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Abstract

Object queries are a powerful construct for writing clear and concise
high-level code, but are difficult to implement efficiently. A programmer
who is not satisfied with the performance of a straightforward imple-
mentation may craft an ad hoc low-level solution. However, this forfeits
the productivity benefits that declarative queries bring.

We present a novel static transformation for generating demand-
driven incremental implementations of object queries. The queries may
involve objects and sets that are arbitrarily nested, and may also use
aggregate operators and nested queries. All possible updates are han-
dled, even in the presence of aliasing, without requiring sophisticated
runtime support. The method defines invariants for the query result
and auxiliary values, and provides precise asymptotic bounds for run-
ning time and space usage. Different high-level choices in the selection
of the demand strategy and join orders lead to different invariants and
different time and space tradeoffs. Previous methods do not handle such
expressive queries while obtaining precise cost bounds for the generated
code.

We demonstrate IncOQ, a prototype implementation of our method,
and verify that the transformed programs conform to their predicted
costs. We compare our method both analytically and experimentally
with prior work and alternative approaches, and justify our formulation
of demand. Finally, we show successful applications to queries from
a variety of problem domains including distributed algorithms, access
control, and approximate probabilistic inference.
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Chapter 1

Introduction

The principle advantage of high-level programming languages is that compu-
tations can be written in a simpler and more concise manner. This makes code
more understandable, and by extension, reduces bugs, increases programmer
productivity, and enables faster development. Query constructs help to achieve
this goal by enabling the programmer to declaratively write the desired result
of a computation, rather than giving one specific way of computing it.

This is indeed the rationale behind dedicated query languages such as SQL
and Datalog [1]. Many general purpose programming languages support high-
level queries as well. For example, Haskell and Erlang have list comprehen-
sions, Python has comprehensions for various datatypes,1 and C# has LINQ
[55]. Other languages may only support the use of low-level loops in place
of high-level queries. Whereas SQL and Datalog are relational, meaning that
they operate only on flat sets of tuples, the query constructs in object-oriented
languages typically permit expressions that retrieve object fields. This is es-
pecially useful because objects are better than flat sets at modeling the real
world.

The straightforward way to implement a comprehension query is to turn
each membership clause into a nested loop, executed at the same point in
code where the query appears. However, a programmer who is worried about
performance might decide to hand-code an alternative implementation, trading
code clarity for execution efficiency. Our aim is to make this tradeoff obsolete
by providing better automatic translations of queries into efficient low-level
code.

Specifically, the implementations we derive are incremental and demand-
driven. “Incremental” means that the query result is stored and made available

1https://docs.python.org/3/tutorial/datastructures.html#list-comprehensions
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CHAPTER 1. INTRODUCTION 8

for fast retrieval, and incrementally maintained when updates to data values
affect the query result. “Demand-driven” means that we prune the stored data
and maintenance computation, so that resources are only expended for data
that is relevant to the queried values.

The queries we consider may, in a nested manner, retrieve elements from
sets and fields from objects. Extensions add support for maps, tuples, aggre-
gates, and negated membership conditions. Maintenance code is generated for
all updates that can possibly affect the query result. The method works even
in the presence of aliasing that may exist among the objects that are queried
and updated.

Our method lends itself naturally to producing asymptotic cost bounds,
both on the running time of the maintenance, and on the space used for stor-
ing the query result and the needed auxiliary values. In particular, due to
our use of demand, we can place a bound on these costs that is a function of
the size of the relevant data. When queries are not nested, this bound is only
linear in the total size of the relevant data and the query result.

As an example, consider an access control query that decides whether or
not a given user is authorized for a given permission. The determination is
based on finding all roles that the user is assigned, and checking whether any
of these roles has the requested permission. Since this kind of authorization
check occurs frequently, it is too expensive to reevaluate from scratch each
time, but the objects queried over can change at any time. Here are a few
compelling strategies, each more difficult to implement than the previous.

(1) A caching (memoizing) approach would create a partially-filled two-
dimensional lookup table that maps from a user and a permission to a
Boolean answer, if one is available. Each table entry starts off uninitial-
ized, and is populated by a from-scratch computation when its answer
is first needed. We have to detect changes to the access policy (e.g.,
role updates) that potentially invalidate cached answers, and purge the
affected entries.

(2) An incremental approach also uses a table, but its cells hold integers
representing the number of different roles that justify the user having
that permission. The query answer is True so long as the count is greater
than zero. At updates, we need to increment or decrement affected
counts appropriately, but no scratch recomputation is required.

(3) A demand-driven incremental approach works as an incremental ap-
proach, but only tracks table entries that are demanded. The decision of
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which entries should be considered demanded is a matter of policy, but
it should at least include those entries for which the query result needs
to be readily available. For instance, if we are only processing access
requests for a particular subset of permissions, then the table should be
pruned of all rows for permissions outside that subset.
Demand for query parameters induces demand for other query variables.
If p is a demanded permission, all of the roles that have p are tagged as
demanded roles. We know whether an update to a role may be relevant
by checking whether the role is demanded. If not, no work beyond that
simple test is done.

Opting for one of the above designs may be worthwhile, but they are each
tedious to implement by hand. The programmer would have to locate all up-
dates in the program source, and, at each one, write logic to determine what
entries need to be purged or incrementally maintained. For a demand-based
strategy, there would also have to be logic to propagate (and un-propagate)
demand to other values reachable from the queried parameters. Through it
all, there are plenty of opportunities for a bug caused by one missed update
or one overlooked dependency. And without following a systematic method,
the programmer would be on his or her own to determine the cost of the pro-
gram. These problems are all amplified for larger queries, especially if aliasing
is possible.

Our solution to this problem is a systematic method comprising a static
transformation and a cost analysis. The method is invariant-based, where the
invariants are for the different auxiliary results that are materialized. This
allows us to reason about costs and correctness at a high level. To the extent
that there are choices in how the invariants are defined and implemented, we
can produce a family of generated programs, all of which are correct but may
have different cost tradeoffs.

Our approach incorporates ideas from previous work, but combines and
extends them in a novel way to achieve new results. Among the most im-
portant techniques we draw on are a rewriting that flattens nested sets and
objects, and a method for generating code to incrementally compute simple set
comprehensions. We add to this an invariant-based formulation of demand,
whereas prior techniques either did not use demand or dealt with it in an ad
hoc way. No previous method is able to handle queries that are as expressive
as ours while still giving precise cost bounds on time and space. Additionally,
the generated code does not require the addition of a sophisticated runtime
environment.
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The rest of this dissertation is organized as follows. Chapter 2 presents
the transformation method and cost analysis. We discuss the implementa-
tion and perform benchmarks in Chapter 3. These benchmarks confirm our
asymptotic cost predictions and also illustrate smaller constant-factor tradeoffs
related to the low-level details of the generated code. Comparison with related
work, both theoretically and empirically, is done in Chapter 4. In Chapter 5
we apply our method to queries from distributed algorithms, access control,
approximate probabilistic inference, and a student information management
system. Finally, we conclude and discuss future work in Chapter 6.
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Chapter 2

Incrementalizing object queries

This chapter describes our method for generating demand-driven, incremental
programs with cost bounds. Our approach is based on three main ideas.

(1) The complex and expressive nature of the original object query can be
simplified by converting it into an equivalent relational query, in which
updated values cannot be aliased.

(2) The relational query can be computed incrementally by storing its result
in a fresh variable, and maintaining the invariant that this stored value
equals the result of the query. This transformation inserts maintenance
code around updates that would violate the invariant. The maintenance
code performs incremental computation as is needed for maintaining
materialized views in a relational database.

(3) The computation can be made demand-driven by introducing new aux-
iliary structures to index just the relevant part of the input data. The
auxiliary structures are themselves computed incrementally by maintain-
ing invariants.

The first step is based on a translation given in [74, 72], but we extend
it to handle aggregates, nested queries, and more forms of pattern matching.
We also provide more precise requirements for determining when the query is
well-formed and how the maintenance code deals with errors, particularly type
errors. The second step is based on several previous techniques for computing
set queries incrementally, as well as on the static transformation framework
of finite differencing [66]; we add a number of optimizations and support for
negated membership constraints. The third step is novel, in that it is the first
invariant-based technique for computing demand-driven indices for object-set

11



CHAPTER 2. INCREMENTALIZING OBJECT QUERIES 12

queries. It supports high-level reasoning about time and space cost bounds,
as well as generation of correct code for demand propagation in the presence
of nested queries. It also provides an intuitive understanding of how values
in the input data will be used by maintenance code, which leads to further
optimization. See Chapter 4 for a full discussion of related work.

The overall time and space costs will depend on the query, its updates, and
high-level choices that are made during the transformation. These high-level
choices comprise a demand strategy for the query, and a join order for each
piece of inserted maintenance code. We provide simple heuristics to make
reasonable default choices, but these can be overridden by the user of our
method — for instance, to take advantage of specialized domain knowledge,
or to automatically generate multiple alternative implementations.

The queries, updates, and object model to which our method applies are
given in Section 2.1. Sections 2.2 through 2.4 describe the three main ideas
mentioned above. Section 2.5 explains how to add support for nested queries;
aggregate queries; and queries that involve maps, nested tuples, negated mem-
bership constraints, exceptions, and pattern matching. Section 2.6 describes
a number of optimizations to reduce the running time, space usage, and code
size of the generated implementations.

2.1 Language
Our method applies to any language supporting the query and update op-
erations described here. The two main kinds of values are sets and objects;
other kinds include primitives and tuples. A set is an unordered collection
without duplicates. An object is an unordered mapping from field names to
values. All set and object values are stored by reference, so expressions that
evaluate to these values may be aliased. Sets and objects may contain values
of any type and may even contain themselves. For ease of presentation, we
assume that the language is garbage-collected, although the method can be ex-
tended to languages with explicit memory management. We also assume that
all distinct variables are renamed to ensure that their identifiers are distinct
regardless of scoping.

The equality (==) and inequality (!=) operators for sets and objects are
defined based on identity: If v1 or v2 is a set or object, then v1 == v2 iff they
are the same value in memory. In other words, the “value” of a set or object
is its identity, not its contents. This means that updates to sets and objects
(i.e., to their contents) cannot cause two unequal values to become equal — a
situation that would be problematic if the two values were originally elements
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Expression Return value Precondition
new set a new empty set
v isset whether v is a set
v in s whether v is an element of s
v not in s not (v in s)
s isempty whether s has no elements
arb s an arbitrary element of s |s| > 0
new obj a new object with no fields
v hasfield f whether v is an object

and f ∈ fields(v)
o.f the value of field f of o f ∈ fields(o)

Update Effect Precondition
s.add(v) add element v to s v /∈ s
s.remove(v) remove element v from s v ∈ s
o.f = v create f on o and give it value v f /∈ fields(o)
del o.f remove field f from o f ∈ fields(o)

Table 2.1: Set and object operations. An exception is raised if any precondition
is not satisfied. Any operation using s or o has the implicit precondition that it
evaluates to a set or object value, respectively; v may evaluate to any value. f is a
field name. fields(o) denotes the set of field names for the object referred to by o.
All operations are considered to take constant time.

of the same set, since they would become duplicates. We say that a value v
is accessible from u if, starting at u, we can obtain v by moving zero or more
times from a set or object to any of its elements or field values.

Operations on sets and objects are given in Table 2.1. More complex
operations such as set-wise updates (union, difference, etc.), and element-
wise updates without the preconditions, can be preprocessed into iterated
or guarded forms of the operations in Table 2.1. We assume that sets are
implemented as hash tables and have constant-time lookups. We assume that
all expressions appearing in updates are deterministic, side-effect free, and
that their values are not changed by the update. A preprocessing step can
ensure this by inserting code to evaluate expressions before the update and
store their result in a fresh variable.

The query construct we use is an object-set comprehension [74, 72], which
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has the following abstract grammar.

object-set-comp ::= { result : clause∗ }
clause ::= membership | condition

membership ::= retrieval in retrieval
retrieval ::= variable | retrieval.field
condition ::= expression

result ::= expression

It returns a new set consisting of all the values that its result expression can
take on, for each combination of variable values that satisfies all of its clauses.
Some of the variables in the query are designated as parameters, which will be
denoted using underlines; the rest are locals. In practice, the programmer can
declare parameters explicitly or they can be determined automatically using
the host language’s scoping rules. To ensure that object-set comprehensions
are declarative, and to avoid assuming any particular evaluation order for the
clauses, we impose a safety requirement and a reachability requirement.

The safety requirement ensures that our incremental maintenance code
will be able to properly handle any kind of update. It says that for each
condition expression and for the result expression, the expression’s behavior is
terminating, deterministic, and dependent only on the values of its maximal
retrieval subexpressions (including variables).1 The safety requirement can be
subtle; for example, the expression x in s depends not just on the values of
(i.e., the identities of) s and x, but also on the elements of s, and hence is
not suitable as a condition clause. This is why the grammar does not treat
memberships as a subcase of conditions.

The reachability requirement ensures that the incremental computation
can be made demand-driven. We say that an expression in the query is reach-
able from the parameters if one of the following cases holds, inductively: (1)
the expression is a parameter variable; (2) the expression is e2 and there is
a membership e2 in e1 where e1 is reachable; or (3) the expression is e.f for
some field name f , and e is reachable. The requirement simply states that
each retrieval expression (including variables) in the query must be reachable.
This ensures that all values that can satisfy the query are accessible from the
parameter values. It prohibits queries like

{o : o.f in s},
1By maximal retrieval subexpression we mean any retrieval that has at least one oc-

currence that is not nested inside another retrieval. For example, o.f is maximal in
o.f + o.f.g, but o is not.
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where there is no straightforward way to obtain values for o from the given
value for s.

To give precise semantics for object-set comprehensions, define a valuation
to be a total function from the query’s variables to values. At the time a
query is evaluated, a valuation is said to be valid if it maps each parameter
to its given value, causes each clause to be satisfied, and does not cause any
exceptions to be raised. The result of the query is a new set holding all values
of the result expression under each valid valuation. Note that the query result
may be changed not only by assignment to the parameter variables, but also
by updates to sets and objects that are accessible from the parameter values.
For the sake of simplicity, we will start off assuming that the only kinds of
exceptions that can occur are when a field retrieval is evaluated where the
left-hand side is not an object providing that field, or when a membership
is evaluated where the right-hand side is not a set. We will eliminate this
assumption in Section 2.5.

When discussing maintenance code and its cost bounds, it is often useful
to talk about the possible values that a variable or expression may take on
to satisfy or partially satisfy the query. We make this notion concrete as
follows: A value v is relevant (negation: irrelevant) for a retrieval expression
if, inductively, (1) the expression is a parameter and v is a value for that
parameter; (2) the expression is e2, there is a membership e2 in e1, and v is
a member of a set that is relevant for e1; or (3) the expression is e.f , and v is
the value of field f of an object that is relevant for e. Notice that these cases
mirror the reachability requirement. We may omit the expression when it is
clear from context, or when we wish to say that a collection of values are all
relevant for their respective expressions. A value that is inaccessible from the
parameter values is always irrelevant for all expressions in the query.

An object-set comprehension can be computed using a straightforward
nested-loop join. The clauses would be translated into imperative code con-
sisting of nested for and if statements with appropriate type checks. Different
nesting orders for the clauses’ translated statements may be possible, yielding
different running times. Assuming that the conditions and result expression
take constant time to evaluate, this strategy would take worst-case time pro-
portional to the product of the iterated sets’ sizes.2 In contrast, if computed
using an incremental approach, the result can be retrieved from a data struc-
ture in constant time, and it takes only linear time in the size of the result to

2Our use of big-O notation assumes all variables are increasing, so O(x+ y + (x× y))
can be simplified as O(x× y) without worrying about whether one variable is zero. All space
costs are for added data structures, i.e., not counting space usage of the original program’s
data.
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generate a fresh copy for the user code. The copy and its linear-time cost are
not needed if the user code does not directly update the retrieved result, and
does not update the values the query depends on until after it is done using
the retrieved result.

Example 1. Consider the following social network query, which takes in a
special celebrity user and a group of users, and finds the email addresses of
everyone who follows the celebrity, belongs to the group, and has a location
of "NYC".

{user.email : user in celeb.followers,
user in group, user.loc == "NYC"}

Suppose that the value celeb is an object alice, whose followers field is a
set containing an object bob. Then alice is relevant for celeb, alice.followers
is relevant for celeb.followers, and bob is relevant for user. This is true re-
gardless of whether or not these values are actually used in any valid valuation
to satisfy the query.

Here is one possible straightforward computation. The type checks are
written in slanted text and can be deleted if the data is known to be well-
typed.

result = new set
if celeb hasfield followers:

if celeb.followers isset:
for user in celeb.followers:

if group isset:
if user in group:

if user hasfield loc:
if user.loc == "NYC":

if user hasfield email:
if user.email not in result:

result.add(user.email)

This code takes O(|celeb.followers|) time. If we had instead chosen to iterate
using the second membership first, it would take O(|group|) time. Either cost
may be prohibitive if the query is to be performed frequently and if the size of
the iterated set is large. Memoization based on the parameters is also not a
solution because the sets and object fields retrieved from the parameters may
change in-between runs.

