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Complexity Analysis



Complexity analysis

o Framework for analyzing the efficiency/complexity of algorithms
e.g.. time complexity and space complexity

@ Running time of a computer program depends on:

Algorithm

Input size

Input data distribution

Machine or computing system

Operating system

Compiler

Programming language

Coding

e We analyze the running time of algorithms using
asymptotic analysis



Complexity analysis

Time complexity T'(n) is O (n?)
Space complexity S(n) is © (n)
Cache complexity C'(n) is O (”—2)

o Query complexity Q(n) is 2 (nlogn) and (’)( logs 3 )

What do the notations O, O, {2, 0,w mean?



Complexity analysis

Problem Running time )
Search in a sorted array O (logn)
Search in an unsorted array, Integer addition | O (n)
Generate primes O (nloglogn)
Sorting, Fast Fourier transform O (nlogn)
Integer multiplication O (n?)

Matrix multiplication O (n®)

Linear programming O (n*%)
Primality test O (n'Y)
Satisfiability problem o (2"
Traveling salesperson problem O((n—1)
Sudoku, Chess, Checkers, Go expo. class
Simulate problem, Halting problem o0

Program correctness, Program equivalence 00

Integral roots of a polynomial 00




Polynomial and exponential functions
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Units for measuring running time

@ Basic operation is the most important operation of the algorithm.
Each basic operation takes constant time.
o Arithmetic operation (x,+,+, —)
o Comparison operation (<, <, =, #,>,>)
e Memory operation (a < b, C[i])
@ Function invocation and return



Units for measuring running time

| SuM(A[Ll...n])

sum < 0

for i+ 1 ton do

| sum + sum + A[i]
return sum

Runtime is a combination of
@ ~~ n comparisons

@ =~ n additions

® =~ 1 memory index accesses
@ ~z n assignments



Worst-case, best-case, and average-case analysis

o Worst-case complexity Tiorst(12) of an algorithm.
Complexity for the worst-case input of size n for which the
algorithm runs the longest among all possible inputs of that size.
o Best-case complexity Thest(n) of an algorithm.
Complexity for the best-case input of size n for which the
algorithm runs the shortest among all possible inputs of that size.
® Average-case complexity Thg(n) of an algorithm.
Complexity for a typical or random input of size n.
o Amortized complexity Tamortized (72) Of an algorithm.
Average complexity for a sequence of operations.



Worst-case, best-case, and average-case analysis

Problem

What are the worst-case, best-case, and average-case analyses for
the sequential search algorithm?

SEQUENTIAL-SEARCH (AL ... n], key)

Input: An array A and search key key

Output: The index of the first element in A that matches key
or —1 if there are no matching elements

141

while i < n and A[i] # key do

| i+i+1

if : <n then return i

else return —1




Worst-case, best-case, and average-case analysis

Solution

° Worst(n) =n > Why7

® Thest(n) =1 > Why?
ntl ;

o Thg(n) = o= if search is successful, > Why?
n if search is unsuccessful.

Let p € [0, 1] be the probability of successful search
The prob. of first match occurring at any position be the same
Toagn)=(1-242-24+..-4n-B)+n-(1-p)

Simplifying, Thyg(n) = w +n(l—p).

What do you get when you set p =1 or p = 07




Asymptotic Notations



Asymptotically positive functions

o Let T'(n) be asymptotically positive
i.e., T(n) : R™ — R such that dng : Vn > ng, T'(n) > 0
o Number of computations T'(n) is asymptotically positive
Extra space S(n) is asymptotically positive
Number of cache misses C'(n) is asymptotically positive
Number of queries Q(n) is asymptotically positive

From hereon, we will implicitly assume that

’T(n) and other functions are asymptotically positive




Asymptotic notations (using limits)

Definition

o |limy, o0 L4 = 0| & f(n) € 0(g(n))

o |limy, 00 % =o00| < f(n) €w(g(n))

@ Suppose 0 < L < o0.
But f(n) € (g( )) # limy, 00 % exists
Example: f(n) = n? and g(n) = (2 + sinn)n?.




