(w/B) ifn <~yM, n3
Cache Q(n) = { 8Q(n/2)+0O (1) ifn> 'yM.} €0 <\/M13>



Amazing idea

Problem

Is there is a strategy to perform multiplication of two complex
numbers with only 3 multiplications?
(a +1ib)(c+ id) = (ac — bd) + i(bc + ad)

Solution 1

Let x = bd, y = ac, and z = (a + b)(c + d).
Then, real part = y — x and imaginary part =z — = — y.

Solution 2

Let x =c(a+0), y =a(d—c¢), and z = b(c + d).
Then, real part =z — z and imaginary part = = + y.

Solution 3

Let z =c(a+b), y =a(c—d), and z = d(a — b).
Then, real part = y 4+ z and imaginary part =z — y.




Step 3. Core idea

Problem Traditional | Solution 1 | Solution 2 | Solution 3 |
4 mults 3 mults 3 mults 3 mults
Complex number mult.
2 adds 5 adds 5 adds 5 adds
C = A X B
Cll Cl? AM 4412 BM Bl?
= X
Cy | Cyp Apy | Az By | By
AuBu + AuBa | AuBua + AuBx
- Az Bu + A2z By | A21Bia + Az B
AuBu|AuBa|  |AuBuo|AuBa
= +
A Bii | A By Az1Bi2|Ags By
Problem Traditional Strassen Winograd
8 mults 7 mults 7 mults
2 x 2 MM
4 adds 18 adds 15 adds
n3 mults nl°82 7 mults nlog2 T mults
nxn MM 3 2 log, 7 2 log, 7 2
(n®> —n*) adds | (6n'°%27 — 6n°) adds | (5n'°%27 — 5n*) adds




Step 3. Core idea




Step 3. Core idea

Ara

Az

B Py Py Py P
511821812 B BiiBaiBiaBas  B1iBaiBiaBy  BuBaBizByp  PubnBizPp  BubyBiafa  BuBunBiaba
A1l A11 A A1l An A1l
Az Az A1zl Az Az Ayn
A2y Az Ay Az Az Agy
A22 A2 Azz| Az2 A22 A2

Ch

B11B21B12 B2y

B11B21B12 By,

B11B21512 Bz

Bi2B2a




Step 5. Algorithm

STRASSENMM(A, B, C,n)

Input: n X n matrices A and B
Output: C +— Ax B

1. fn=1then C«+ AX B

2. else
[Stage 1. Divide]

3. parallel:
Apy < A1 + A22, By < Bi + Bae,
Apg) = Az21 + Az, By < B,
Ay + Aux, By3) <= Bi2 — Bas,
Ay + A2z, By < B21 — Bu,
Aps) = A11 + A12, Bis) < Baa,
A[G] — Ao — AH, B

A7) < A12 — Asa, By < Bai + B2z

[Stage 2. Conquer]
4. parallel: for i + 1 to 7 do
STRASSENl\/IM(A[i], B[i], P[i], n/2)

[Stage 3. Combine]

5. parallel:
Ci1 < Puy + Pyj — Pis) + Pigy, Ci2 < Ppgj + P,
C21 < Ppagj + Py, Ca2 < Py — Ppoj + P + P




Step 6. Complexity

9(]‘) IfTL:]_’ 08
Hork i = {7T(n/2) +0O (n?) ifn> 1.} €6 (”1 ¢ 7)
Depth D(n) = {2D(n/2)+®(1) M 1'} €0 (n)
— 6(1) IfTL:l, o2,
opace S(n) = {7S(n/2)+@(1) if n > 1,} < 9(”1 ¢ 7)

Cache Q(n) = {O(M/B) ifn§7M7}€O<nlog27>

7Q(n/2)+ 0O (1) ifn>~yM. vVMB



Fast MM algorithms

Year | Discoverer T(n)