If the programmer attempts to write an incremental implementation by
hand, he or she may be caught off guard by the number of cases that need
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to be handled. Without assuming any particular constraints on how the pro-
gram data is arranged and manipulated, possible updates affecting the result
are: additions and removals to follower sets and groups, reassignment to a
celebrity’s followers field (i.e. replacing their set of followers with an entirely
different set value), changing a user’s location or email, and reassignment to
the parameters themselves. All of these updates except the last may happen
via aliasing from arbitrary expressions.

Aliasing can also exist between different expressions in the query, leading
to potentially surprising results. The same set could serve as both a value for
celeb.followers and group, so that an update to it affects the query in two
different ways. Two celebrities may share the same set of followers, and the
celebrity may even follow itself. Furthermore, two users may share the same
email address, so that the size of the result is smaller than the number of users
satisfying the query. Finally, mixed in with the well-typed data, there may
be ill-typed data (e.g., users with no email) that should not contribute to the
query result. Even after accounting for all these cases, the computation still
has not been made demand-driven.

Our method automatically derives correct code for all of these cases, with
systematic calculation of cost bounds, regardless of which of the above scenar-
ios are actually used in the particular application. It also performs optimiza-
tions made possible when some of these cases do not occur. Furthermore, it
avoids taking any storage space, or more than a constant factor of time, for all
the data and updates pertaining to users who do not follow the given celebrity
or belong to the given group.

2.2 Rewriting to relational queries
Object-set comprehensions can have a complex, hierarchical structure that
makes it difficult to see how to generate incremental maintenance code. In
order to handle all possible kinds of updates correctly and systematically, the
query is rewritten as a relational comprehension before incrementalizing it.
There are three main steps to this rewriting:

(1) Flatten retrieval expressions and memberships, turning them into mem-
berships over non-nested sets of tuples.

(2) Strengthen the query by rewriting the result expression to include all
parameters, and changing these parameters to local variables. The new
comprehension represents the original query’s result for all values of its
parameters.
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(3) Restrict the former parameters to a specific domain, called the demand
set, so that the comprehension is only concerned with results for combi-
nations of parameter values in this set.

These steps are adapted from [74, 72], and discussed with attention to
how each step preserves the semantics of the use of the query. Flatten is
the main step that allows our method to work on such expressive queries.
Strengthen makes it so a reassignment update to the parameters does not
always require a recomputation of the query result. Restrict ensures that the
relational comprehension has finite domain while giving all needed results.

We begin by describing the form of relational comprehensions and their op-
erations. We then discuss each step in turn. By the end of this section, we will
have converted the query to an expression whose value can be incrementally
maintained by the invariant-based transformation.

Relational comprehensions: A relation is a global,3 unaliased variable
that is never reassigned and that holds a set of tuples having the same arity.
A relational comprehension is similar to an object-set comprehension, but each
membership has a tuple of variables on its left-hand side and a relation on its
right-hand side, and relations do not appear anywhere else in the query. In ad-
dition, the result expression must be a tuple expression. There are no retrieval
expressions. Relational comprehensions must have at least one membership
clause.

relational-comp ::= { result : membership+ condition∗ }
membership ::= (component∗) in relation
component ::= variable
condition ::= expression

result ::= tuple-expression

All variables besides the relations are local variables; we do not underline the
relations because they are always understood to be parameters. Since relations
are global, this means that the query’s value is well-defined everywhere in
the program. Relational comprehensions must satisfy the safety requirement.
There is no reachability requirement, but there is a domain requirement, which
states that all variables must appear on the left-hand side of at least one
membership.

Relational comprehensions are essentially conjunctive queries [16, 1], or in
relational database terms, select-project-join queries, except that the result
expression can perform computations on the projected variables. The only

3A global variable is accessible in any scope and its value is always defined.
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kinds of updates that may affect relational comprehensions are addition and
removal of tuples to and from the relations. The technique for computing them
incrementally, described in Section 2.3, is similar to techniques for maintaining
materialized views in databases [26].

Example 2. The CheckAccess query in Role-Based Access Control (RBAC)
can be modeled with the following expression,4 which is almost a relational
comprehension except that it has (non-relation) parameters.

{(role,) : (role,) in ROLES, (session, role) in SR,
(op, obj, role) in PR}

Following Python, we write a singleton tuple (a tuple of arity 1) with a comma
after its single component, and the unit tuple (a tuple of arity 0) as empty
parentheses. The relations ROLES, SR and PR represent the domain of all roles,
a session-role mapping, and a permission-role mapping, where a permission
is a combination of an operation and an RBAC object. The return value is
the set of all (singleton tuples of) roles that afford a given session a given
permission.

We need some notations for projecting tuples and for indexing over rela-
tions. First, given a tuple value t = (t1, . . . , tk), and integers S = s1, . . . , sn

in increasing order with each si in range 1 to k, let tS denote the projected
tuple (ts1 , . . . , tsn). The same notation applies to tuple expressions, so that
if e is a tuple expression (e1, . . ., ek), the projected tuple expression eS is
(es1, . . ., esn). (For readability in our examples, we write S as a concatena-
tion of digits.) If E is an expression evaluating to a set of singleton tuples
{(v1, ), . . . , (vn, )}, then the expression unwrap(E) returns a new set containing
{v1, . . . , vn}.

Next, suppose that E is an expression evaluating to a set e of tuples of arity
k. Let I and J be two sets that partition {1, . . . , k}, and let V be an expression
evaluating to a tuple v of arity |I|. We define the image-set expression

E.J{I = V },

to return a new set (the image set) containing all tuples tJ such that t ∈ e and
tI = v. We may also write {I1 = V1, . . . , I|I| = V|I|} in place of {I = V }. I
and J are called the bound and unbound components, respectively. For cost
purposes, the notation |E.J{I = V }| refers to the cardinality of a particular
image set, and |EJ/I | refers to the largest cardinality that can be obtained

4Adapted from [52].
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over any choice of V . As shorthand, we write E.out{V } for E.2{1 = V } and
E.in{V } for E.1{2 = V }, and similarly we write Eout for E2/1 and Ein for
E1/2.

Example 3. If E is an edge relation of a graph, then the image-set expressions
E.out{x} and E.in{x} return the sets of all successor nodes and predecessor
nodes of x, respectively, with each returned node wrapped in a singleton tuple.
The terms E.out{x} and |Eout| refer respectively to the outdegree of x and the
largest outdegree of any node in the graph.

Section 2.6 gives an optimization for eliminating singleton tuples where
they occur in the generated code. For the sake of readability, our code exam-
ples will make use of this optimization.

Flatten: New special relations are introduced to model the relationship be-
tween sets and their elements, and between objects and their field values. Up-
dates to the original program’s sets and objects are treated as updates to these
relations. The query comprehension is rewritten in terms of these relations,
making it easier to see all the ways in which updates affect the query.

Two kinds of special relations are introduced: a single relation M for sets,
and a family of relations Ff for each field name f . They are defined as:

(s, e) ∈M ⇐⇒ e ∈ s
(o, v) ∈ Ff ⇐⇒ o.f = v

These relations are not actually materialized in the final program. Updates in
the original program are treated as if they were updates to M and Ff .5

s.add(e) ⇔ M.add((s, e))

s.remove(e) ⇔ M.remove((s, e))

o.f = v ⇔ Ff .add((o, v))

del o.f ⇔ Ff .remove((o, o.f))

To flatten comprehensions, first, all non-variable retrieval expressions are
eliminated. For each distinct field retrieval e.f (where e may itself be a re-
trieval), a fresh variable v is introduced, and all occurrences of the retrieval
are replaced with v. A new membership (e, v) in Ff is inserted to define
v. Next, each membership e2 in e1 of the original query is replaced with

5The last rule requires additional rewriting to first move the field retrieval o.f into a
fresh variable v, since its value is affected by the update.
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(e1, e2) in M . Finally, the result expression r is replaced with the singleton
tuple (r,), and the entire query is put inside a call to unwrap(). All of these
steps ensure that the flattened comprehension fits the form of a relational
comprehension, except that it still has (non-relation) parameters and might
not satisfy the domain requirement. Any value that is relevant for a retrieval
expression in the original query is also relevant for the corresponding variable
in the flattened comprehension.

Example 4. The social network example is flattened as follows. (We abbre-
viate followers as fol.)

unwrap({(user_email,) :
(celeb, celeb_fol) in Ffol, (celeb_fol, user) in M,
(group, user) in M, (user, user_loc) in Floc,
user_loc == "NYC", (user, user_email) in Femail})

Note that there is exactly one membership for each of the kinds of updates
mentioned in Example 1 except assigning to celeb and group. The self-join
on M corresponds to how, when both celeb.followers and group are aliased
to the same set, an update to that set affects the query in two different ways.
If a value is relevant for celeb_fol in this comprehension, it is also relevant
for celeb.followers in the original query.

Strengthen: After flattening, there are two kinds of updates that can affect
the query result: changes to the underlying relation, and reassignment to
the parameter variables. The latter update is problematic for incremental
computation because there need not be any similarity between the old and
new results. In Example 2, it’s easy to see that for any particular combination
of a session and permission, the set of matching roles is mostly the same
when we add or remove tuples to any of the relations. But if we then change
the session or permission under consideration, we may expect a completely
different result.

Strengthening takes care of this by changing occurrences of the parameters
inside the comprehension into local variables. This makes the comprehension
result include all of the original query’s results for all its parameter values
simultaneously. (Here, “all” is an infinite domain of possible parameter values,
but that will be rectified in the next step.) The result expression is rewritten
to mark each result entry with the parameter values that it corresponds to.
The use of the query is wrapped inside an image-set expression to select just
those entries corresponding to the current values of the parameters at the time
the query operation actually occurs. However, the results for many parameter
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values will be incrementally maintained. Thus, reassigning to a parameter
variable will not affect the stored result of the comprehension, although it will
affect how this stored result is retrieved.

Let the parameters be p1, . . . , pn, and let (r,) be the result expression
(which must be a tuple due to the Flatten step). Strengthening renames the
occurrences of the parameters inside the query into local variables p′1, . . . , p′n,
and prepends these to the result expression to make it (p′1, . . ., p′n, r). The
use of the comprehension is rewritten as the image-set expression

E.(n+ 1){1 = p1, . . . , n = pn},

where E is the comprehension. In the following two examples, the parameters
are underlined while the new local variables are not.

Example 5. After applying stregthening to Example 2, we obtain
{(session, op, obj, role) :

(role,) in ROLES, (session, role) in SR,
(op, obj, role) in PR}.4{1 = session, 2 = op, 3 = obj}.

Example 6. After stregthening the flattened query from Example 4, we obtain
unwrap({(celeb, group, user_email) :

(celeb, celeb_fol) in Ffol, (celeb_fol, user) in M,
(group, user) in M, (user, user_loc) in Floc,
user_loc == "NYC", (user, user_email) in Femail

}.3{1 = celeb, 2 = group}).

Restrict: The domain requirement says that all variables must appear on
the left-hand side of at least one membership. This is needed because the
incremental maintenance code will enumerate values for these variables. The
Restrict step guarantees that this is the case. It also introduces the first aspect
of demand: limiting what results are stored. This improves time and space
costs in and of itself, but further improvement will come after we introduce
demand filtering in Section 2.4.

A new relation, U , is introduced, called the demand set for the query. Let
p1, . . . , pn be the query’s parameters. A subset of these will be chosen to be the
demand parameters, each of which corresponds to a component of U ’s tuples.
Without loss of generality, assume that the first k parameters are the demand
parameters. Restricting adds a new membership

(p′1, . . ., p′k) in U
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to the comprehension, where p′i is the local variable corresponding to pi. This
membership is called the demand clause.

The meaning of this step is that the comprehension will include results of
the original query only for the combinations of demand parameter values that
appear in U . We say that such combinations and their corresponding results
are demanded. The notion of relevant values is extended so that all values in
the ith component of tuples in U are considered relevant for pi; this in turn
means that more values are relevant for other expressions in the query.

So long as the current combination of values of the demand parameters are
present as a tuple in U at the time the query occurs, the Restrict step does
not change the semantics of the use of the query. To ensure this, new code is
inserted just before the query to add (“demand”) the current combination to
U if not already present. Subject to this one requirement, our method permits
any strategy for deciding when to demand and undemand parameter values
— e.g., predictively demanding values long before the query occurs, or using
a least-recently-used cache to undemand values when they do not appear to
be needed.

The maintenance code generated for updates to U will do the actual work
associated with demanding and undemanding parameter values. For an ad-
dition to U , the maintenance code is comparable to the code that would be
run to compute the query from scratch in a non-incremental implementation.
There is a tradeoff concerning how many tuples we keep in U . The more tu-
ples, the more queries we will be able to answer immediately, without paying
any time cost to demand new parameter values. However, we will pay a higher
space cost to store all those demanded results, as well as a higher time cost at
all other updates to maintain them.

It is required that the demand parameters are chosen such that, if all
non-demand parameters were local variables, the query would still satisfy the
reachability requirement. (Note that it is always valid to use all parameters as
demand parameters.) This has two effects. First, it ensures that the relational
comprehension we get after this step satisfies the domain requirement, since
any variable appearing only in a condition or in a result expression must be a
parameter and furthermore a demand parameter, and hence be added to the
demand clause. Second, it makes it so that the relational comprehension is
connected, meaning that if we put an edge between every pair of memberships
that have at least one variable in common, the resulting graph is connected.
This is important for generating maintenance code that does not rely on enu-
merating the unmaterialized special relations M and Ff .



CHAPTER 2. INCREMENTALIZING OBJECT QUERIES 24

Example 7. Restricting the query from Example 6 adds (celeb, group) in U

as the first clause. Both of the parameters must be demand parameters.
Suppose that alice and charlie are both values in the first component

of tuples in U , and that bob and dave are users following alice and charlie
respectively. Then alice and charlie are both relevant for celeb, while bob
and dave are both relevant for user.

2.3 Transforming into incremental
computation

In the last section we rewrote the query as a relational comprehension in order
to make its structure more uniform, and to make it less dependent on arbitrary
changes to its parameters. This section shows how to transform the program
to compute the relational comprehension incrementally. There are three main
steps.

(1) Incrementalize the comprehension by replacing its occurrence in the pro-
gram with a new variable that holds its stored result. To keep this stored
result up-to-date, maintenance code is inserted next to each update to
a relation appearing in the comprehension. The maintenance code uses
maintenance joins, which are a slight extension of relational comprehen-
sions, to express the set of changes to the stored result.

(2) Expand Joins by turning them into equivalent low-level code that per-
forms an index join using image-set expressions. The final asymptotic
costs are affected by the choice of join order in this step.

(3) Implement Indices by incrementalizing image-set expressions and un-
wrap expressions.

There may be several relational comprehensions to be transformed, either be-
cause the original program had several queries to compute incrementally, or
because steps for demand filtering or optimization generated multiple com-
prehensions from a single query. The first two steps apply once per relational
comprehension, while the third step is done at the end of the transformation,
after all comprehensions have been processed.

Both the Incrementalize and Implement Indices steps rely on finite differ-
encing [66], an invariant-based transformation for incremental computation.
The technique in this section is similar to the one used in [74, 72], but ensures
that the generated joins are disjoint, which can save an asymptotic amount of
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temporary storage space. It also handles ill-typed data, and rewrites equali-
ties in memberships for safe transformation. In contrast to previous work, our
presentation separates the Incrementalize step from the Expand Joins step
because it allows us to better reason about demand filtering.

Assuming that no new parameter values need to be demanded, the asymp-
totic time for obtaining a query result is linear in the size of the result, since
it needs to be copied into a fresh set that the user can interact with. If it
can be proven that the user does not write to the returned set, and does not
read from the set after any update that would cause the stored result to be
modified, then the copy can be eliminated. In this case the cost is constant
time. The asymptotic time for maintaining the result at an update depends on
the particular join orders used for that update’s maintenance joins. The space
cost for added data structures depends on both the size of the stored results
for all demanded parameter values, as well as which image-set expressions are
used to implement all joins.

Our generated code will make use of counted sets and maps, whose op-
erations are shown in Table 2.2. Counted sets are sets that associate each
element with a positive integer count; they are similar to bags (multisets) ex-
cept that they do not produce duplicate elements during iteration. They have
operations for incrementing and decrementing the count associated with an
element, and macro operations for adding or removing the element when the
count goes between 0 and 1.6

The generated code will also use tuple-decomposing versions of assignment
statements and for loops. For both, instead of having a single variable on their
left-hand side, they have a tuple of variables (x1, . . ., xk). The expression
on the right-hand side must evaluate to a tuple of arity k for assignment, or
a set of tuples of arity k for a for loop. Upon execution, the individual tuple
components are assigned to their respective variables.

The rest of this section describes the three steps in detail. We defer exam-
ples until the end of the section.