Asymptotic notations (using limits)

0 implies T'(n) has smaller growth rate than g(n),
lim ——= = ¢ ¢ implies T'(n) has same growth rate as g(n),

oo implies T'(n) has larger growth rate than g(n).

0 implies T'(n) € 0(g(n)),
lim ——= = < ¢ implies T'(n) € O (g(n)
cw

),
(9(n)).

oo implies T'(n)



Asymptotic notations (using sets)

Definition

°© O(g(n))={f(n) | Je1,c2 > 0,3Ing : ¥n > ny,

0<ci-g(n) < f(n) <c2-g(n)}

° O(g(n))={f(n) | 3c¢>0,3Ing:Yn >np,0 < f(n) <c-g(n)}

OQ( (n )):{ ( )| 3e>0,3ng:Yn >ng,0<c-g(n) < f(n)}
o(g(n)) ={f( m3n0 VYn > mnp,0< f(n) <c- (n)}
w(g(n)) = {f(

|m3no VYn > np,0 <c-g(n) <




Computing limits with L’Hopital’s rule

Suppose functions f and g are differentiable on an open interval I
except possibly at a point ¢ contained in I.
Suppose lim, . f(z) = limgz—. g(z) = 0 or £00 and ¢'(z) # 0 for
all x in I with x # ¢, and lim,_,, f,g 3 exists. Then
X

limg_,. gg)) b0l géxg




Asymptotic notations

.C,?(n)
T(n)
;‘ c,-a(n)
doudt !

g | Tevy € 6(3)
? n

No
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Asymptotic notations

Notation

Meaning

O (g(n))
at most g(n)

Set of all functions with the

same or lower order of growth as g(n)

3n? € O (n?), n?/174+n € O (n?), n(n—1)/2 € O (n?)
n € O (n?), 4/n+3log?n € O (n?), 2000 € O (n?)
n3 ¢ O (n?), 0.001n™ 1 € O (n?), n* +n+1¢ O (n?)

Q(g(n))
at least g(n)

Set of all functions with the

same or higher order of growth as g(n)

3n? € Q(n?), n?/17+n € Q(n?), n(n—1)/2 € Q (n?)
nd e (nz), 0.001n™ 1 € Q (nz) nt+n+1eQ (n2)
n ¢ Q(n?), 4y/n +3log?n ¢ Q (n?), 2000 ¢ Q (n?)

O (g9(n))

same as g(n)

Set of all functions with the
same order of growth as g(n)
3n* €0 (n?), n?*/17+n € O (n?), n(n—1)/2 € O (n?




© () class

O(logn)

o(vn)

O(n)

O(nlogn)

O(n?)

o2

O(n!)




O () class

O(logn)

O(nlogn)

O(n?)

o)

O(n!)




() class

Q(n!)

Q(2n)

Q(n?)

Q(nlogn)

Q(vn)

Q(logn)




Asymptotic notations

Definition

, =<, =, =, = over functions.

~
—~

Let us define the binary relations
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Asymptotic notations

(Notation Reflexivity | Symmetry

Transitivityw

4

> X X X

NSNS S

3

—
3
 — —

AL Y 1Y
S

~ Q9

3

Q@ s x %X N\ N
3

~—
)
=]
o

=k

—~

ax(g1(n), 92(n))

IA
=

n) and f(n) =
n) < gz2(n), then

g(n)



Practice problems

Problem

Is it true that between any two functions, at least one of the five
relations <, <, <, >, > holds between them?

Solution

® No.
@ Counterexample:

f(n)=n -
g(n):{12 |fn|sodd,}

n“ if n is even.




Practice problems

Problem

Prove that for any two functions f(n) and g(n), f(n) < g(n) iff
f(n) 2 g(n) and f(n) = g(n).