— | Classical O (n?)
1969 | Volker Strassen o (n2.808)
1973 | Shmuel Winograd O (n?808)
1978 | Victor Pan O (n2'78017
1979 | Dario Bini et al. O (n2'7799)
1979 | Victor Pan o (n2.6054)
1981 | Arnold Schénhage O (n2'5479
1982 | Don Coppersmith & Shmuel Winograd O (n?4955180)
1986 | Volker Strassen o (n2.4785
1987 | Don Coppersmith & Shmuel Winograd O (n2-3754770)
2010 | Andrew Stothers O (n2~3737)
2014 | Virginia Vassilevska Williams @) (n2~372873
2014 | Francois Le Gall O (n?3728639
2020 | Josh Alman & Virginia Vassilevska Williams | O (n237285%)




Polynomial Multiplication



Step 1. Problem

Problem

e Multiply two (n — 1)-degree polynomials.
For simplicity, we assume n is a power of 2.

o Formally, let A(z) and B(x) be (n — 1)-degree polynomials.
Compute (2n — 2)-degree polynomial C(x) such that

(x ‘:‘A(x)‘x‘B(x)‘ where
n—1

x) =bg + bzt 4 4 bz !

C(
A(z) = ap +arz' + -+ ap17
B(
( n—2

T) = co+ crxt + "‘+02n72x2




Step 2. Subproblem

Muvrr(A[l..h], B[¢..h]) = Multiply two (h — ¢) degree polynomials
All..h] and B[¢..h].

Compute MurLT(A[0..n — 1], B[0..n — 1]).



Step 3. Core idea

A x B=(ALAR) x (BLBR)
= (AL + AR - 2?) x (By + Bg - 2™/?)
= (A x By) + (A x Bp + Ag x Byp) - 2"/?
+ (AR x Bg) - 2"
= (AL x Br)

Ap+ A B+ B n
(LGB )

+(AR X BR)-l‘n



Step 3. Core idea

MuLt(n)

[AL4r] . |BLBr]

\

\

A, Bp, Ar+Ag, B,+Bg Agr, Bgr

Py

|
/




Step 4. Example

Consider
A(z) =[-6,11,-6,1] = —6 + 11z — 62 + 23
B(x) = [-120,74, —15,1] = —120 + 74z — 152% 4+ 2
Now consider A(z) - B(x):
[—6,11, =6, 1] x [—120, 74, —15, 1]
= ([-6,11] + [6,1]z?) x ([-120, 74] + [~15, 1]z?)
= [6,11] x [—120, 74]
+ ([~6,11] x [~15,1] 4+ [=6,1] x [-120, 74])2?
+ ([-6,1] x [-15,1])z*
= [6,11] x [~120, 74]+

+< ([=6,11] + [=6, 1)) x ([~120, 74] 4 [~15,1]) ) 22
—([~6,11] x [~120,74]) — ([—6,1] x [~15,1])

+ ([<6,1] x [-15,1])z*



Step 5. Algorithm

KARATSUBAPRODUCT(A[L...h],B[{...h])

Input: Two (h— ¢)-degree polynomials A and B, where £ and h are the lower

and higher order coefficients

Output: Product of polynomials A and B

1. if £ = h then

2. return A[{] x B[{]

3. else

4. mid< [(h+0)/2];n+h—L+1

5 AL%A[EmZd],AR%A[mZd+1h]

6. Bp <+ B[{...mid], Bg + Bmid+1...h]

7. parallel: P, < KArRATSUBAPRODUCT(AL, Br)
P, + KARATSUBAPRODUCT((AL + ARr), (BL + Br))
P; + KARATSUBAPRODUCT(AR, Br)

8. return (P1 + (Py— P, — P3) - 2™/ + Py - 2™)




Step 6. Complexity

Work T'(n) = { ©Q)

Depth D(n) = { o)

Space S(n)

Cache Q(n) = { O (M/B)

3T (n/2) +© (n)
D(n/2)+ © (n)

{@m
35(n/2) + O (n)

i =1, .
;fZ>1.} €0 (n'?)

f”:L}eem>

if n > 1.

if n =1, .
TS

if n < yM 0 logy 3
3Q(n/2)+ 0O (n/B) ifn>~M. © MB



Polynomial representation

. Coefficient representation

(n — 1)-degree polynomial can be represented using n coefficients
Alz) =ag + a1zt + -+ ap 12"t = ?:_01 a; "