Incrementalize: The main idea of this step is to store the comprehension
result in a counted set and keep an invariant:

A value v appears in the set with count c iff the comprehension has c
many valid valuations for which the result expression evaluates to v,
with c greater than 0.

6Macros are for notational convenience only, and are always immediately expanded in
the abstract syntax tree.
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Expression Return value Precondition
new map a new empty map
k in m whether k ∈ keys(m)
m[k] the value that m associates with k k ∈ keys(m)
m[k] default v m[k] if k ∈ keys(m), otherwise v
new cset a new empty counted set
s.getcount(v) the count that s associates with v v ∈ s

Update Effect Precondition
m[k] = v associate key k with v in m k /∈ keys(m)
del m[k] remove key k and its value from m k ∈ keys(m)
s.inccount(v) increment the count for v in s v ∈ s
s.deccount(v) decrement the count for v in s v ∈ s

Macro Expansion
s.addc(v) ⇒ if v not in s:

s.add(v)
else:

s.inccount(v)

s.removec(v) ⇒ if s.getcount(v) == 1:
s.remove(v)

else:
s.deccount(v)

Table 2.2: Map and counted-set operations. Counted sets support all the primitive
operations of ordinary sets in Table 2.1. An exception is raised if any precondition
is not satisfied, including if s or m does not evaluate to a counted set or map value,
respectively. k and v evaluate to arbitrary values. keys(m) denotes the set of keys
for the map referred to by m. All operations take constant time.

At every update to one of the comprehension’s relations, a piece of mainte-
nance code consisting of one or more maintenance joins is inserted next to the
update. Each join finds all the valuations that have become valid or invalid
due to the update’s effect on one of the comprehension’s memberships. The
code iterates over all valuations found by the joins. For each one, it performs
an addc (for addition updates) or removec (for removals) on the stored result.

Maintenance joins are themselves a variant of relational comprehensions.
The result expression is a tuple of all variables in the query. The right-hand
side of each membership may be either a relation as before (e.g., S), a single-
ton set ({e}), or a set difference of a relation and a singleton set (S - {e}).
Here the element in the singleton set is the same variable or expression that
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represents the element being added or removed by the update. Intuitively,
the join is formed by plugging in this element in place of an occurrence of the
updated relation in the comprehension.

Precisely, let R1, . . . , Rn be the n occurrences of relation variables in the
query, and let the update be either S.add(e) or S.remove(e). For each i such
that Ri = S, a join is formed from the comprehension as follows:

• The result expression is replaced by a tuple expression of all the query’s
variables, in some canonical order.

• The right-hand side of the ith membership is replaced by {e}.

• For all other memberships j where Rj = S and j > i, the right-hand
side is replaced by Rj - {e}.

For an addition update, the code is inserted after the update, while for a
removal, it is inserted before. This ensures that e is present in S at the time
the joins are evaluated.

The join generated for the ith membership returns the set of all valuations
that map the left-hand side of this membership to e, and that do not satisfy
any subsequent membership over S using e. This exclusion ensures that the
joins are disjoint. Without it, a temporary set of valuations would need to be
materialized in order to detect valuations that have been double-counted, as
in [74, 72]. Such a temporary set can take asymptotically more space than
the query result itself. (Note that although we do not want to double count
any valuations, we still want to count distinct valuations that derive the same
entry in the result set.)

In the case where a single membership has a variable that occurs more than
once on its left-hand side, we must rewrite the query prior to incrementalizing
it: For each such variable, rename its duplicate occurrences into fresh variables,
and create new conditions to equate the fresh variables to the original variable.
For example,

(x, y, x, x) in R

becomes
(x, y, x2, x3) in R, x == x2, x == x3.

This step is required because an image-set expression cannot by itself enforce
an equality constraint. See Section 2.6 for an alternative rewriting that leads
to faster performance.
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Expand Joins: Each maintenance join is implemented as imperative code
that performs, in relational database terms, an index join. First a join order
is chosen for the clauses. (We denote join orders as lists of clause indices, i.e.,
[i1, . . . , in] means the ijth clause of the comprehension appears at position j
in the order.) Then, each clause is turned into imperative code, nested inside
the code for the previous clauses. The innermost code evaluates the result
expression and performs the addc or removec operation.

As we proceed from the first clause in the join order to the last clause,
the variables on the left-hand side of each membership become bound. The
code for a membership is responsible for iterating over all values of its unbound
variables that are consistent with the current values of its bound variables. The
code for a condition just checks whether that condition is true; its variables
must be bound by previous memberships.

Table 2.3 lists all the cases for turning clauses into code. For a membership
over a generic relation R, where R is not one of the special relations M or
Ff that were introduced during flattening, the code either uses R itself or
an image-set expression over R. For a membership over one of the special
relations, if the variable corresponding to the set or object is already bound,
the generated code will operate on directly on that value. Otherwise, if the
second value is bound, an image-set expression will be used. The case where
neither variable is bound is not supported since that would require iterating
over the unmaterialized special relation. For a membership S - {e} where S
may or may not be special, the code is the same as for a membership over S
except that an if statement is inserted to exclude e. Finally, a membership
over {e} just uses a tuple decomposing assignment; in practice only the first
case for this kind of membership is needed.

There are two requirements for join orders. It is always possible to find a
join order satisfying both requirements.

(1) Each variable in a condition must be bound. This is satisfiable due to
the domain requirement; in the worst case, the condition can be run
after all memberships.

(2) Each membership over M or Ff must have at least one variable bound.
This is satisfiable because the Restrict step ensures that the query is
connected.

Subject to these two requirements, we can use any method for deciding the
exact join order. We follow [74, 72] and use a simple greedy heuristic: At
any step, if any clause would run in constant time given the current set of
bound variables, it is a candidate for the next clause. Otherwise, pick any
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Case Code Cost
vars in R (I = ∅) for vars in R: O(1)
vars in R (J = ∅) if vars in R: O(1)
vars in R (otherwise) for varsJ in R.J{I = varsI}: O(|R.J{I = varsI}|)
(s, e) in M if s isset: O(|s|)

for e in s:

(s, e) in M if s isset: O(1)
if e in s:

(s, e) in M for s in M.in{e}: O(|M.in{e}|)
(s, e) in M — unrunnable —
(o, v) in Ff if o hasfield f: O(1)

v = o.f

(o, v) in Ff if o hasfield f: O(1)
if v == o.f:

(o, v) in Ff for o in Ff .in{v}: O(|Ff .in{v}|)
(o, v) in Ff — unrunnable —
cond (all vars bound) if cond: O(1)
cond (otherwise) — unrunnable —
vars in {e} (I = ∅) vars = e O(1)
vars in {e} (J = ∅) if vars == e: O(1)
vars in {e} (otherwise) varsJ = eJ: O(1)

if vars == e:

vars in S - {e} same as vars in S, then: same as vars in S
if vars != e:

Table 2.3: Code and costs for each kind of clause and each kind of binding en-
vironment. S can be any relation, and R can be any relation besides one of the
special relations M or Ff . Underlines indicate bound variables, vars is a tuple of
variables, I and J are the indices of bound and unbound variables, and cond is a
condition.
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clause that has at least one variable bound. Finally, fall back on picking
any clause that is not unrunnable. (The last fallback is never necessary for
the relational comprehensions that are obtained from flattening an object-set
comprehension, unless the unflattened-sets optimization from Section 2.6 is
used.) The time cost of running a piece of maintenance code is the sum of the
costs for running each of its joins; the cost of a join is bounded by the product
of the costs for each of its clauses’ code as per Table 2.3.

Implement Indices: After all relational comprehensions have been incre-
mentalized, we need to implement image-set expressions and unwrap expres-
sions. A straightforward but inefficient approach is to iterate over the given
set, constructing the result on-the-fly. This takes linear time in the size of
the given set, and can be much larger than the output of an image-set ex-
pression. For an image-set or unwrap expression appearing around a query
result, the cost could be amortized over the cost of copying the result set, if
such a copy is needed; but a copy is never needed for an image-set expression
inside maintenance code, and any expensive operations there are compounded
by appearing inside nested loops. Furthermore, there is no way to compute an
image-set expression over M or Ff straightforwardly since the operands are
not materialized in the final program.

The solution is to incrementalize image-set and unwrap expressions, just as
we did for relational comprehensions. Each image-set expression R.J{I = V },
where R is a relation, requires an auxiliary map RJ/I . Two image-set expres-
sions that differ only in V share the same auxiliary map. The invariant for
each auxiliary map is that

RJ/I[V ] = R.J{I = V }

for all V such that R.J{I = V } is non-empty, and V is not a key of RJ/I

otherwise. The use of the image-set expression is replaced by

RJ/I[V ] default new set,

where the default covers the case where the image set for V is empty. We
abbreviate R2/1 and R1/2 as Rout and Rin respectively.

The maintenance rules for auxiliary maps are straightforward: For an ad-
dition update to the operand relation, create the stored image set if it doesn’t
already exist and then add the corresponding sub-tuple, and for a removal
update do the opposite. The exact code is given in Table 2.4. For consistency
with the rules for relational comprehension maintenance, auxiliary map main-
tenance code is inserted after addition updates and before removal updates.
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Relation update Maintenance
R.add(t) ⇒ if tI not in RJ/I:

RJ/I[tI] = new set
RJ/I[tI].add(tJ)

R.remove(t) ⇒ RJ/I[tI].remove(tJ)
if RJ/I[tI] isempty:

del RJ/I[tI]

Table 2.4: Rules for maintaining an auxiliary map RJ/I .

Maintenance takes constant time. The space for storing an auxiliary map is
linear in the size of the relation it indexes. Since image-set expressions inside
maintenance code never need to make a copy, these will run in constant time.

An unwrap of an image-set expression is handled using a slightly modified
invariant,

RJ/I[V ] = unwrap(R.J{I = V }).

For the unwrap to be applicable, J must have a single component j. The
maintenance rules are as in Table 2.4 except that we replace the singleton
tuple expression tJ with its component expression tj.

Because the Implement Indices step runs after the Incrementalize step, all
maintenance code for auxiliary maps runs closer to the program point of the
update than all maintenance code for comprehensions. This means that the
auxiliary map invariants are always satisfied at the program points where they
are used — a property guaranteed by finite differencing. Implement Indices
is run after all comprehensions have been incrementalized so that the same
auxiliary maps may be reused in the maintenance code for multiple queries.

Examples: We give incremental code and cost bounds for three examples:
the CheckAccess query, a simple graph query involving a self-join, and finally
the running example query. The cost analysis of the running example mo-
tivates the use of demand filtering in the next section. Singleton tuples are
eliminated from the final generated code as described in Section 2.6.

Example 8. Working from the relational comprehension in Example 2, we
derive maintenance code for the update SR.add((s, admin)). Assume that
the query’s stored result is held in a variable Q. After the Incrementalize step,
the high-level code is
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SR.add((s, admin))
for (session, op, obj, role) in {(session, op, obj, role) :

(role,) in ROLES, (session, role) in {(s, admin)},
(op, obj, role) in PR}:

Q.addc((session, op, obj, role)).

The result expression of the join happens to be the same as the result expres-
sion of the relational comprehension being maintained. Note that the variables
introduced by the for loop are separate from the local variables inside the join
even though they have the same names.

The join is implemented using the join order [2, 1, 3]. The other two joins
for updates to ROLES and PR will use an image-set expression over SR to obtain
session from role, and the use of the query will become

Q4/123[(session, op, obj)] default new set,

so that the auxiliary maps SRin and Q4/123 are needed. After expanding joins
and implementing indices, the final maintenance code is obtained.

SR.add((s, admin))
if admin not in SRin:

SRin[admin] = new set
SRin[admin].add(s)
(session, role) = (s, admin)
if role in ROLES:

for (op, obj) in PR12/3[role] default new set:
if (session, op, obj, role) not in Q:

Q.add((session, op, obj, role))
if (session, op, obj) not in Q4/123:

Q4/123[(session, op, obj)] = new set
Q4/123[(session, op, obj)].add(role)

else:
Q.inccount((session, op, obj, role))

The running time for this maintenance is O(|PR.12{3 = admin}|), that is, the
number of permissions that the added role has. The space usage is

O(|Q|+ |SR|+ |PR|),

that is, linear in the size of the result (for all parameter values) plus the sizes
of the session and permission information.

Example 9. The following relational comprehension takes in an edge relation
E, and a relation of source nodes S, and returns all nodes that are two hops
away from a source node.
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{(z,) : (x,) in S, (x, y) in E, (y, z) in E}

The high-level maintenance code for an addition to E is as follows (not showing
the expansion of the addc macros):

E.add((a, b))
for (x, y, z) in {(x, y, z) : (x,) in S, (x, y) in {(a, b)},

(y, z) in E - {(a, b)}}:
Q.addc((z,))

for (x, y, z) in {(x, y, z) : (x,) in S, (x, y) in E,
(y, z) in {(a, b)}}

Q.addc((z,))

The set difference E - {(a, b)} is required for the case of inserting a reflexive
edge; when a and b both evaluate to the same value v, we must only count the
valuation that maps all of x, y, and z to v once. The fact that the maintenance
code runs after the update is important for this example, since if it ran before
the update then this valuation would not be found at all. After expanding
joins and implementing indices, using the orders [2, 1, 3] and [3, 2, 1] for the
two joins respectively, the final code is obtained.

E.add((a, b))
if a not in Eout:

Eout[a] = new set
Eout[a].add(b)
if b not in Ein:

Ein[b] = new set
Ein[b].add(a)
(x, y) = (a, b)
if x in S:

for z in Eout[y] default new set:
if (y, z) != (a, b):

Q.addc(z)
(y, z) = (a, b)
for x in Ein[y] default new set:

if x in S:
Q.addc(z)

The time cost for this maintenance is O(|E.out{b}|+ |E.in{a}|), and the space
cost is O(|Q|+ |E|). In other words, whenever we add or remove an edge, we pay
the time cost of checking all the adjacent edges, and the space costs are the size
of the query result plus the size of the edge relation (for effectively building an
adjacency list representation to use in place of an edge list representation).
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Example 10. We consider the running example query in Example 7. We
show the incremental maintenance for the update

bob.followers = alice.followers,

which causes bob.followers to alias alice.followers, where bob previously
did not have a followers field. Treating the update as if it were to Ffol, incre-
mentalizing using the join order [2, 3, 5, 6, 7, 4, 1], and assuming no auxiliary
map maintenance is needed for Ffol, we get the following code, where Q holds
the saved result. The expansion of Q.addc and the maintenance of Q3/12 is not
shown.

Ffol.add((bob, alice.followers))
(celeb, celeb_fol) = (bob, alice.followers)
if celeb_fol isset:

for user in celeb_fol:
if user hasfield loc:

user_loc = user.loc
if user_loc == "NYC":

if user hasfield email:
user_email = user.email

for group in Min[user] default new set:
if (user, group) in U:

Q.addc((celeb, group, user_email))

The time cost is at most

O(|alice.followers| × |Min|).

In other words, it is proportional to the number of sets each of alice’s followers
is a member of, regardless of whether or not those sets are actually demanded
as values for group. This cost is incurred even if bob is never demanded. The
space cost, assuming no other auxiliary maps are needed, is O(|M |+ |Q|) —
the sum of the sizes of all sets in the original program, plus the sizes of all
possible query results.

As the above example demonstrates, the costs of incremental computation
without demand filtering can be drastically high relative to the amount of data
that is being queried. Maintenance code can take time to traverse values that
are not only irrelevant, but also completely inaccessible from any demanded
parameter value. Likewise, auxiliary maps take up space to index all the sets
and objects in the original program — a steep constant factor cost, when one
considers that the implementation of auxiliary maps is likely nowhere near



CHAPTER 2. INCREMENTALIZING OBJECT QUERIES 35

as optimized as the host language’s native representation of its own sets and
objects. In the next section we will see how to address these concerns so that
no space and no asymptotic time is spent for indexing and traversing irrelevant
values.

2.4 Filtering using demand
Due to the Restrict step, our generated code only stores and maintains query
results corresponding to demanded parameter values. However, this by itself
is not enough to make the whole computation demand-driven. This section
introduces demand filtering, an optimization that curtails the number of en-
tries retrieved by image-set expressions, so that auxiliary maps take up less
space and the maintenance code runs in less time.

The basic idea is to define tags and filters based on the structure of the
relational comprehension, and in the maintenance code, replace uses of rela-
tions in image-set expressions with uses of their corresponding filters. A tag
is a set containing every value that a valid valuation can map a variable to, as
well as some other relevant values for that variable, but no irrelevant values.
A filter is a subset of a relation where all the tuples have a specific component
whose value is in a specific tag set.

Both tags and filters are themselves represented as relational comprehen-
sions and incrementalized using the method in Section 2.3. The maintenance
for tags and filters, called demand propagation, incurs its own overhead. There
are multiple ways to form filters for a given query, leading to different trade-
offs between demand propagation cost and the cost of incrementally computing
the query. We refer to the particular choice of tags and filters as the demand
strategy.

Although the specific cost bounds for demand-driven programs vary de-
pending on the query and on the choice of demand strategy, a few generic
bounds always hold.