Solution

Part 1. f(n) <g(n) = f(n) =
°0<ci-g(n)<fln)<ca-g
@ This implies

0<ci-g(n) < f(n),¥n>ng (f(n) = g(n))
0< f(n) <cz-g(n),¥n > ng (f(n) = g(n))
Part 2. f(n) < g(n) and f(n) = g(n) = f(n) < g(n)
° 0<c-g(n) < f(n),¥n>ng (f(n) = g(n))
0< f(n) <c"g(n),¥n > ng (f(n) < g(n))

@ This implies
0<c-g(n) < f(n) < - g(n),Vn > max(ny,ng)




Practice problems

Problem

Prove that for any two functions f(n) and g(n),

max(f(n),g(n)) = f(n) + g(n).

Solution

e Without loss of generality, we assume max(f(n), ( ) = f(n).
I(n) f(n)+g(n) 2f(n)
® Mmooy < 100 St gty < limnsoo 0y

f(n)+g(n)

— hmn_mo 1 < hmn_mo W < hmn_mo 2

n)+
= 1 <lim,_ o0 max((f)(n%(zl)) <2

— f(n) + g(n) = max(f(n), g(n))




Practice problems

Problem

Is it true that for any two functions f(n) and g(n) such
that f(n) — g(n) is asymptotically positive, it is the case that

max(f(n),g(n)) < f(n) — g(n).

Solution

® No.

@ Counterexample.
fin)=n*+n
g(n) =n?+1

e Note: You cannot choose the same function f(n) = g(n) as
the difference is not asymptotically positive.




Practice problems

Problem

Prove that for any two functions f(n) and g(n) and any constant

k€ R*, f(n) =< g(n) & (f(n)* = (9(n))*

Solution




Example: Polynomial class

Problem

Show that if f(n) is a polynomial of degree k, that is,

T(n) = apn® + ap_ 101+ a1n + ag

and ay, > 0, then T'(n) =< n*.

Solution

Forn>1, we have 1 <n<n?<...<nk
We prove the theorem in two parts

1. Show that T'(n) < nF

2. Show that T'(n) = n*




Example: Polynomial class

Solution

Part 1. T'(n ) nk

o (agn® + - +an+ ao) (lag| + -+ + |a1| + |aog])n* = can
° WehaveT( ) < conF ,Where02>0, and ng =1

Part 2. T'(n) = n*

o Let M = max('aol . ,M), c1 = %, and ng = 2kM

ag
° (apn®+ -+ ain+ag)

k

= k k-1 Ly .4 a L ag . L
= arn ( an n + + ar  nk-1 + ak nk)
> k M M M
>t (13 T
> aknk (1 kM)

no
=Cin

o We have T'(n) > c¢in¥, where ¢; > 0 and ng > 0




Example: Polynomial class

Problem

Show that if f(n) is a polynomial of degree k, that is,

T(n) = apn® + ap_n* 1 +an +ap

and ay, > 0, then T'(n) < nF.

Solution

aknk + ak,ln’“*1 <-4 ain + ag
nk

_ k=t ., M %
= nh_)Irolo (ak + - + ot oy + n’f)
= ay, (where, 0 < aj < 00)

This implies T'(n) =< n*




Example: Quadratic function

Problem

Show that Zn(n — 1) < n?.

Solution

e Part 1. Show that n(n —1)=<n?
tn(n—1)=in? - 2n < in? forng =1
® Part 2. Show that in(n 1) = n?
1,1
2 2
@ Asc) = }1, Ccy = % and ng = 2, we have the result.

Inn—1)=1in2 - sn > 2n — gnin = yn? for ng = 2

Solution

n(n—1)/2 . 1 1 1 1
(nz)/ :hmn—wo(ﬁ_ﬁ'ﬁ)zi

o As limit is in (0,00), we have the result

° limy, 00




Sigma notation

Sicivia,inyf (1) = f(i1) + f(i2) + - + f(in)



Determining complexities from pseudocodes

SEQUENCE-OF-STATEMENTS

statement s3
statement sg
statement s3

total time = time(s1) + time(sz) + time(ss)

IrP-ELSE-LADDER

if conditionl then

| block b1

else if condition2 then
| block bo

else

| block b3

total time = max( time(b1), time(bz), time(bs3) )



Determining complexities from pseudocodes

[ Loors

| for i < 1 to m do

‘ for j < 1 ton do
| block b

total time = mn x time(b)
(assuming block b takes the same time in every iteration)