A(z) = [ag, a1, ..., an—1] > coefficient vector

. Root representation

(n — 1)-degree polynomial can be represented using n — 1 roots
Alz) =clz—r)(z—711) - (x —Tp_1)

A(x) = [e,{r1,7m1,. .., Tn—1}] > set of roots
. Point representation

(n — 1)-degree polynomial can be represented using n points
{(z0,%0), (x1,91)s -+, (Tn_1,yn—1)} where y; = A(x;)

A(z) is the set of these sample points > set of samples

® 6 6 (W e 6 6 D 6 6 o



Polynomial representation

. Coefficient representation

3-degree polynomial can be represented using 4 coefficients
A(x) = =6 + 11z — 622 + 23

A(z) = [-6,11,—-6,1] > coefficient vector
. Root representation

3-degree polynomial can be represented using 3 roots

A(z) = 1(z — 1)(z — 2)(z — 3)

A(z) =[1,{1,2,3}] > set of roots
. Point representation

4-degree polynomial can be represented using 4 points

{(0,—6), (10,504), (20,5814), (30,21924) }

A(z) is the set of these sample points > set of samples

® 6 6 (W e 6 6 D 6 6 o



Operations on polynomials




Operations on polynomials

mult: © (nlog23> mult: © (n)

@ Root representation is not very useful. Let's remove it.
@ Polynomial multiplication can be done in two different ways:
1. Multiply in coefficient representation using Karatsuba's idea
2. Convert coefficient to point representation
Multiply in point representation
Convert point to coefficient representation



Evaluation and interpolation

[ A(zo) 1 1z 3 xg_l_ [ ao
A(z) 1 = A ap
A(zg) | = |1 oo 3 .- mgfl as

_A(xn—l)_ _1 Tn—1 m%_l T CC?L:%_ | @n—1 |

‘Xz {xo,xl,...,xn_l}‘and Y =VxA

@ Evaluation.
Convert coefficient to point representation.
A is known, X is chosen, Y is computed.
Y can be computed in © (n?) time using Horner's formula.
@ [nterpolation.
Convert point to coefficient representation.
X and Y are known, A is computed.
A can be computed in © (n2) time using Lagrange's formula.




Evaluation and interpolation

Problem

o Can we perform evaluation & interpolation better than © (n?)?

Great idea

e We can perform evaluation and interpolation in © (nlogn) us-
ing roots of 1 and divide-and-conquer.

e Evaluation of (n — 1)-degree polynomial A(x) at n roots of
unity can be done in © (nlogn) using divide-and-conquer.
Interpolation of n roots of unity to an (n—1)-degree polynomial
can be done in © (nlogn) using divide-and-conquer.




Step 3. Core idea

evaluation: O (nlogn)

T

Point mult: © (n)

\_/

interpolation: © (nlogn)



Step 3. Core idea

o Core idea.
A(l‘) — Aeven($2) + IBAOdd(l'2)
A(—x) — Aeven(l,Q) _ xA°dd(x2)
@ Example.
7+ 3z + 222 + 623 = (74 22%) + z(3 + 62%)

74+ 3(—z) + 2(—x) + 6(—x)® = (7+22?) — 2(3 + 62?)

@ [nterpretation.
If we have the results of A¢V®"(2?) and A°%9(x2),
we can compute A(x) and A(—x) in constant time.
Because we take square roots repeatedly, we use roots of unity.
This leads to the amalgamation of ideas from mathematics
(roots of unity) and computation (divide-and-conquer).



Roots of unity

-1 e I s

@ n roots of unity are the n solutions to equation =™ = 1.

e n roots of unity are w?,wl ... w1, where
wk = ekCm)/n — cos(k(2m/n)) + isin(k(27/n)) and i = /—1.
0
/ 1 \
w wj
N "
wi wi wi wi
AN Y\ Y\ /X
0 1 2 3 4 5 6 7




Step 3. Core idea

® O (nlogn) evaluation: Use

Awl) 1 Wl
Awy) L w,
Aw?) | = |1 w2
A(wp ™) Lowp™t (wp™h)?

o O (nlogn) interpolation: Use

ap 1 Wn, (

ai ) 1 ow,! (w

apg | = 2|1 wy? (
n .