(1) For an update that changes an element or field value v, the time cost
for demand propagation is at most linear in the total size of the relevant
values that are accessible from v.

(2) For an update to a value v that is irrelevant both before and after the up-
date, the time cost for both query maintenance and demand propagation
is constant.
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(3) The space cost for storing tags, filters, and auxiliary maps over filters is
at most linear in the total size of all relevant values. Since the only other
space cost is for storing and indexing the query result, the overall space
used by the method is at most proportional to the size of all demanded
query results plus the sizes of all relevant values.

(4) As a very coarse upper bound, the time for query maintenance is at most
a polynomial function of the size of all relevant values. (The same bound
applies to the total cost of computing the query from scratch over all
demanded parameter values.)

These last two points are notable because they mean that the overall cost of
demand-driven incremental computation is in fact small whenever the amount
of demanded data is small. Since inaccessible values are always irrelevant,
we can reword each of these bounds to be more intuitive but less precise by
changing “relevant values” to “accessible values”.

Demand filtering adds a new step, Filter, to be run after the Incremental-
ize step but before the Expand Joins step. The Filter step replaces uses of
relations that require image-set expressions with uses of their corresponding
filter. The effect is that all image-set expressions will be over filters. The
precise order in which the Incrementalize step is applied to tags and filters,
both relative to each other and relative to the query, is important for ensuring
correctness.

Our design for tags and filters is based on the strategy for demand-driven
indices used in [74, 72]. However, unlike their approach, our indices have well-
defined invariants that allow us to reason about cost bounds. Our demand
strategies are also more precise in several ways regarding how selective our
filters are. Most notably, we avoid a demand “leak” whereby a value con-
tinues to remain demanded until it is garbage-collected, even after it is no
longer relevant. This selectiveness makes it possible to relate the behavior of
maintenance code to the relevant values for each variable (Theorem 2), mak-
ing certain optimizations possible that would otherwise be unsafe. Formally,
demand filtering can be justified by reasoning over conjunctive queries (The-
orem 1) or even magic set transformation [10, 11]. See Chapter 4 for further
discussion.

The rest of this section discusses the particulars of forming tags and filters,
the Filter step, how the Incrementalize step applies for the query and for the
tags and filters, the cost analysis of demand propagation, and the correctness
of filtered maintenance code.
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Intuition: Consider a simple field selection query,

{o.f.g : o in s},

which after flattening, strengthening, and restricting, is

{(s, g) : (s,) in U, (s, o) in M, (o, f) in Ff, (f, g) in Fg}.

The maintenance code for an update to the f field of an object o1 (i.e., an
update to Ff) would iterate over all sets containing o1, using the auxiliary
map Min. This requires O(|M.in{o1}|) time and O(|M |) space. We can
instead define a filter

dM = {(s, o) : (s,) in U, (s, o) in M},

and substitute uses of M in the maintenance code with uses of dM . This
is correct because the only entries that are lost would have failed the test
(s,) in U , and such entries could not satisfy the query anyway. The cost
is only O(|dM.in{o1}|) time and O(|dM |) space, where dM is bounded by
the total number of elements of sets in U . In the case where U has only one
element, the maintenance is constant time.

Likewise, at an update to the g field of an object o2 (an update to Fg), the
maintenance code would use Ffin to find all objects containing o2. We define
a tag for o and a filter for Ff,

T o = {(o,) : (s, o) in dM}

dFf = {(o, f) : (o,) in T o, (o, f) in Ff},

and replace the use of Ff in the query maintenance code with dFf. Now
the query maintenance cost is at most O(|dFf.in{o2}| × |dMin|), instead of
O(|Ff.in{o2}| × |Min|). The filtered code iterates over only the objects and
sets that are relevant for o and s.

T o is conservative in that it includes at least any value for o that is actually
used to satisfy the query, as is required for correctness. At the same time, it
does not include any value that is irrelevant for o, which is important for cost
bounds.

In this example of an update to Fg, it happens that the query maintenance
always takes constant time whenever the updated value is irrelevant. This is
because an irrelevant value for f fails to produce any results for the lookup
dFf.in{f}. In general, if this query were more complicated, we would insert
an if statement to check whether the changed tuple is in dFg before running
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the rest of the maintenance join’s code. This ensures that no non-constant
time is taken for updates to irrelevant values.

For the update of demanding a new value s1 for parameter s, the time cost
of all demand propagation is O(|s1|), with the filter dM being the cause of the
linear complexity due to the many-to-many nature ofM . For all other updates,
the cost of demand propagation is at most constant, as can be predicted from
the fact that the only relevant values that are accessible from the value in the
update are field values, and all Ff relations are many-to-one.

Defining tags and filters: In general, we represent a demand strategy as
an edge-labeled directed multigraph. In essence, demand strategies are an
instance of sideways information passing (SIP) strategies [11]. The nodes
are all the memberships of the relational comprehension. Each arc label is a
variable that appears in both the source and destination memberships. It is
required that the graph is acyclic, with all memberships reachable from U ;
we use topological sortings of the graph to reason about the dependencies
of the tags and filters. Intuitively, the nodes correspond to filters, while the
arcs indicate what tags each filter depends on. Different choices of demand
strategies will provide different definitions of filters (and therefore different
overall costs), although the definitions of tags are the same regardless.

Precisely, let’s number the memberships and use an unambiguous notation
to refer to all the tags and filters that can be created: diR means the filter
associated with the ith membership in the query and that has R on its right-
hand side, while T ix means the tag associated with the use of the variable x
in the ith membership. Suppose that the ith membership is vars in R, and
that the demand strategy has incoming arcs to i from the nodes j1, . . . , jn

respectively labeled with variables y1, . . . , yn. We call these incoming arcs the
predecessors of i. Then the tags for i are:

T ix = {(x,) : vars in diR}.

for each x in vars. The filter for i is

diR = {vars : (y1,) in T j1y1, . . ., (yn,) in T jnyn, vars in R}.

Note that since U is the root, it has no predecessors and acts as its own filter.
In relational algebra terms, we can think of each tag as a projection of a
filter, and each filter as a join of a relation with one or more tags, where the
attributes of the tags are subsumed by the attributes of the relation so that it
acts as a selection.
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Tags that are not used to constrain any filter can be eliminated; these tags
have no corresponding arcs in the demand strategy. In addition, when there
is only one demand parameter, its tag can be replaced by U itself. For the
above field selection query, we would have generated tags for s and for g, but
the tag over g is never needed and the tag over s gets replaced by U .

We place two restrictions on the demand strategy for memberships of the
form (x, y) in M or (x, y) in Ff , where x and y are distinct variables: An
arc leaving the membership cannot be labeled with x, and an arc entering
the membership cannot be labeled with y. The first restriction helps to avoid
creating low-information tags that are less likely to be worth their maintenance
overhead. Intuitively such tags corresponds to the constraints “the set is non-
empty” (for M) or “the object has field f defined” (for Ff ). The second
restriction avoids creating filters whose maintenance code would itself rely
on unfiltered image-set expressions over M or Ff . Our default heuristic for
choosing a demand strategy is to pick any maximal graph satisfying these
restrictions.

Example 11. We use the following (maximal) demand strategy for the run-
ning example query:

U

Ffol M1

M2 Floc

Femail
celeb

celeb_fol

group

user

user user

user

M1 and M2 refer to the two occurrences of M . After eliminating unnecessary
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tags, the remaining tags and filters are, in dependency order:

T celeb = {(celeb,) : (celeb, group) in U}

T group = {(group,) : (celeb, group) in U}

dFfol = {(celeb, celeb_fol) : (celeb,) in T celeb,
(celeb, celeb_fol) in Ffol}

T celeb_fol = {(celeb_fol,) : (celeb, celeb_fol) in dFfol}

dM1 = {(celeb_fol, user) : (celeb_fol,) in T celeb_fol,
(celeb_fol, user) in M}

T user1 = {(user,) : (celeb_fol, user) in dM1}

dM2 = {(group, user) : (group,) in T group,
(group, user) in M}

T user2 = {(user,) : (group, user) in dM2}

dFloc = {(user, user_loc) : (user,) in T user1, (user,) in T user2,
(user, user_loc) in Floc}

dFemail = {(user, user_email) : (user,) in T user1, (user,) in T user2,
(user, user_email) in Femail}.

The intuitive meanings of the tags and filters are as follows.

T celeb Demanded celebrities
T group Demanded groups
dFfol Ffol for demanded celebrities only
T celeb_fol Follower sets of demanded celebrities
dM1 Membership info for demanded celebrities only
T user1 Users following a demanded celebrity
dM2 Membership info for demanded groups only
T user2 Users belonging to a demanded group
dFloc Location info for just the users following a demanded

celebrity and belonging to a demanded group
dFemail Email info for just the users following a demanded

celebrity and belonging to a demanded group

Filtering joins: Given a join in the query’s maintenance code, the Filter
step replaces some of the relations with their corresponding filters. (Since U
is its own filter it cannot be replaced.) Only the relations that will end up
appearing in the expanded code are affected. For memberships overM and F,
this means that the case where the first component is bound will be unaffected,
since it is translated into code that uses the underlying set or object directly.
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The Filter step requires knowledge of the join order that will be used in the
Expand Joins step.

In addition to rewriting these memberships, the Filter step also adds a
membership over the filter corresponding to the update; the generated code
for this clause ensures that the updated values are actually relevant. Suppose
that the maintenance join is being generated for the membership vars in R,
so that this clause is replaced by vars in {e} where e is the expression for
the tuple in the update. Let dR be the filter corresponding to that use of R.
Then the new membership is vars in dR. The join order will always run the
clause over the singleton set first; we furthermore require it to run this new
membership second, so that no other clauses run when the updated values are
irrelevant.

Example 12. Consider using filtering on the running example for an update
Floc.add((bob, "NYC")), with the join order [5, 6, 7, 3, 2, 1, 4]. Filters are used
for Ffol, the first occurrence of M , and the update to Floc, giving us the join

{(celeb, group, user_email) : (celeb, group) in U,
(celeb, celeb_fol) in dFfol, (celeb_fol, user) in dM1,
(group, user) in M, (user, user_loc) in {(bob, "NYC")},
(user, user_loc) in dFloc, user_loc == "NYC",
(user, user_email) in Femail}.

The other field relations and the other occurrence ofM are not filtered because
their set or object is bound by the time it appears in the join order, and U
can never be rewritten.

Omitting type checks for brevity, the expanded query maintenance code
after the Implement Indices step is

(user, user_loc) = (bob, "NYC")
if (user, user_loc) in dFloc:

if user_loc == "NYC":
user_email = user.email
for celeb_fol in dM1in[user] default new set:

for celeb in dFfolin[celeb_fol] default new set:
for group in Uout[celeb] default new set:

if user in group:
Q.addc((celeb, group, user_email)).

The time cost bound is only O(|dM1.in{bob}| × |dFfolin| × |Uout|), com-
pared with O(|M.in{bob}| × |Ffolin| × |Uout|) for the unfiltered version. In
addition, the filtered version takes only constant time whenever bob is not
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both a follower of a demanded celebrity and a member of a demanded group.
Finally, assuming no other auxiliary maps are needed by other pieces of main-
tenance code, the space cost is O(|dFloc|+ |dM1|+ |dFfol|+ |U |+ |Q|), as op-
posed to O(|Floc|+ |M |+ |Ffol|+ |U |+ |Q|). Observe that when U is empty,
all of the sets in the first cost expression are empty.

Transformation order: The three transformation steps in Section 2.3 are
used for both the query’s relational comprehension and the relational compre-
hensions for the tags and filters. The order in which the steps are applied to
different comprehensions is critical for correctness, and is determined by the
finite differencing method, which provides a systematic way of maintaining
multiple dependent invariants. Specifically, the Incrementalize step must be
applied in the order given below, and the Implement Indices step must come
after all applications of the Expand Joins step are done.

The Incrementalize step must be applied to the query’s comprehension
first, followed by each tag and filter in some order that is consistent with
a topological sorting of their dependencies (i.e., starting with the tags that
are projections of U , then the filters that use these tags, and so on). This
ensures that all updates affecting a tag or filter will exist in the intermediate
program before that tag or filter is itself incrementalized. It also ensures that
the invariants for filters will be satisfied at the program points where they are
needed, i.e., inside the maintenance code for the query result.

We demonstrate how this sequencing of transformation steps leads to cor-
rect generated code. To avoid unnecessary complication, we summarize the
maintenance code by showing just its overall structure. Each line in the code
outline says what invariant is being maintained, for what updated variable,
and at what cost. We use indentation to indicate that an invariant is being
maintained in response to a change made by the preceding piece of mainte-
nance code; the indented code executes once for each change the preceding
code makes. The final asymptotic cost is obtained by multiplying the costs of
all indented lines with their preceding lines, and taking the sum of these costs.

We’ll show the code outline at several stages in the transformation of the
running example for an update to U , since this update produces the largest
amount of code. Before any Incrementalize steps have run, it is just

U.add((c, g)).

After incrementalizing the query, naming the stored result Q, we get the fol-
lowing. Inserted code is marked with asterisks.
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U.add((c, g))
* maint Q for U O(|c.followers|)

We could have also chosen a join order with cost O(|g|). Next we apply the
Incrementalize step to T celeb, T group, dFfol, and T celeb_fol, in this order.
Constant-time cost annotations are omitted.

U.add((c, g))
* maint T group for U
* maint T celeb for U
* maint dFfol for T celeb

* maint T celeb_fol for dFfol
maint Q for U (O(|c.followers|))

The code for maintaining T group appears above that for T celeb because it is
inserted immediately below the update to U , and after the code for T celeb

has already been added. After this we incrementalize dM1, T user1, dM2, and
T user2, in order.

U.add((c, g))
maint T group for U

* maint dM2 for T group (O(|g|))
* maint T user2 for dM2

maint T celeb for U
maint dFfol for T celeb

maint T celeb_fol for dFfol
* maint dM1 for T celeb_fol (O(|c.followers|))
* maint T user1 for dM1

maint Q for U (O(|c.followers|))

Finally we incrementalize dFloc and dFemail, in order. Each has maintenance
code inserted at two separate points in the code.
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U.add((c, g))
maint T group for U

maint dM2 for T group (O(|g|))
maint T user2 for dM2

* maint dFemail for T user2

* maint dFloc for T user2

maint T celeb for U
maint dFfol for T celeb

maint T celeb_fol for dFfol
maint dM1 for T celeb_fol (O(|c.followers|))

maint T user1 for dM1
* maint dFemail for T user1

* maint dFloc for T user1

maint Q for U (O(|c.followers|))

Again, maintenance code for dFemail appears above that for dFloc because
they are both inserted below the same updates, but with the transformation
for dFemail coming after the transformation for dFloc.

The overall time complexity of this code is O(|c.followers|+ |g|). The
cost of query maintenance (which is only O(|c.followers|)) is amortized over
the cost of demand propagation. Notice that all tags and filters are properly
maintained and up-to-date at the point where they are needed in the mainte-
nance of Q. The code outline for a removal update can be found by a similar
derivation, but inserting maintenance above updates instead of below them.
This results in a code outline that is similar to this one, but with the lines for
dFemail and dFloc occurring in the opposite order, and likewise for the four
non-indented lines. The cost of removal is the same as for addition.

Demand propagation cost: It is possible to obtain a time cost bound for
demand propagation by analyzing the generated maintenance code directly,
or looking at its code outline as above. However, it may be more intuitive to
describe these costs directly in terms of the demand strategy. One advantage of
this higher-level approach is that we can compare demand propagation costs
of alternative demand strategies before actually generating the incremental
code.

The analysis is based on annotating each node and arc of the demand
strategy with an asymptotic cost in a bottom-up (i.e., reverse-topological)
manner. The following two rules are used.

(1) A node is annotated with the sum of the costs of each of its outgoing
arcs. A node without any outgoing arcs is annotated with O(1).
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(2) An arc from i to j labeled x is annotated with the cost of j, multiplied by
the number of different tuples that can satisfy clause j for a worst-case
fixed value of x.

These costs can be simplified using standard algebraic rules for asymptotic
cost formulas, as well as two special rules that take advantage of the meaning
of M and Ff :

(1) A cost term |M.out{s}| is simplified to |s|.

(2) A cost term |Ff .out{o}| corresponding to a clause (o, v) in Ff is sim-
plified to O(1), and uses of v in other cost terms of the formula are
replaced by o.f .

In general, since an object can have only one value per field, all non-constant
work done for demand propagation originates from the need to iterate over
the elements of a set, when that set is added to or removed from a tag set.

Once the cost annotations are filled in and optionally simplified, we can
use them to determine demand propagation cost bounds for updates to the
relations that tags and filters depend on. These costs are instantiated by sub-
stituting the specific values used in the update for the corresponding variables.
We use three rules.

(1) The cost for updating a filter diR is the instantiated annotation for node
i.

(2) The cost for updating a tag T iv is the sum of the instantiated annotations
for all arcs leaving i and having v as their labels.