[ FuNcTIONS

for i + 1 to m do
for j < 1 ton do
‘ F(4,5) // Suppose this takes © (ij) time

total time = 377, >, time(F(7,7))



Series sums

E?:11:1+1+1+...+1:n
1
E?zli:1+2+3+..,+n:%
1)2n+1
E?:1i2=12+22+32+~~+n2:%
5 n?(n+1)>2
S = 102880 = (S0) = T
27:021220+21+22++2n:2n+171
i rntl g
E?:OTZ:TO+T1+T2+”'+TTL:7for'r>0
i 1_1+1+1+ +1Nlnn
=1 71 2 3 n~
i =~ 50 o1 a3 _— = [ —
=y Tttt ot =i
11 1 1 L1 g
n _ L 1 1 ' 1 1
Ei:oﬁ_TO T1+ 5 T +Tn_7.n o forr >0

7 ologi=1log2+log3+logd+---+logn = 0O (nlogn)

7, loglogi = loglog 4 + loglog 5 + loglog6 + - - - 4 loglogn = © (nloglogn)



Important links: Brush up on your math skills

Derivatives and differentiation rules
List of integrals

Maclaurin series

List of mathematical series


https://en.wikipedia.org/wiki/Differentiation_rules
https://en.wikipedia.org/wiki/Lists_of_integrals
https://en.wikipedia.org/wiki/Taylor_series#List_of_Maclaurin_series_of_some_common_functions
https://en.wikipedia.org/wiki/List_of_mathematical_series

Practice problems

Problem

Prove the following. Assume that the log function has base 2

unless explicitly mentioned otherwise.
1 g 1,1 = _xvn 1 _ v 1
E ‘< 1 —~ 1 - ﬁ = nn X nlOgn —~ =1 ’i2 —~ i= 121 '<

- 1 - -
loglogn =< Eprimepgni < logn = logn? < Y 4 7= /n =
n < nlogn < Y% logi < logn! < n? < S i < 2" <
oGy -<n'-<n”\’(n+1) < nntl




Practice problems

Problem

Prove that % <1

Solution

Problem

1
Prove that nles» <1

Solution

1
® lim,, oo nlogn

1
= limy, 400 (2!087)Toan = 2




Practice problems

Problem

1
Prove that n=» =<1

Solution

1
° lim, ,oonn

Sl=

In(n
= limy, o0 elnTn
<1 limy oo 3029 (122

=14 limy o0 2 10y (%
=1+ limy00 25
=1

)

— llmnﬁoo (&

1

—

)i

nn)i
n

1!
n

%

(use Maclaurin series for e*)

) (remove i! & use upper bound)

—L>

" Inn

1)

(sum of geometric series)

(set =




Practice problems

Problem

Prove that logn! < nlogn

Solution
. log n! . log(n-(n—1)---- 1
© limy o0 ety = limy, o PECHEEEH
oo . 1 oo .
. Z._ log . 172-— Ins
< limy 00 7;l_olgn = limy 00 n2n101g_71
1 oo .
~ lim s fz’:l Ini lim ﬁ[m In z—z+]7
~ n—00  nlogn n—00 nllogn
T 1n2(nlnn nt+l) . s (nlnn—n)
= limp, 00 nlogn ~ limp, 00 nlogn

n?2

= limy, o0 1y - (1 ks ) = 144269504089 ...




Practice problems

Problem

Prove that 1 < loglogn

Solution

. 1
° limy o0 loglogn 0
Problem

Prove that loglogn < logn

Solution

loglogn
logn

o lim, oo

= lim;, oo 22422 (use L'Hopital's rule and Wolfram Alpha)

nln2

: 1
= hmn*)oo nn — 0



https://www.wolframalpha.com/input?i=derivative+of+log_2+log_2+x

Practice problems

Problem

Evaluate the complexity of the LOOOO0O0O0OOOOP kernel.
many possible values for Istart, Iend, Liner, Jstart, Jend, and Jiner
are given in the table. start and end are abbreviated as s and e.