An—1 1 wp




Step 3. Core idea

Evaluation FFT(n)

a’O; ai, az, as, a4, as, e, CL7

/ Divide \

[a07 a2, a4, a6] [alv as, as, (17]

[yanlvy27y3 yo ylay2ay3]

\Combme/

yanluQQ,yS y4,y5,y6,y7




Step 3. Core idea

Interpolation INVERSEFFT(n)

yO:yla Y2,Y3,Y4, Y5, Y6, y7

/ Divide \

[Y0, Y2, Y4, Vo) (Y1, Y3, Y5, Y7]

[a07a1aa2aa3 [ao,al,a’g’,ag’]

\Comblne/

aO: ai, az, as, a4, as, ae, CL7]




Step 4. Example (Evaluation)

[QO;alaQQaa?)] — [7737276]
/ \
[CL(],CLl] = [7> 2] [a()val] = [376]
p N ¥ N
a0:7 a0:2 CLO:3 a0:6
¥ ¥ v ¥
Yo =17 Yo = 2 Yo =3 Yo =6
N P4 N ¥
90:7+2w8 yo:3+6wg
y1:7—2w8 y1:3—6wg
N d
yo = (7+2wd) + (34 6wwi =7+ 3w) + 2(w)? + 6(w])
Y1 (7—2w2)+(3—6w8)wi = 7+3wi —|—2(wi)2—|—6( i)
Y2 = (T4 2w3) — (3 + 6wd)w) =7+ 3w? + 2(w?)? + 6(w?)
ys = (7— 2wg) - (3- 6w8)wi =7+ 3w;1’ + 2(wi’)2 + G(wi’)




Step 5. Algorithm

FFT([ao,al, oo o ,an_l])

> Evaluation

1. if n = 1 then return qg

Input: Coefficients of polynomial A(x): [ao,a1,...,an—1]
Output: Point values vector Y for X values [wQ,w), ..

n—1
<y Wh

]

2. W, eQ‘/r'L/n
3. w1
[Stage 1. Divide]
4. A" [(Lo, az, ... ,an,Q]
5. AOdd — [al,ag,...,an_l]

[Stage 2. Conquer]
6. parallel: Y**" < FFT(A®")
Y°d « FFT(A%)

[Stage 3. Combine]

for k< 0ton/2—1do
Yk Ykeven + WY;:dd
Ynjask YV — wYpd
W 4— Wwn

return [yo, Y1, .., Yn—1]

[Er—Y
o wowN




Step 5. Algorithm

INVERSEFF T ([yo, Y1, - - - s Yn—1]) > Interpolation

[Err—

Input: Point values vector Y for X values [wg,w}l, W
Output: Coefficients of polynomial A(x): [ao,a1,...,an-1]
1.
2.
3.

=owoN

n—l]

if n =1 then return yo
W (l/n)cfhi/"
w41
[Stage 1. Divide]
Yeven — [QJO, y2a R 7y”l*2]
YOdd «— [y17 Yz, .- ,ynfl}
[Stage 2. Conquer]
parallel: A**" «— INVERSEFFT (Y*")
A« INVERSEFFT(Y°%)
[Stage 3. Combine]
for k< 0ton/2—1do
a Aiven 4 wAzdd
An/2+k — Aekven _ wAzdd
W < Wwn
return [ao,a1,...,Qn-1]




Step 5. Algorithm

CoOLEYTUKEYPRODUCT(A(z), B(x))

3.
4.

Input: Polynomials A(z) and B(z) of same degree
Output: Polynomial product C(z) = A(x) x B(z)
1.
2.