(3) The cost for updating a relation R is the sum of the instantiated an-
notations of node i for all diR, that is, all filters for occurrences of R.
Note that each summand is instantiated separately (each according to
the variables appearing in that clause) before being combined into one
cost formula.

The first two rules help us understand how individual demand invariants con-
tribute to the overall cost. The last rule summarizes the total demand propa-
gation cost for a single update in the original program.

Example 13. Suppose we have a query over several levels of nested sets,

{z : x in w, y in x, z in y}
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flattened, strengthened, and restricted to

{(w, z) : (w,) in U, (w, x) in M, (x, y) in M, (y, z) in M}.

The demand strategy with annotated and simplified costs is shown below.

U

O(|w| × |x| × |y|)

M1

O(|x| × |y|)

M2

O(|y|)

M3

O(1)

w
O(|w| × |x| × |y|)

x
O(|x| × |y|)

y
O(|y|)

Based on this graph we arrive at definitions of filters dM1, dM2, dM3 and tags
Tw (equivalent to U), Tx, Ty, and Tz (unused).

• At an update that adds c to Ty, the instantiated cost is O(|c|), reflecting
the time needed to add pairs (c, d) to dM3 for all d ∈ c. The same cost
applies to an update that adds (b, c) to dM2, the maintenance code for
which entails adding c to Ty.

• At an update that adds (a, b) to dM1, we can only instantiate the variable
x to b, obtaining a cost of O(|b| × |y|). This is the size of b times the
worst-case size of a value for y (in actuality, an element of b).

• Finally, at an update that adds element e to set s, i.e., that adds (s, e)
to M , the instantiated costs for the three M nodes are respectively
O(|e| × |y|) (mapping x to e), O(|e|) (mapping y to e), and O(1). Their
sum simplifies to O(|e| × |y|).

Example 14. The annotated and simplified demand strategy from Exam-
ple 11 is shown below.

U

O(|celeb.followers|+
|group|)

Ffol

O(|celeb_fol|)

M1

O(1)

M2

O(1)

Floc

O(1)

Femail

O(1)

O(|celeb.followers|)
celeb

celeb_fol
O(|celeb_fol|)

group
O(|group|)

user
O(1)

user O(1) user O(1)

user
O(1)

The simplifications allow us to eliminate cost terms of form |F...out| for the
fields email, loc, and fol; to replace some (but not all) occurrences of celeb_fol
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with celeb.followers; and to replace cost terms of form of |M.out{s}| where
s is one of celeb_fol, celeb.followers, or group with these terms directly.

The analysis allows us to conclude, by reading off the graph above, that
the only expensive (i.e., non-constant-time) operations as far as demand prop-
agation is concerned are reassigning a celebrity’s follower set and demanding
or undemanding a celebrity or group.

Correctness of filtering: Unlike the transformation steps of Sections 2.2
and 2.3, the Filter step is not drawn directly from previous work on object-set
query incrementalization [74, 72, 85]. To show that it is correct, we interpret
a set of membership clauses as a conjunctive query [16, 1] that returns all of
its variables, and prove that substituting each relation with its corresponding
filter does not change the set of valid valuations. A slight extension of this
result demonstrates that the Filter step is sound.

Theorem 1. Let P be a set of membership clauses, and let P ′ be formed from
P by replacing each relation with its filtered version.

P = vars1 in R1, . . ., varsn in Rn

P ′ = vars1 in dR1, . . ., varsn in dRn

Then P and P ′ have exactly the same set of valid valuations. Furthermore,
the same is true when P ′ is formed by using either Ri or dRi for each i in
1, . . . , n.

Proof. The P ′ ⊆ P direction follows immediately from the fact that each filter
is a subset of its underlying relation, and from the monotonicity of conjunctive
queries. To show the other direction, we need to construct a containment
mapping from the unfolding of P ′ to P . Unfolding repeatedly replaces a clause
over a tag or filter with the clauses that make up its definition, substituting
fresh variables for the variables that appear only in the definition.

Fresh variables are only created when a tag is unfolded into a set of clauses
that includes a filter dRi. The containment mapping is defined to map these
fresh variables to the corresponding variables from varsi; all other variables
map to themselves. After all unfolding is done and after renaming each variable
according to the containment mapping, each clause has the form varsi in Ri,
which exists in P .

Since P and P ′ have the same variables and since joins do not project
away any of their variables, the fact that P = P ′ means that they also have
exactly the same set of valid valuations. The case where the set of membership
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clauses uses either Ri or dRi for each i is the same, except with fewer unfolding
steps.

Example 15. Consider the original and filtered versions of an abbreviated
version of the join from the running example:

P = (celeb, group) in U,
(celeb, celeb_fol) in Ffol,
(celeb_fol, user) in M

P ′ = (celeb, group) in U,
(celeb, celeb_fol) in dFfol,
(celeb_fol, user) in dM1

Clearly P ′ ⊆ P . For the other direction, the first clause of P ′ is over a base
relation and does not need unfolding. The second clause (dFfol) expands to

⇒ (celeb,) in T celeb, (celeb, celeb_fol) in Ffol,

⇒ (celeb, group1) in U, (celeb, celeb_fol) in Ffol

where group1 is a fresh variable. The third clause (dM1) likewise expands to

⇒ (celeb_fol,) in T celeb_fol, (celeb_fol, user) in M

⇒ (celeb1, celeb_fol) in dFfol, (celeb_fol, user) in M

⇒ (celeb1,) in T celeb, (celeb1, celeb_fol) in Ffol,
(celeb_fol, user) in M

⇒ (celeb1, group2) in U, (celeb1, celeb_fol) in Ffol,
(celeb_fol, user) in M

where celeb1 and group2 are fresh. Putting them together, the three clauses
collectively expand to

(celeb, group) in U,
(celeb, group1) in U,
(celeb, celeb_fol) in Ffol,
(celeb1, group2) in U,
(celeb1, celeb_fol) in Ffol,
(celeb_fol, user) in M .

Substituting each subscripted variable with its non-subscripted version, each
of the six clauses appears in P . This is enough to show that P ⊆ P ′. Moreover,
since the set of variables appearing in P and P ′ are the same, the set of valid
valuations for P and P ′ are identical.
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Theorem 1 says that any choice of relations may be filtered without chang-
ing the comprehension’s meaning. To show that filtering maintenance joins is
correct, we note that for an update to Ri that adds or removes e, e is actually
in Ri at the time that the maintenance join runs. This gives us the following
equality.

vars1 in R1, . . ., varsi in {e}, . . ., varsn in Rn

= vars1 in R1, . . ., varsi in Ri, . . ., varsn in Rn, varsi in {e}

(e ∈ Ri)
= vars1 in dR1, . . ., varsi in dRi, . . ., varsn in dRn, varsi in {e}

(Theorem 1)

Not all of the Ri are necessarily replaced with dRi in the actual maintenance
join.

In addition to showing that filtered maintenance code is correct, we also
show that every value that is retrieved for a variable x in any generated main-
tenance code (for either the query or for tags and filters) is a relevant value for
x. This is important for the generic cost guarantee that query maintenance
time is bounded by a function of the relevant values. It is also useful for the
try-block elimination and type check elimination optimizations in Section 2.6.

Theorem 2. Consider a relational comprehension and one of its maintenance
joins, created for an update that adds or removes e to R. Let c1, . . . , cn be
the clauses of the join arranged according to the join order. Note that c1 is
always the membership over {e}, and c2 is always the membership over dR
that is inserted by the Filter step. Then for all i = 3, . . . , n, if x is a variable
that appears in some prior clause cj, j < i, then each execution of the code for
clause ci will be with a bound value for x that is relevant for x.

Proof. First, note that every component of a tuple in a filter is relevant for
the component’s corresponding variable. This is because each component is
either constrained to be in a tag set (which holds only relevant values), or else
is constrained to be an element or field value of such a component.

We use induction on the clauses of the join order. For the base case of
i = 3, clause c2 tests that the only variables that are bound so far are in the
filter dR. For the inductive case, assume that all variables bound so far satisfy
the property. Case analysis on the kinds of clauses that can run in the ith
step shows that any newly bound variable y that can satisfy the clause must
be relevant for y. If the code for the ith clause is an if statement, it binds
no new variables. If it is an iteration over U , or over an image-set expression
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over U or a filter, then the retrieved values are necessarily relevant as per the
above. If it is an iteration over a set’s elements or a retrieval of an object’s field
value, then by the inductive hypothesis the set or object is already relevant,
and therefore so are its elements or field values.

2.5 Extensions
This section describes several extensions to the query language that make it
more powerful and useful to the programmer. The most important are nested
queries and aggregate queries. Nested queries are not specifically discussed
in [72], except to say that the method can be iterated to apply to both the
inner and outer queries. The situation is in fact more complicated due to
demand. Not only must the inner query’s demand set be managed properly
to include certain values needed for the outer query, but the timing of when
these values are added and removed needs to be coordinated with the behavior
of the outer query’s maintenance code. Aggregates over comprehensions are
discussed in [72], but we generalize to handle aggregates that are nested inside
comprehensions as well.

In addition to these, we also describe how to handle queries involving map
lookup expressions, tuple patterns, negated memberships, general exceptions,
and additional syntactic sugar for pattern matching. Only the extensions for
maps and tuples are described in [72]; our treatment of them also handles ill-
typed values and discusses how they affect the notions of reachable expressions
and relevant values.

2.5.1 Nested queries
This extension allows subqueries to appear as the right-hand side of member-
ship clauses of an outer comprehension. This can make queries easier to write
and to understand, and affects the performance characteristics of incremental
computation. When used in combination with aggregates or negation, it also
increases the expressive power of the query language. (Without them, ex-
pressive power remains the same since our comprehensions act as conjunctive
queries [1].)

The main work in supporting nested queries is in extending the steps of
Section 2.2 that rewrite the query as a relational comprehension. Once the
nested input queries have been transformed into nested relational comprehen-
sions, the Incrementalize and Filter steps of Sections 2.3 and 2.4 apply as
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normal to one query at a time, with nested queries being processed innermost-
first.

The cost bound calculation described in Section 2.4 applies to a single query
being maintained in response to a single update, and does not necessarily hold
for nested queries with demand. The time bound for propagating demand to
an inner query, based on changes affecting the outer query, may be larger.
In addition, the space usage for tracking demand for the inner query is not
necessarily linear in the number of demanded combinations of parameter values
for the outer query.

Syntax: For object-set comprehensions, the syntax of membership clauses
is extended to allow another object-set comprehension on its right-hand side
as a subquery.

membership ::= retrieval in rhs
rhs ::= retrieval | object-set-comp

The safety and reachability requirements apply to both the outer and inner
queries, but we must generalize reachability in order to model the dependence
of a subquery on its parameters. Let p1, . . . , pn be the inner query’s parameters
and let e be the retrieval expression on the left-hand side of the membership
over the subquery. Then, extending the definition on page 14, e is reachable
if all p1, . . . , pn are reachable. The new requirement is that all retrieval and
subquery expressions must be reachable, except for expressions that are local
to a subquery, which will be covered by that subquery’s own reachability
requirement.

We also need to add a rule for the relevant values of e. If values u1, . . . , un

are relevant for p1, . . . , pn, and if evaluating the subquery using parameter
values u1, . . . , un can produce a result set containing v, then v is relevant for
e.

The syntax of relational comprehensions is extended similarly.

membership ::= (component∗) in rhs
rhs ::= relation | relational-comp

For obvious scoping reasons, memberships of subqueries are not counted when
considering the domain requirement of outer queries.

Flatten and Strengthen: We augment these two steps with a few simple
rewriting rules. Consider an object-set membership over a nested query,

e in {r : . . .}.
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After flattening the inner query, we begin to flatten the outer query by replac-
ing the retrieval e with a fresh variable x, giving us

x in unwrap({(r,) : . . .}).

To finish flattening this clause of the outer query, x is wrapped in a singleton
tuple to cancel out the unwrap.

(x,) in {(r,) : . . .}

Strengthening the inner query will turn this into

(x,) in {(p1
′, . . ., pn

′, r) : . . .}.(n+ 1){1 = p1, . . . , n = pn}.

The image-set expression is eliminated by prepending the parameters to the
left-hand side of the membership.

(p1, . . ., pn, x) in {(p1
′, . . ., pn

′, r) : . . .}

Restrict: This step is the one most affected by nested queries. The restric-
tion on the outer query’s demand set is just like the case without nesting:
The demand set contains the queried parameter values at the time the query
is performed. For an inner query, however, the demand set must contain at
least all parameter values that can be used to satisfy the outer query, i.e., all
parameter values that are mapped to by some valid valuation for the outer
query. This is so that a valuation for the outer query is not made invalid solely
on account of an inner query’s demand set being too small.

We address this by defining the inner query’s demand set as a new compre-
hension, called the demand comprehension; the inner query’s demand clause
has this comprehension on its right-hand side in place of a demand set. The
clauses of the demand comprehension are a subset of the outer query’s clauses,
and the result expression is a tuple of the inner query’s demand parameters.
All of the parameters in the demand comprehension are renamed into local
variables. The outer query clauses that are used in the demand comprehen-
sion are called the preceding clauses. It is required that the inner query’s
demand parameters are reachable from the outer query’s demand parameters
using only the preceding clauses; this is always possible due to the reachability
requirement.

Restricting is done outermost-first for nested queries, and in reachability
order for queries at the same level. This ensures that, at the time we are
determining the preceding clauses for any subquery, the demand clause of its
parent query has already been added, and any sibling query that appears in a
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preceding clause has already been restricted. The Incrementalize step applies
in an innermost-first order, so that first it transforms the program to insert
code for the demand comprehension of the inner query, then for the inner
query itself, and then finally for the outer query.

Since the restricted inner query already reflects the demand of its outer
query, there is no need to define a new filter for the outer query’s member-
ship over the inner query; it acts as its own filter, just like U . The time and
space complexities for computing demand comprehensions can be calculated
using the same method as for any other comprehension. Likewise, the demand
comprehension is itself filtered. Its tags and filters may have the same defini-
tions as the tags and filters of the outer query, but they are distinct invariants
nonetheless; since they are maintained at different points in the final program,
their stored results may differ during the execution of maintenance code.

The top-down nature of the Restrict step for nested queries is analogous
to how magic-set transformation [10, 11] and demand transformation [78, 79]
model top-down demand information by adding new predicates to be evaluated
bottom-up.

Example 16. Consider the following nested object-set query, which finds users
in a given group that have visited at least one large city.

{user : user in group,
loc in {city : city in user.visited,

city.pop > 1000000}}

The inner query takes the outer query’s user as a parameter and returns all
large cities that the user has visited. After flattening both queries, strengthen-
ing both queries, and restricting the outer query, we end up with the following
expression (not showing the unwrap and image-set expressions around the
outer query).

{(group, user) : (group,) in U, (group, user) in M,
(user, loc) in {(user’, city) :

(user’, user_visited) in Fvisited,
(user_visited, city) in M,
(city, city_pop) in Fpop,
city_pop > 1000000}}

The primed variable user’ is local to the inner query. The preceding clauses for
the inner query’s demand comprehension are the outer query’s memberships
over U andM , so the final result after restricting the inner comprehension too
is
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{(group, user) : (group,) in U, (group, user) in M,
(user, loc) in {(user’, city) :

(user’,) in {(user’’,) :
(group’’,) in U,
(group’’, user’’) in M},

(user’, user_visited) in Fvisited,
(user_visited, city) in M,
(city, city_pop) in Fpop,
city_pop > 1000000}},

where the inserted demand clause with a demand comprehension on its right-
hand side is in bold font, and the double-primed variables are local to the
demand comprehension. Note that at this point, all three comprehensions
have no parameters aside from relations — all other parameters were renamed
into locals, either during the Strengthen step or when forming the demand
comprehension.

The space costs for the demand comprehension, inner query, and outer
query are, respectively, the number of users in demanded group sets, the num-
ber of big cities those users have visited, and the number of users in demanded
group sets who have visited at least one big city. After considering the space
cost for tags and filters, the overall space cost is at most the number of cities
visited by users in demanded group sets, assuming each user visits at least one
city.

Let’s look at the code outline for what happens when we query a new
group g. Call the demand comprehension, inner query, and outer query QD,
Q1, and Q2, respectively. We show the update to U , maintenance for these
three queries (but not their tags or filters), and the retrieval of the outer
query’s result.

U.add((g,))
maint Q2 for U (O(|g| × |Q1out|))
maint QD for U (O(|g|))

maint Q1 for QD (O(|dMcityout|))
maint Q2 for Q1 (O(|dMuserin|))

retrieve result from Q2

We use dMuser and dMcity to refer to the filters for the uses of M that repre-
sent users in groups and cities in user visited sets, respectively. The image-set
expression Q1.out{u} returns just the big cities for a given user u, so |Q1out| is
dominated by |dMcityout|. The total time bound isO(|g| × |dMcityout| × |dMuserin|),
but we can simplify this by noticing that the maintenance of Q2 for Q1 only
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runs in situations where g is the only group for the added user, giving us
O(|g| × |dMcityout|), which is optimal.