Lo000000000P(n)

The

for i + Istart; [ S ]end§ Iincr do
‘ for j < Jstart; J < Jend; Jiner do

| do nothing
# | Ls | Le Liner Js | Je Jiner # | Is | L Liner Js | Je Jiner
12| nlici+2| 2| n|j<i+2 1|2 |nlicit2|2|i|jeix2
22| nlicit2| 2| n|ieix2 22| nicit2| 2| i j«i?
312 [n|ii+2] 2| n j 52 B2 |n|iix2]| 2 i | jei+2
42 |nlicix2| 2| n|iei+2 42| n|icix2| 2| i|jeix2
s|2|n|licix2|2|n|jiejix2 52| n|icix2| 2| i]| jei?
6 | 2| n|i—ix2| 2| n| j«i? 6|2 |n| i 2 i |j«j+2
712 |n i i2 2 | n|j—j+2 172 n| i« 2| i [jejx2
g2 |n| i4? 2 | n|jejix2 18| 2|n| ied? 2 | i j 52
912 [n| i@ |2[n]| j«i? W2 n|icit2|2|i|jei+y
10| 2|n]icit2]|2|i]|jej+2 02| n|icit2|2]i|jeixy




Practice problems

Problem
| Kernel Istm't Iend Iinc’r Jstart Jend Jinc’r‘
I 2 n |i<it+2]| 2 n o |jej+2]|
Solution
Time

= Zie{2,4,6,...,2ng} Zj€{2,4,6,...,2[%j} 1

= (Zie{2,4,6,...,2tgj} 1) : (2j6{2,4,6,...,2L%j} 1)
151 15]

15]?

€] (n2)

m




Practice problems

Problem

| Kernel | Istart | Iend Wi st || Jemal Jiner

I 2 2 n |i<—i+2 2 n | jejx2|
Solution
Time

= Dic(246,..215 ]} 2je(2 22,25,...2l0en} 1
= (Zie{z,zx,&..m%ﬁ 1) ' (Zj€{21,22,23,.A.,2L10gnJ} 1)

= 5] - [logn|
€ O (nlogn)




Practice problems

Problem
IKerneI Istart Iend Iincr Jstart Jend Jincr |
[ 3 2 n |iei+v2]| 2 no | 52
Solution

Time

= Zie{2,4,6,...,2|_%j} Zj€{220 g2l 922 Hollogllogn]] } 1

( 26{2’4367~--’2L%J} 1) ’ (Zj€{220,221 7222,_._722L108UO€“JJ} 1)
I

5] ([logllogn]] +1)
€ O (nloglogn)




Practice problems

Problem
| Kernel Ista'rt Iend Iinc’r Jstart Jend Jincr |
| 10 2 n |i+—i+2 2 i j<—j+2|
Solution
Time

= 216{2,4,6,...,2|_%J} Zj€{27476,‘~~’2L%J} !
= Zie{2,4,6,...,2L%J} {%J
=1+2+3+--+ 3]

€ 0 (n?)




Practice problems

Problem
| Kernel Istm't Iend Iinc’r Jstart Jend Jincr |
u 2 n o |i—i+2]| 2 i | jejx2]|
Solution
Time

:Zi€{2,4,6, 22| 2]} ge{21 22,23,...,2L10giJ}1
:Zi€{2,4,6, 2|2 J}UOgZJ
5 og(20) = S 14 10mi) = £ (14 pogi)
2]+ ogil
|5] +log (|5 ]! )

<
€ O (nlogn)




Practice problems

Problem
IKernel Ista'rt Iend Iincr Jstart Jend Jincr |
12 2 | n licit2] 2 | i [i<4]
Solution
Time

= 216{2,4,6,...,2L%J} Zj€{220722172227.”722\_10gl_logiu 1

= Zie{2,4,6,...,2tgj} ([log|logi]] +1)
= Zie{QA,G,...,QLgJ} |log[logi] ] + ZZ‘E{274767_._72L%J} 1
< [ yloglogx - dz + | §]

loéxd$)+gj (Ju-dv=uv— [v-du)

< (nloglogn—f
€ O (nloglogn)