[@o, a1, ..., an—1] < COEFFICIENTS(A(z))
[bo, b1, ...,bn_1] < COEFFICIENTS(B(z))

[Stage 1. Add high-order coefficients]
[@n, Grn1,- .., a2n—1] < [0,0,...,0]
[b’fH b7l+17 SRR b2n71] — [O, 07 ceey O]
[Stage 2. Evaluate]

parallel: [y(g,yi;, . 7y%_1] « FFT(lao, a1, .., azn—1])
Wo YT s Yan—1] < FET([bo, b1, ..., b2n-1])
[Stage 3. Pointwise multiply]

parallel: for k < 0 to 2n — 1 do
Yk Yk XYk
[Stage 4. Interpolate]

[007 Cly-- -, CQn—l] < INVERSEFFT([Z/(?’Z/?? e ayQCnfl])
C($) < [Co7 Cly.-- 702,’171}

. return C(z)




Step 6. Complexity

2T(n/2) +© (n) ifn> 1.
e(1) ifn =1,
-Mww+em)wn>L}eem>

e (1) ifn=1,
{2ﬂmm+@m)wn>L}E@@byw

— O (M/B) if n < yM, " .
Cache Q(n) = {QQ(n/Q) +0O(n/B) ifn> vM.} €0 (BlogM>

Work T'(n) = { } € O (nlogn)

Depth D(n) = {

Space S(n)



Coin Toss



Step 1. Problem

o [Link] Given n biased coins such that the probability of getting
head from coin i € [1,n] is p[i], compute the probability of
getting exactly k£ heads when these n coins are tossed.


https://people.eecs.berkeley.edu/~vazirani/algorithms/chap6.pdf

Step 2. Subproblem

P(i, j, k) = Probability of getting k£ heads when coins
in the range [i, j] are tossed.
(We set P(i,j,k) =0ifk>j—i+1.)
j—i+1
Fij(z)= Y P(i.j,k)a"
k=0

= P(i,j,j—i+ 12?4 Pli,j,j —i)ad 7 4 -
+ P(i, §,2)z* + P(i,j, D)a' 4+ P(i, §,0)2°

Compute the coefficient of z* in the polynomial F} ,,(z).



Step 3. Core idea

POLYNOMIAL(n)

[0.20.4 0.7 0.6]

/ \Splitr \

[0.2 0.4] [0.7 0.6]

0.0822 + 0.44x + 0.48 0.4222 + 0.462 + 0.12

\Multipb’/

0.03362* + 0.221623 + 0.413622 + 0.27362 + 0.0576




Step 4. Example

[0.20.4 0.7 0.6]
/ \
[0.2 0.4] [0.7 0.6]
RN /N
[0.2] [0.4] [0.7] [0.6]

0.22 4+ 0.8 0.42 4+ 0.6 || 0.7 + 0.3 || 0.6z 4 0.4

N/ N/

0.0822 + 0.44x + 0.48 || 0.4222 + 0.46x + 0.12

~,

0.0336x* + 0.22162 + 0.413622 + 0.27362 + 0.0576




Step 5. Algorithm

COUNTINGHEADS(p[1..n], k)

Input: Array p[1..n] of success probabilities for coins [1..n] and k representing
the number of heads required.

Output: Probability of getting k heads when n coins are tossed.

1. polynomial + POLYNOMIAL(p[1..n])

2. result + coefficient of z* in polynomial

3. return result

POLYNOMIAL(p[/..h])

Input: Array p[¢..h] of success probabilities for coins [£..h].

Output: Polynomial Fy »(x).

1. if £ = h then

2. return p[{] X = + (1 — p[¢])

3. else

4. m+ (L+h)/2

5. parallel: Ipolynomial <— POLYNOMIAL(p[(..m])

rpolynomial <— POLYNOMIAL(p[m + 1..h])

polynomial < MULTIPLY (Ipolynomial, rpolynomial)

return polynomzial

o

~




Step 6. Complexity

@ We use FFT as the polynomial multiplication algorithm.

(e ifn =1,
Work T(n) = { 2T (n/2) + O (nlogn) ifn > 1.} €O (nlog2 n)
O(1) ifn=1, .
Depth D(n) = {D(n/2) +O(log") ifn> 1.} € © (log"n)
Space S(n) = { 5)5(2/2) +0(n) :: Z § 1} €6 (nlogn)
_ JOoW/B) if n <~vyM, n n
Cache Q(n) = { 2Q(n/2)+© (Llog ;) ifn> 'yM.} €0 (B log” M)