Discussion: It is tricky to handle demand for nested queries correctly. The
naive approach would be to process each query in isolation, innermost-first,
introducing a new demand set for each query. The demand set for each query
would be updated just before the point that the query result is needed. This
idea can be illustrated with the following code outline for an update to the
outer query’s demand set, where Q1 and Q2 are respectively the inner and
outer queries, and U1 and U2 their demand sets.

1 add to U2
2 maint Q2 for U2
3 add to U1
4 maint Q1 for U1
5 maint Q2 for Q1
6 retrieve result from Q1
7 retrieve result from Q2

If the parameter values for the retrieval of Q2’s result (line 7) are not already
demanded, we need to update U2 (line 1), which triggers maintenance of Q2
(line 2). This maintenance relies on the result of Q1 (line 6) as part of the
generated code for Q2’s clauses; we show the line indented because it may be
needed many times in the course of performing the maintenance associated
with line 2. Before we can use the result on line 6, we may need to update U1
(line 3), which in turn triggers maintenance of Q1 (line 4) and Q2 (line 5).

This naive approach suffers from two problems. The less subtle one is
that at line 3, it may not be clear what to add to U1 because the parameters
to Q1 are not necessarily bound (depending on the join order used by the
maintenance code for Q2). The more insidious problem is that updating U1
indirectly triggers maintenance for Q2 on line 5, even though we have not yet
resolved the maintenance of Q2 for the original update to U2. Our maintenance
rules are not reentrant, but are rather designed to handle only one update at
a time. The problem is not purely hypothetical; Appendix A constructs a
specific instance where this kind of code structure does not correctly maintain
the invariants. In general, this situation should not arise when using finite
differencing because there are no cyclic invariant dependencies. It is only a
problem here because the naive approach incorrectly updated a relation that
a query depends on, while that query’s maintenance code was still running in
response to a different update. The existence of this problem underscores the
importance of deriving code using a systematic method.
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2.5.2 Aggregate queries
An aggregate query has the syntax

op(retrieval | object-set-comp)

where op is a supported aggregate operation. The operations presented here
are count, sum, min, and max, but more can be added so long as there is
a rule for incrementally maintaining the aggregate value as elements of the
operand set are added and removed. All aggregate operators are defined over
all inputs: min and max return a sentinel value, None, when the input set is
empty; elements that are not appropriate for the aggregate operator (non-
number values for sum, or incomparable values for min and max) are ignored;
and retrieval operands that do not evaluate to a set are treated as if they
evaluated to the empty set. An aggregate of a retrieval expression op(e) is
preprocessed into an aggregate of an object-set comprehension,

op({x : x in e}),

where x is a fresh variable, so that all aggregates are over comprehensions. We
need to extend Section 2.2’s rewriting into relational queries for aggregates,
and then extend the Incrementalize step for them.

In general, to compute an aggregate query incrementally we need some
auxiliary information, which we call the aggregate’s state. The exact nature
of the state depends on the operator. For each operator op we define the
following.

• retrieveop(s) is an expression that takes in a state s for op corresponding
to some operand set T , and returns the value of op(T).

• ∅op is an expression that returns a new state corresponding to the result
of op applied to an empty set.

• addop(s, v) is an expression that takes in a state s corresponding to some
operand set T , and returns the new state corresponding to T ∪ {v}.

• removeop(s, v) is as above but returns the state corresponding to T−{v}.

The definitions of these operations for the four supported aggregates are
given in Table 2.5. For count and sum the state is just the result itself, and
all operations take constant time. For min and max we use a double-ended
priority queue, where new pqueue constructs a new empty queue, s.push(v)
and s.pop(v) add and remove v in the queue, and s.min() and s.max() return
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op ∅op addop(s, v) removeop(s, v) retrieveop(s)
count(T) 0 s + 1 s - 1 s
sum(T) 0 s + v s - v s
min(T) new pqueue s.push(v) s.pop(v) s.min()
max(T) new pqueue s.push(v) s.pop(v) s.max()

Table 2.5: Rules for producing and updating a state corresponding to the compu-
tation of an aggregate. In the case where an invalid type of value is given for v —
i.e., a non-number value for sum, or an incomparable value for min or max — the
addop and removeop operations just return s unmodified.

the smallest and largest elements (or None if the queue is empty). We assume
that updating the queue takes logarithmic time and retrieving the min and
max take constant time. Such a data structure can be implemented using a
balanced binary search tree that keeps a pointer to its leftmost and rightmost
elements.

We need to introduce a comprehension-like expression for representing
maps in the intermediate code. Let x1, . . . , xn be variables and let R be an
expression that evaluates to a set of tuples of arity n. Also let k and v be
expressions that may have the xi as free variables. Then the expression

{k 7→ v | (x1, . . ., xn) in D}

denotes a map that associates the value of k with the value of v for each
combination of values of x1, . . . , xn that is in D. The expression’s value is
undefined if any two tuples in D cause k to take on the same value.

Flattening the aggregate’s operand will produce an expression of form

op(unwrap(E1))

where E1 is the flattened comprehension of the operand. Flattening does not
affect the aggregate expression itself. Strengthening the operand then gives us

op(unwrap(E2.(n+ 1){1 = p1, . . . , n = pn}))

where E2 is the strengthened version of E1, and where p1, . . . , pn are the com-
prehension’s parameters (and hence, parameters of the aggregate expression
too). To strengthen the aggregate expression, it is rewritten as a map lookup
over a map expression,

{(p′1, . . ., p′n) 7→ op(unwrap(E2.(n+ 1){1 = p′1, . . . , n = p′n}))
| (p′1, . . ., p′n) in T n}[(p1, . . ., pn)],



CHAPTER 2. INCREMENTALIZING OBJECT QUERIES 58

where each p′i is a fresh local variable, and T n represents an infinite domain
of all tuples of arity n.

To perform the Restrict step, let C be either a demand set, or a demand
comprehension as described in the steps for handling nested queries above,
depending on whether or not this aggregate occurs at the top level or as a
subquery of a comprehension. The restricted aggregate expresion is obtained
by simply replacing T n with C. This is followed by restricting the operand
comprehension E2 with the demand clause (p′′1, . . ., p′′n) in C, where p′′i is
the renamed version of pi inside E2, obtaining a relational comprehension E3.
This yields the following and completes the rewriting.

{(p′1, . . ., p′n) 7→ op(unwrap(E3.(n+ 1){1 = p′1, . . . , n = p′n}))
| (p′1, . . ., p′n) in C}[(p1, . . ., pn)]

Next, we need to incrementalize. The inner comprehension E3 is incremen-
talized and replaced by a fresh relation Q holding its stored result. If C is a
demand comprehension then it is incrementalized and replaced with a relation,
otherwise it is a demand set and it is left alone; in either case call the result-
ing relation D. To incrementalize the aggregate expression itself, a variable
A is introduced to hold a map from parameter values to the corresponding
aggregate state, with the invariant that

retrieveop(A[(p1, . . ., pn)]) = op(unwrap(Q.(n+ 1){1 = p1, . . . , n = pn}))

for all (p1, . . . , pn) ∈ D. The aggregate result is then retrieved using

retrieveop(A[(p1, . . ., pn)]).

If D is a demand set and not a demand comprehension, then code is inserted
to add a tuple of the current parameter values to D just before this retrieval.



CHAPTER 2. INCREMENTALIZING OBJECT QUERIES 59

The rules to maintain this invariant are as follows. (The singleton elim-
ination optimization on page 74 can be used to simplify (v,) to v in both
rules.)

after Q.add(t) or before Q.remove(t):
k = t1..n

(v,) = tn+1
if k in D:

state = A[k]
state = addop(state, v) for addition updates, or

removeop(state, v) for removal updates
del A[k]
A[k] = state

after D.add(t):
(p1, . . ., pn) = t1..n

state = ∅op

for (v,) in Q.(n+ 1){1 = p1, . . . , n = pn}:
state = addop(state, v)

A[(p1, . . ., pn)] = state

before D.remove(t):
del A[(p1, . . ., pn)]

At a change to the operand Q, the maintenance time is proportional to the
time taken by addop or removeop. When a new combination of parameter
values is demanded, the time bound is the product of the time for addop and
the size of the newly demanded result of the operand query. When parameters
are undemanded, the time is constant. These times do not include the time
to propagate demand to the operand comprehension and the maintenance for
additions to and removals from Q. For space usage, the size of A is the sum
of the sizes of all states for each operand query result. As long as the size of
a state does not exceed the size of the set value that produces it — as is the
case for each of the four aggregate operators we have implemented — the cost
of storing A is amortized over the cost of storing Q.

To support using aggregates inside a comprehension, we extend the syntax
for object-set comprehensions to treat aggregates as retrievals.

retrieval ::= variable | retrieval.field | aggr
aggr ::= op ( object-set-comp ) | op ( retrieval )

An aggregate expression is reachable if all of its parameters (i.e., the parame-
ters of its operand comprehension) are reachable. A value v is relevant for the
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result of the aggregate if there exists a combination of relevant values for each
of the parameters that, when the aggregate is evaluated for these parameter
values, produces the result v.

The flattening step for comprehensions replaces an aggregate with a fresh
variable, just like it does for a field retrieval. For each aggregate query A,
AGGRA is a relation that holds tuples of form (p1, . . . , pn, r) exactly when

retrieveop(A[(p1, . . ., pn)]) = r.

The aggregate A with parameters x1, . . . , xn is replaced by a fresh variable y,
and a new membership, (x1, . . ., xn, y) in AGGRA, is added.

AGGRA is materialized and maintained in a straightforward manner using
the following rules, applied immediately after A is incrementalized.

after A[k] = v:
(p1, . . ., pn) = k
r = retrieveop(v)
A.add((p1, . . ., pn, r))

before del A[k]:
(p1, . . ., pn) = k
r = retrieveop(A[k])
A.remove((p1, . . ., pn, r))

For the purpose of finding a join order and calculating a cost bound, a clause
over AGGRA takes constant time when the parameters are all bound. Aside
from that, an AGGRA clause is treated just like a clause over a comprehension
subquery. In particular, AGGRA serves as its own filter.

2.5.3 Maps
So far we have only used maps as auxiliary indices in the generated code. We
can add support for them in the input language by treating them in a similar
manner as object fields. Recall that map operations are listed in Table 2.2.
We add to these operations two expressions: m ismap, which returns whether
m is a map value or not, analogous to isset; and m.items(), which returns a
set of all key-value pairs in m.

Map lookups are added as another kind of retrieval expression for object-set
comprehensions.

retrieval ::= variable | retrieval.field | aggr
| retrieval [ retrieval ]
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For a map lookup m[k], if m is reachable then both k and the whole lookup
expression are reachable. A value is relevant for k or m[k] if it is a key or
the value associated with a key, respectively, in a map that is relevant for m.
For a given valuation, an exception is raised if m is not a map or if the value
of k is not a key in m. The assumption from Section 2.1, that only certain
exceptions occur, is relaxed to permit this case.

In the Flatten step, the map key essentially acts like a field name except
that it may appear as an unbound variable. A new special relation MAP is
defined with the semantics

(m, k, v) ∈MAP ⇐⇒ m[k] = v.

For each distinct retrieval m[k] in the query, a fresh variable v is introduced,
and all occurrences of the retrieval are replaced with v. A new membership
(m, k, v) in MAP is inserted to define v. Updates to maps in the input
program are interpreted as updates to MAP , which is not materialized in
the final program. For any clause (m, k, v) in MAP , we require in the
demand strategy that incoming edges are only labeled m and outgoing edges
are only labeled k or v. The Strengthen, Restrict, and Incrementalize steps
are unaffected by the extension for maps.

Table 2.6 gives the code and costs used for the Expand Joins step forMAP
memberships. As in the cases of clauses over M and Ff , uses of image-set
expressions will be filtered so that we do not actually take space proportional
to MAP to materialize an auxiliary map over it. We require that the join
order does not run a clause overMAP when all variables on the left-hand side
are unbound; it is always possible to find such an order due to the reachability
requirement.

2.5.4 Tuples
Tuples are already allowed in conditions and in the result expression. They
are now also allowed on the left-hand side of memberships; we consider just
these occurrences of tuples to be retrieval expressions. Tuples are still not
allowed on the right-hand side of memberships, even though other retrievals
are permitted there.

membership ::= lhs in rhs
lhs ::= retrieval | ( lhs ∗ )

Since the tuple components can be variables or other retrieval expressions that
are constrained by other clauses, we can think of these as tuple patterns. For
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Case Code Cost
(m, k, v) in MAP if m ismap: O(1)

if v == m[k]:

(m, k, v) in MAP if m ismap: O(1)
if k in m:

v = m[k]

(m, k, v) in MAP if m ismap: O(|m|)
for (k, v) in m.items():

(m, k, v) in MAP — unrunnable —
vars in MAP , otherwise for varsJ in MAP.J{I = varsI}:

O(|MAP.J{I = varsI}|)

Table 2.6: Code and costs for clauses over MAP , analogous to Table 2.3. In the
last case, I and J are the indices of the bound and unbound variables, respectively.

a tuple expresion (t1, . . ., tn), each ti is reachable if the whole expression is
reachable, and a value is relevant for ti if it is the ith component of a value
that is relevant for the whole expression. Our generated code will use a type
check operation, t hasarity k, that returns whether t is a tuple and has arity
k, analogous to hasfield.

The Flatten step rewrites tuples that appear on the left-hand sides of
membership clauses, but leaves other occurrences of tuples alone, although
their non-tuple subexpressions will still be rewritten. A new family of special
relations TUPk is defined for each k ≥ 0 with the semantics

(τ, t1, . . . , tk) ∈ TUPk ⇐⇒ τ = (t1, . . . , tk).

For each distinct tuple expression (t1, . . ., tk) appearing on the left-hand side
of a membership (including nested tuple expressions), a fresh variable v is in-
troduced, and all occurrences of that tuple expression on the left-hand sides of
memberships are replaced by v. A new membership (v, t1, . . ., tk) in TUPk

is inserted for v. In the demand strategy, all incoming edges to this new mem-
bership must be labeled v, and all outgoing edges must be labeled by some ti.
The Strengthen, Restrict, and Incrementalize steps are unchanged.

For the Expand Joins step, code and costs for TUPk memberships are
shown in Table 2.7. Unlike M , Ff , and MAP , there are no updates to TUPk

because tuples are immutable. In addition, whereas the other special relations
are defined over sets, objects, and maps that have been created in the original
program, TUPk is an infinite domain of all tuples of arity k. This means that
not materializing TUPk isn’t just a design choice for performance, but rather
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Case Code Cost
1 ∈ I if t hasarity k: O(1)

varsJ = tJ
if varsJ == t:

I = ∅ — unrunnable —
otherwise for varsJ in TUPk.J{I = varsI}:

O(|TUPk.J{I = varsI}|)

Table 2.7: Code and costs for a clause vars in TUPk. t is a shorthand for vars1,
i.e., the component of TUPk representing the tuple value itself. I and J are the
indicies of the bound and unbound variables, respectively.

a necessity.7 Our rules for generating maintenance code for TUPk uses image-
set expressions over TUPk, but in the final code these will always be filtered
and therefore finite. The case where no tuple components are bound at the
time the TUPk clause is run is not allowed; it is always possible to find a join
order where at least one variable is bound due to our reachability requirement.

2.5.5 Negated memberships
At first glance, it might seem that a negated membership, e.g., x not in s, can
be expressed as a condition clause. But this violates the safety requirement for
condition clauses, just like x in s — at least in the general case where values
that are relevant for s can be updated. To support negation in the general
case, we extend the syntax of memberships. For object-set comprehensions,
the change is as follows.

membership ::= lhs [not] in rhs

The left-hand side of a negated membership is not reachable from its right-
hand side, so it must be supported in some other way to satisfy the reachability
requirement. Likewise, a value is not considered relevant for the expression on
the left-hand side just because it is not in a set value that is relevant for the
right-hand side. The semantics of a query with negated memberships are that
a valuation satisfies e2 not in e1 if e1 evalutes to a set and e2 evaluates to a
value that is not an element of e1.

7The main reason we do not define TUPk to include only tuples that exist in the
original program is that tuples can be created inside queries, where we cannot insert any
corresponding imperative maintenance code.
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To extend relational comprehensions to handle negation, we again extend
the syntax of memberships.

membership ::= (component∗) [not] in rhs

The domain requirement is modified so that every variable appearing in the
query must occur on the left-hand side of a non-negated membership.

The Flatten, Strengthen, and Restrict steps proceed as normal, leaving
the negation alone. For example, a clause e2 not in e1 becomes (e1, e2)
not in M , and a clause x not in unwrap(E), where E represents a flattened
subquery, becomes (x,) not in E.

To extend the Incrementalize step, for each relation R, we define a new
relation NEGR as its complement. Clearly NEGR cannot be materialized.
Additions and removals to R are treated as removals and additions to NEGR,
respectively. Right before a comprehension is incrementalized, each clause
vars not in R is rewritten as vars in NEGR, so that it fits the form already
handled by the method. For each membership over NEGR, a maintenance join
will be generated and inserted before each addition to R and after each removal
from R — the opposite of where maintenance is usually inserted relative to
the update.

Note that the same update to R can cause maintenance code to be gen-
erated for both non-negated and negated clauses, but the two types of main-
tenance will be inserted on opposite sides of the update, and one will add
result entries while the other will remove result entries. If there is a self-
join on NEGR, then just as for any other relation, the clauses to the right
of the updated clause that are memberships over NEGR will be rewritten
as NEGR - {e}. R and NEGR are treated as entirely separate relations for
the purpose of handling self-joins; this is because the same element cannot
simultaneously satisfy a membership over R and another membership over
NEGR.

In the Expand Joins step, it is required that all variables on the left-hand
side of a negated membership are bound in the join order before the clause
can run. The code for the membership vars in NEGR, where R is not one
of the special relations M , Ff , MAP , or TUPk, is simply if vars not in R:.
In the case of (x, y) in NEGM , the code is

if x isset:
if y not in x:
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The code for vars in NEGS - {e} (where S can be M) is produced using
the normal rule for a membership over the set difference of a relation and a
singleton set: It’s the same code as vars in NEGS, followed by an inequality
test. For example, if S is not M , this would be

if vars not in S:
if vars != e:.

The other cases of memberships over NEGR where R is Ff , MAP , or TUPk

do not arise.
The demand strategy does not introduce any filters or tags for negated

memberships. For the maintenance join created for a negated membership (x1,
. . ., xn) in NEGR and an update that changes whether e is in NEGR (in ac-
tuality, whether e is in R), we cannot insert a clause (x1, . . ., xn) in dNEGR

because this filter does not exist. Instead, we add clauses that constrain each
xi to be in some corresponding tag Txi for that variable.

(x1, . . ., xn) in {e}, x1 in Tx1, . . ., xn in Txn

These clauses are all run before any other clauses, to ensure that all values
are relevant before proceeding with other parts of the maintenance join. The
generated code has several new membership tests.

(x1, . . ., xn) = e
if x1 in Tx1:

. . .
if xn in Txn:

If a variable xi has several tags, any one of them may be used as the con-
straining Txi. Each xi is guaranteed to have at least one tag, even though
the clause over NEGR does not introduce any tags for its variables, because
of the reachability requirement.

Example 17. Consider the following algorithm that computes the nodes in
a graph with edge relation E that are reachable from a source set S of nodes,
using a relational comprehension.8

while not {(y,) : (x,) in S, (x, y) in E, (y,) not in S} isempty:
v = arb {(y,) : (x,) in S, (x, y) in E, (y,) in NEGS}
S.add(v)

8Adapted from p.61 of [53], rephrasing the query in terms of comprehensions and negated
memberships instead of quantifiers and set difference.



CHAPTER 2. INCREMENTALIZING OBJECT QUERIES 66

The query represents a worklist of nodes that are adjacent to, but not con-
tained in, S. Assuming the query’s result variable is Q, after applying the
Incrementalize, Expand Joins, and Implement Indices steps, we get the fol-
lowing code. Initialization of S and E (and the corresponding maintenance) is
not shown.

while not Q isempty:
v = arb Q
y = v
for x in Ein[y] default new set:

if x in S:
Q.removec(y)

S.add(v)
x = v
for y in Eout[x] default new set:

if y not in S:
Q.addc(y)

This code has been optimized to eliminate singleton tuples, including rewriting
v to hold a non-tuple value.

Further optimization is possible by observing that the first maintenance
join simply removes v if it is present, regardless of how many incoming edges
it has. This is an instance of the optimization for faster removals on page 78.
Simplifying this join and eliminating the temporary variables x and y, we get
the following.

while not Q isempty:
v = arb Q
if v in Q:

Q.remove(v)
S.add(v)
for y in Eout[v] default new set:

if y not in S:
Q.addc(y)

The statement if v in Q: always passes and can be specialized, i.e., replaced
by its body. If we have the information, either by analysis or annotation, that
everywhere in the program there are no removals from E at a time when S is
non-empty, then there is no need to keep counts for the nodes in Q and the addc

can be turned into a normal addition. This is very close to the optimal code
that a programmer might manually write. The extra space used is at least
proportional to E, for storing Eout, but not larger than the original graph,
since Q is bounded by S.
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2.5.6 General exceptions
So far we have restricted ourselves to comprehensions where the only excep-
tions that are possible come from evaluating a membership, field retrieval,
or map lookup. This makes it easier to generate succinct maintenance code,
but it is not necessary in principle. The semantics of a comprehension are to
simply ignore any exceptions that occur, treating them as a failure to satisfy
all clauses. The maintenance code can be designed to treat exceptions in the
same way.

Suppose we have a query that returns the multiplicative inverse of the
elements of the given set that satisfy a condition f,

{1 / x : x in s, f(x)}.

Here, 1 / x may cause a division-by-zero exception, while f(x) may cause an
arbitrary exception. (However, the safety requirement still guarantees that
the behavior of f(x) is determined entirely by x.) If we generate naive main-
tenance code that does not take these exceptions into consideration, we can
end up generating incorrect code that produces an error during maintenance,
while the original program, under the rather forgiving semantics of object-set
comprehensions, had no error.

To address this, when generating the code for each nested clause in the
Expand Joins step, the code for a condition clause is guarded by a try block
to catch any exceptions that may be raised while evaluating the condition.
Exceptions are treated in the same way as if the condition evaluated to false;
the outer code may rerun the condition with different variable bindings. The
evaluation of the result expression in the innermost code is also guarded. For
the above example, the query maintenance code for demanding a new value v
for s would be as follows.

s = v
if s isset:

for x in s:
try:

if f(x):
try:

Q.addc((s, 1 / x))
except:

pass
except:

pass
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Here our syntax for try is borrowed from Python: All exceptions are caught
and cause a no-op statement, pass, to run, immediately passing control back
to the enclosing block.

The only code that needs to be guarded is code for conditions and the result
expression. Membership clauses can only cause exceptions in a few cases, all
of which are already accounted for by the checks in their generated code. In
the next section we will look at sufficient conditions for eliminating both the
try blocks and some of these other checks.

2.5.7 Equalities, wildcards, and general expressions in
retrievals

Our queries already make use of pattern matching, in the sense that the left-
hand sides of memberships act as constraints on what elements of the right-
hand side may satisfy the clause. (Contrast this to Python’s set comprehen-
sions, where for clauses are imperative statements that assign to the terms on
the left-hand side regardless of their existing values.) This pattern matching
can be thought of as syntactic sugar for a query that replaces the expression
on the left-hand side with a fresh variable, and that has a condition to equate
this variable to the expression. For example,

{x : (x, y) in s}

is equivalent to

{x : z in s, z == (x, y)},

except that the second query does not satisfy the reachability requirement for
x and y.

In order to allow our queries to be even more flexible, we add three kinds
of syntactic sugar related to pattern matching: equality conditions as in the
above example, wildcards in place of variables, and general expressions in
place of retrievals. Each feature is rewritten so that it can be handled by
the existing method. In Section 2.6 we also give related optimizations for
generating asymptotically faster code.

Equality rewriting recognizes conditions of the form e1 == e2 where e1 and
e2 are both retrieval expressions. (In this context, tuple expressions are treated
as retrieval expressions, and are flattened just as those that are on the left-
hand side of a membership.) The expression e2 is reachable from e1 and vice
versa. Likewise, any value that is relevant for e2 is also relevant for e1 and
vice versa. After the Flatten, Strengthen, and Restrict steps, the condition
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has form x1 == x2 where x1 and x2 are variables. At this point the condition
is eliminated and all occurrences of x2 are replaced by x1 (or, equivalently,
vice versa). The overall effect is that the two equated retrieval expressions are
modeled by the same variable in the relational comprehension, justifying why
one is reachable when the other is. This also makes maintenance join code
more efficient, because the value of one of the equated expressions immediately
gives us the value of the other, whereas without our special treatment, the
maintenance code might produce values for each side independently and then
reject values that are unequal.

Equality rewriting does not apply when one or both sides of the equality
is not a retrieval expression, or when the equality is not a condition clause
but rather just a subexpression appearing inside a condition clause. For ex-
ample, we cannot process a condition that is a disjunction of equality tests
in this manner, since the query can be satisfied without the equality holding.
(However, a condition that is a conjunction of equality tests can be handled
by preprocessing them into multiple separate equality conditions.) Note that
if two variables on the left-hand side of the same membership are turned into
one variable by this rewriting, they will be split again by the Incrementalize
step’s preprocessing (see page 27), so that image-set expressions can be used
safely.

Wildcards stand for local variables that are used only once in an object-set
or relational comprehension. They are denoted with an underscore in place of
a variable. For instance, the above query could be written as

{x : (x, _) in s},

to make it more obvious that the second component of the tuple is unused.
Similarly, _ in s means s must be non-empty, o.f == _ means o has a f field
defined but we do not care about its value, and m[_] can be any value in the
range of map m. Wildcards are supported by simply replacing each occurrence
with a fresh variable and then processing the query as normal. Note that
wildcards must still be reachable like any other variable, so the uses x in _,
_.f, and _[k] are not allowed.

Finally, the extension for general expressions allows us to write an arbitrary
expression in place of a retrieval expression, so long as the safety and reach-
ability requirements are still satisfied. For example, we can use the following
query to find all boxes having one of the desired perimeters.

{box : box in boxes, 2*box.width + 2*box.height in perimeters}

This is rewritten by introducing a fresh variable to replace the expression and
equating the variable to the expression in a new condition.
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{box : box in boxes, x in perimeters, x == 2*box.width + 2*box.height}

The above equality rewriting extension does not apply to this new condition
because the expression on the right-hand side is not a retrieval, or else we
would not have generated the new variable and condition in the first place.

2.6 Additional Optimizations
In this section we explore optimizations for reducing code size, running time,
and space usage. The first three optimizations pertain to the overhead associ-
ated with modeling the original query as a relational comprehension. Specifi-
cally, we omit rewriting some of the query’s set parameters during the Flatten,
Strengthen, and Restrict steps; we omit the demand clause if possible; and we
eliminate unnecessary uses of singleton tuples. These three optimizations al-
low our method to act as a sort of hybrid between object query optimization
methods [74, 72] and purely set-based methods [52]. Next, we discuss four
relational optimizations: pushing selections and projections through joins; re-
placing uses of filters to make them dead code; and two ways of performing
faster maintenance for removal updates, based on whether all elements need
to be cleared and based on the structure of the query.

After this we discuss five optimizations for constant-factor overhead re-
moval that eliminate unnecessary counting operations, result sets, try blocks,
type checks, and maintenance joins. The optimizations to eliminate try blocks
and type checks are justified by Theorem 2, and are therefore enabled by the
method’s use of invariants and demand-filtering; in a non-invariant-based sys-
tem they would have to be performed with more costly and difficult lower-level
reasoning. Finally, we discuss inlining maintenance code and its effects on cost.

2.6.1 Omitting flattening of sets that are relations
The Flatten step ensures that correct code is generated regardless of how the
program uses aliasing to update or reference the queried data. For sets, it does
this by modeling the contents of the set with the specialM relation. However,
when it is known that a set in the input program already behaves as a relation,
there is no need to model it with M , and it can instead be used directly in
the relational comprehension. This simplifies the generated code for handling
updates to the set, leading to reduced code size and lowering running time by
a constant factor.

Intuitively, a set variable in the input program can be treated as a relation
variable if it is never reassigned, and if it is (1) global, (2) unaliased, and (3)
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holds a set of tuples of the same arity. Furthermore, any membership over the
relation must have on its left-hand side a tuple expression of that arity. We
can relax these three conditions as follows.

(1) If the set variable is not global, we need to pair the optimization with a
rewriting that makes the set variable global without altering the seman-
tics of any of its uses.

(2) If the set variable is aliased, it set value must not be updated through
any of the other aliases. In a query, the only expression that the set
value may be relevant for is the set variable itself, and no other value
may be relevant for it.

(3) If the set variable does not hold tuples of the same arity, we need to pair
the optimization with a rewriting that makes it so all elements of the set
are wrapped in singleton tuples. This makes the relation have arity 1.

Since the set is global, all of its appearances in queries are as a parameter, so
it is always reachable.

Once it has been determined that a set variable R acts as a relation vari-
able — or once the program has been preprocessed to make this so — the
transformation can proceed as normal, except that the membership over R
is not flattened into a membership over M , and R is not treated like a pa-
rameter in the Strengthen and Restrict steps. The retrievals on the left-hand
side of a membership over R are still flattened, except for the top-level tuple
expression. In the Incrementalize step, updates that add to or remove from R
will generate maintenance joins for memberships over R, not for memberships
over M ; conversely, updates to other sets in the program will not generate
maintenance joins for memberships over R.

If a relation holds nested tuples, and if all memberships over the relation
for all queries in the program agree on the nesting structure of the tuples
on their left-hand sides, then the program can be preprocessed so that the
relation holds flat tuples. For instance, in the original RBAC query [52], all
memberships over PR have the structure

((operation, object), role) in PR,

so we can rewrite the pair-in-a-pair as a triple. This allows us to avoid the
overhead of modeling the first component of PR using TUP2. In general, TUPk

is needed to handle the uncertainty of whether a given value will have the
expected tuple type and arity, if it cannot be determined statically.
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Filters and tags are defined for memberships over R. Unlike memberships
over the special relations M , Ff , MAP , and TUPk, there is no restriction
on the demand strategy regarding arcs entering and leaving the node for the
membership over R. The membership over R is also allowed to act as a root
in the demand strategy, i.e., with no incoming arcs and with it acting as its
own filter, just like U .

Example 18. The following query is adopted from JQL [85], and is discussed
in more detail in Chapter 4.

{(a, s) : a in ATTENDS, s in STUDENTS,
a.course == COMP101, a.student == s}

If the set parameters ATTENDS and STUDENTS are global and never reassigned
or aliased, they can be treated as relation variables provided that they are
rewritten to hold singleton tuples. The only change to the query is that the
uses of a and s on the left-hand sides of memberships are wrapped in tuples.
After rewriting to obtain a relational comprehension (and eliminating variable
equalities), we have the comprehension,

{(COMP101, (a, s)) : (COMP101,) in U,
(a,) in ATTENDS, (s,) in STUDENTS,
(a, COMP101) in Fcourse,
(a, s) in Fstudent}.23{1 = COMP101}.

This query does not depend on M , and so there is no need to generate main-
tenance code for updates to arbitrary sets that are not ATTENDS or STUDENTS.
Fcourse is filtered to hold only tuples for objects in ATTENDS. Since COMP101 is
reachable from the relations, we could also have chosen to omit using it as a
demand parameter; see below for what happens when there are no demand
parameters.

Recall in Section 2.4 that when there is only one demand parameter, the
tag for that parameter can be replaced by U itself. Generalizing, when a
relation has arity 1, the tag introduced by that membership is equivalent to,
and can be replaced by, the filter for that membership. In the case where the
demand strategy has no incoming arcs for the membership, the filter is the
relation itself. This means that in the above example, the ATTENDS relation
acts as its own filter and also as a tag for a.

The optimization also applies to aggregate queries having the form op(R)
where the operand R is global and unaliased, i.e., it is almost a relation but
does not necessarily hold tuples that are of the same arity. In this case we can
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transform all uses of R so that its elements are wrapped in singleton tuples as
above. This causes the query to be rewritten as

op(unwrap(R)),

which fits the form given on page 57 of an aggregate whose operand has been
flattened. Effectively, we have replaced the Flatten step with the rewriting to
make R hold singleton tuples.

After this, the Strengthen, Restrict, and Incrementalize steps apply as
normal. Note that since R is not a query and does not have parameters,
when the Strengthen step rewrites the aggregate as a map lookup over a map
expression, it will use the unit tuple as the key. That is, it will yield the
expression,

{() 7→ op(unwrap(R.1{}))
| () in T 0}[()].

Recall that T n represents the domain of all tuples having arity n; then T 0 is a
constant singleton set that contains the unit tuple. The Restrict step replaces
T 0 with a demand set or a demand comprehension, depending on whether the
aggregate appears at the top level or nested inside a comprehension. In either
case, it will have arity 0; see below for what this means.

2.6.2 Omitting the demand clause
When some parameters have been treated as relation variables, and the re-
maining parameters are all reachable from these relations, we have the option
of not using any parameter as a demand parameter. In this case, the de-
mand set (or demand comprehension, for a nested query) has arity 0 and is
either empty or holds the unit tuple (). These correspond respectively to no
result being demanded, and all results being demanded; essentially, demand
is represented by a boolean. For a demand set, the unit tuple is added (if
not already present) whenever the query is about to be performed, and for a
demand comprehension, the unit tuple is present whenever the demand com-
prehension’s preceding clauses are satisfied. Note that even when the demand
set is empty, values may still be relevant by being accessible from the param-
eters that are treated as relations, but they cannot actually be used to satisfy
all query clauses.
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When there are no demand parameters, we have the option of omitting the
demand clause entirely, i.e., omitting the Restrict step.9 This is semantically
the same as the query result always being demanded. If it is the user’s intent to
keep the demand set non-empty at all times, then omitting the demand clause
is an optimization that improves running time and code size by a constant
factor. Otherwise, if the user wants control over when the query result is
stored and incrementally maintained, and when it is not, then the Restrict
step should be applied as normal.

For an aggregate query whose argument behaves as a relation, as in the
above optimization, if we omit the Restrict step then the set T 0 will still be in
the expression when we apply the Incrementalize step. This requires a slight
modification of the maintenance rules for aggregates given on page 59. In
particular, since T 0 is non-empty at all times, there needs to be maintenance
code that runs at the beginning of the program to initialize A[()] to ∅op, the
state corresponding to the aggregate operator op’s evaluation over an empty
set. The maintenance for changes to the demand set or demand comprehension
never runs because T 0 does not have updates. The maintenance for changes to
the operand will use a membership test over T 0; any membership test v in T 0

is replaced with v == ().

2.6.3 Eliminating singleton tuples
This optimization removes unnecessary singleton tuples throughout the gen-
erated code. Such singleton tuples arise from relations with arity 1, and from
image-set expressions where there is only one bound component or only one
unbound component. Replacing singletons tuples with their contents saves a
constant factor of running time and space. The optimization is applied to the
generated code during the Expand Joins and Implement Indices steps.

For each relation R that has arity 1 (including relations holding com-
prehension results), each use of R is rewritten. In the statement R.add(e)
or R.remove(e), e is replaced by e1, the expression that retrieves the sin-
gle component in the singleton tuple e. The same is done for if e in R:.
A tuple-decomposing loop for (x,) in R: is turned into an ordinary loop
for x in R:. The expression arb R becomes wrapped in a tuple, (arb R,).
The tuple-decomposing assignment statement (x,) = e, which is generated

9Provided that there is at least one other membership in the comprehension. The only
queries where this would not be true are pathological ones having no memberships and no
retrieval expressions, e.g., {100 : }, which has no clauses and whose flattened form is
{(100,) : () in U}. Such a query does not require incremental computation.
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for running a membership over a singleton set containing a singleton tuple
(x,) in {e}, is rewritten as just x = e1.

In the maintenance rules for auxiliary maps given in Table 2.4, if I has only
one component i, then the use of the singleton tuple expression tI is replaced by
its component expression ti. In the rules given in Table 2.3 for a membership
that uses an image-set expression, where J has only one component j, instead
of generating

for varsJ in R.J{I = varsI}:,

we generate
for varsj in unwrap(R.J{I = varsI}):,

which uses a normal loop instead of a tuple-decomposing loop. The rule for
incrementalizing an unwrap expression of an image-set expression has already
been given on page 31.

2.6.4 Pushing selection and projection through joins
A common optimization in relational databases is to eagerly perform select
and project operations before joins, so that there are fewer tuples to join with.
The equivalent optimization in our method is to rewrite a use of a relation
so that the relation is replaced by a subquery. The subquery contains the
original membership clause and may include condition clauses (selection) and
return a subset of the original membership’s variables (projection). This may
improve running time asymptotically, and can only increase space usage by
a constant factor. The optimization is applied just before we are about to
run the Incrementalize step, after the preprocessing that splits multiple uses
of the same variable in the same membership. This optimization generalizes
a previous rewriting for equalities (“equal cards”) and wildcards for Datalog
[49, 47].

Precisely, the rewriting proceeds in two steps. First, each membership
clause vars in R that can benefit from rewriting is turned into a membership
over a new comprehension subexpression,

vars′ in {vars′ : vars in R, conds . . .},

where conds includes each condition in the outer comprehension that uses only
variables in vars, and where vars′ is a tuple of just the variables in vars that
are used in the outer comprehension, excluding the rewritten membership itself
and the conditions in conds. Next, each condition in the outer comprehension
that is used in at least one new comprehension subexpression’s conds list is
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deleted from the original comprehension. The newly obtained comprehension
subexpressions are incrementalized first, then the outer comprehension.

A membership clause is considered to benefit from this rewriting if there
is at least one condition applicable in conds, or if vars′ omits at least one
variable from vars. Furthermore, R must not be a special relation (M , Ff ,
MAP , TUPk, or NEGR), because the space cost for maintaining the new
comprehension subexpression could be on the order of the size of the special
relation, which would otherwise not need to be materialized. This restriction
ensures that this optimization does not add asymptotically to the space usage
of the program.

Example 19. To illustrate how this rewriting works with the syntactic sugar
for patterns from the previous section, let E be a variable holding a set of
tuples representing edges in a weighted, labeled graph. Suppose that E can
be treated as a relation, as per the optimization for omitting flattening, and
that its tuples have components for source, destination, label, and weight,
respectively. The following query finds nodes that can be reached from the
given node x using two hops of "red" labeled edges, regardless of weight.

{y : (x, z, "red", _) in E, (z, y, "red", _) in E}

After rewriting wildcards and constant expressions, then flattening (treating
E as a relation), strengthening, and omitting the Restrict step, we obtain

{(x, y) : (x, z, v1, w1) in E, v1 == "red",
(z, y, v2, w2) in E, v2 == "red"}.

Without further optimization, the maintenance code at an addition of any
edge would iterate over all adjacent edges of any color and weight. With
optimization, the relational comprehension becomes

{(x, y) : (x, z) in {(x’, z’) : (x’, z’, v1, w1) in E, v1 == "red"},
(z, y) in {(z’, y’) : (z’, y’, v2, w2) in E, v2 == "red"}},

where we have primed the uses of x, y, and z inside the nested comprehensions
to make it explicit that they are local variables. Now if an edge is added, if the
edge is not red then there is no change to either inner comprehension and no
maintenance work for the outer comprehension. The same is true if the edge
is red but there is already an existing red edge between the same end points;
this would only result in incrementing the count associated with that edge in
the inner query’s result set. In the case where the inner comprehension result
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is actually modified due to adding the first new red edge between two nodes,
the maintenance for the outer comprehension will only iterate once for each
adjacent vertex that is connected by at least one red edge. The space cost for
storing the result of the inner comprehensions is amortized over the size of E,
and can also be much smaller than E.

2.6.5 Eliminating filters
We already eliminate tags that are not used in the definition of any filter.
We can also eliminate filters that are not used in the definition of any tag,
provided that there is no image-set expression that depends on the filter in
any piece of query maintenance code. This saves space for the filter, and it
may save asymptotically on demand propagation time.

Suppose that in the running example query, given a value for user, all join
orders obtain values for group by using dM1in, dFfolin, and Uout, rather than
by using dM2in. Also suppose that we use a demand strategy with no T user2

tag, so that dM2 does not introduce any live tags. Then no uses of dM2 are live
in the program except the membership test if (group, user) in dM2 at set
updates. This can be eliminated by replacing such tests with if (group,) in T group

(since we know from the update that the (group, user) tuple is already inM).
Eliminating all maintenance for dM2 as dead code, the time cost of updates to
U goes from O(|celeb.followers|+ |group|) down to O(|celeb.followers|).
This cost may be amortized over the query maintenance cost for U depending
on its join order.

2.6.6 Clearing relations
For a relation R we can consider an additional kind of primitive update,
R.clear(). This update removes all tuples from R at once, in constant time.
It is useful to treat this update as a primitive rather than as a sequence
of iterated element-by-element removals, because we can generate optimized
maintenance code relying on the fact that the final state of R will be empty.
This optimization can apply when a set parameter is treated as a relation as
per the optimization for omitting flattening, or when the demand set U is
cleared. Updates that clear ordinary sets modeled by M cannot be handled
in this way.

In particular, for any relational comprehension that has a non-negated
membership over R, the maintenance code for when R is cleared is to also
clear the comprehension result; no maintenance joins are inserted. Likewise,
any auxiliary map for a cleared relation is also cleared, using an analogous
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constant-time operation for maps. For any comprehension that has negated
memberships over R but no non-negated memberships over R, the optimiza-
tion is not applicable for that query; it must instead be treated as an element-
by-element removal from R (i.e., addition to NEGR) that causes the corre-
sponding maintenance joins to run.

For an aggregate query with operator op, operand relation R, and demand
set or demand comprehension relation C, we have the following optimized
rules. When R is cleared, the optimized maintenance is to reset each entry
in the result map to ∅op, in time proportional to |C|. When C is cleared, the
maintenance is to simply clear the map in constant time.

2.6.7 Faster removals
If we have a relational comprehension where the variables of the result ex-
pression are a superset of the variables vars in one of its membership clauses
vars in R, then we can generate faster maintenance code for removals from
R. This faster code takes the place of the maintenance join for that clause
over R.

The basic idea is that for any particular tuple r in the result set, all the
valid valuations supporting this entry assign the same tuple value v to vars.
When v is removed from R, we can delete r without having to repeatedly
decrement its associated count down to zero first. To find all such result
entries r that depend on the removed tuple v, an image-set expression over
the query result is used to go from the values of the bound variables in vars
to the unbound remaining components of the result expression.10 In the case
where the variables in the result expression are exactly vars, the iteration over
an image-set expression can be replaced by a membership test of whether vars
is in the query result.

This optimization applies in particular to any removal of a tuple from
U , since the relational comprehension’s result expression contain all demand
parameters. It also applies in Example 17 (page 65) for the removal from
NEGS; no image-set expression is needed in that case because the variables
in the result expression and the affected membership are the same.

10In languages like Python, a copy of this image set needs to be created since it will
be updated while we are in the process of iterating over it. In the method without this
extension, such a copy is never needed for image-set expressions inside maintenance code.
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2.6.8 Counting and result set elimination
Ordinarily, the invariant for the Incrementalize step is that the result of a
relational comprehension is stored in a counted set, where the count for an
entry corresponds to the number of distinct valid valuations that produce
it. Counting elimination, when possible, modifies this invariant so that the
result is just a normal set: No getcount, inccount, or deccount operations are
used, and the initialization of the result relation to new cset is replaced by
new set. This is done during the Incrementalize step, based on the relational
comprehension being processed.

Result set elimination is a special case of dead code elimination that applies
to a query result relation. When counting elimination is used successfully on
a relation, and when retrievals of the result occur through an auxiliary map
rather than through the relation itself (as is the case for flattened object-set
comprehensions), then the relation is dead code and can be removed. Result
set elimination does not apply if the set is still counted, because the control flow
of the maintenance code for the auxiliary map depends on the stored counts.
Both result set elimination and counting elimination save a constant factor of
running time, space, and code size. Both optimizations have previously been
described in [12].

There are two cases where counting elimination can be done. First, if there
are no counted removal updates to the result, then there are no tests of the
counts. This makes the else in the expansion of addc dead code, so that each
operation s.addc(v) simplifies to

if v not in s:
s.add(v).

We know that this case applies, without having to examine the generated code,
if the flattened program has no removal updates to a relation appearing on the
right-hand side of a membership, or if the only such removal updates can be
optimized to use non-counted removals as per the previous optimization. Note
that this condition is generally not satisfied if there are any reassignments to
object fields (which entail a removal update to Ff ).

The second case is when it can be statically determined that the counts
never exceed 1, i.e., that no two valid valuations collide on the same result
entry. This makes the if tests in addc and removec always succeed so that they
simplify to add and remove, respectively. For the relational comprehension, the
following two conditions together are sufficient to show that this case holds.
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(1) The values of variables in the relational comprehension’s result expres-
sion determine the values of all other variables in the query. (In relational
database terms, the variables in the result expression form a key.)

(2) The result expression is an injective mapping from inputs to outputs,
i.e., no two distinct combinations of values for its variables produce the
same output value.

Observe that under these rules, filters never need counting. By reasoning
backward through the Strengthen and Flatten steps, we can restate these as
conditions on the original object-set comprehension.

(1) The values of the maximal retrieval subexpressions appearing in the
result expression, together with the values of the parameters of the query,
determine the values of all other variables in the query.

(2) The result expression is an injective mapping from the values of its max-
imal retrieval subexpressions to its output value.

An automated reasoning for the second case can work by recognizing classes
of injective expressions, such as variables and tuples, and functional depen-
dencies inherent in certain relations, such as Ff , MAP , TUPk, and AGGRA.
A programmer may also provide an annotation to express that a field acts
as a key for its object. For our running example query, if it is known that
user.email is a key for user (i.e., no two users may share the same email
address), then its result does not need to be counted.

2.6.9 Try block elimination
In the previous section, we showed that handling comprehensions where ar-
bitrary exceptions may occur requires inserting try blocks around the code
for conditions and the result expression. In the general case, these blocks are
needed to stop the maintenance code from failing with an error when it en-
counters values that do not satisfy the query due to an exception. We can
eliminate these try blocks when it is known that the only values that can
cause an exception to occur are values that the maintenance code will not
explore. In particular, if the condition or result expression is safe to evaluate
for all relevant values of its variables, then under Theorem 2, it will only run
for these values and cannot raise an exception.

Reusing the example from the General Exceptions part of Section 2.5, if
it is known that at the point where a particular update occurs, each element
x of a demanded value for s is non-zero and does not cause f(x) to raise an
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exception, then both try blocks can be removed. In general, this optimization
saves a constant factor of running time and code size. An analogous result
holds for eliminating type checks, below.

2.6.10 Type check elimination
The generated code for memberships over the special relations M , Ff , MAP ,
and TUPk (as well as NEGR where R is M) may use operations that di-
rectly access the underlying value, as opposed to using an image-set expres-
sion. In this case, the operation is guarded by a type check (respectively,
isset, hasfield, ismap, and hasarity) to make sure that an exception does
not occur. Type check elimination is an optimization that deletes these checks
when they are guaranteed to succeed. This saves a constant factor of running
time and code size. Type check elimination was described in [12], but the
presentation here is more precise and ties in with our description of relevant
values.

Although it is possible to perform a type analysis step over the generated
code, any such analysis would have to reconstruct information that is already
available in the original program and in the high-level invariants. For this
reason we find it more intuitive to use an approach based on Theorem 2, similar
to try-block elimination: Type checks are unnecessary when all relevant values
for a variable x have a type consistent with how x is used in the query. The
problem is to devise sufficient conditions for determining that this is the case.

The main idea is as follows. We define a simple type system, and the
meaning of a typing for the query’s variables. Then we introduce the notion of
a safe typing, designed to ensure two properties: (1) if the demanded parameter
values are well-typed, then all relevant values are well-typed; and (2) if the
values of bound variables in maintenance code are well-typed, then the type
checks in the code will pass. The point is to show that at the time some
maintenance code runs, the demanded parameter values are well-typed with
respect to some safe typing. By the above properties and Theorem 2, this
implies that the type checks in the maintenance code for both the query and
for the tags and filters will succeed.

The type system consists of the following type constructors:

• set<T>, for sets where all elements have type T

• obj<f1=T1, . . ., fn=Tn>, for objects defining at least fields f1, . . . , fn hav-
ing types T1, . . . , Tn, respectively
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• map<K, V >, for maps whose keys all have type K and whose values all
have type V

• tuple<T1, . . ., Tn>, for tuples of arity n whose components have types
T1, . . . , Tn, respectively

• top and bottom, the type of all values and no values, respectively

Types may also be given names so that recursive types can be defined, e.g., for
objects that can directly or indirectly point to values of their own type. We
say that type T1 is a subtype of T2, written T1 ≤ T2, if the extent of values for
T1 is a subset of the extent of values for T2. Thus, the above type constructors
are covariant in their parameter types, and object types with more fields are
subtypes of object types with fewer fields. top and bottom make the type
lattice complete.

A typing τ is a function from each variable in the query to a type. Typings
can naturally be extended to other expressions in the query, including field
retrievals, map lookups, tuples, and subqueries. In each case, the type of
the expression is the smallest type that is consistent with the types of its
subexpressions. If a value v is relevant for an expression e, then we say that v
is well-typed for e (with respect to τ) if v has the type τ(e).

The conditions on a safe typing τ are as follows:

• For each membership e2 in e1, τ(e1) ≤ set<T>, where T ≤ τ(e2). (Re-
trieving a set element produces a value that can be contained by e2.)

• For each field retrieval e.f , τ(e) ≤ obj<f=top>. (e is an object defining
a field f .)

• For each map lookup e1[e2], τ(e1) ≤ map<τ(e2), top>. (e1 is a map
whose keys can be contained by e2.)

• For each equality e1 == e2, τ(e1) = τ(e2). (e1 and e2 can hold each
other’s values.)

The second property for safe typings, that type checks in maintenance code
will pass if the values of variables are well-typed, follows from how each set
membership, field retrieval, and map lookup constrain the associated expres-
sion to have the needed type. The first property, that the well-typedness of
parameters implies the well-typedness of all relevant values, can be shown by
induction on the definition of relevant values.
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Theorem 3. Let τ be a safe typing, and assume that all demanded parameter
values are well-typed for their corresponding parameter. Then for each value
v and expression e, if v is relevant for e, then it is also well-typed for e with
respect to τ .

Proof. For brevity we only show the base case and two of the inductive cases,
which suffice when the extensions for maps, tuples, subqueries, and equalities
are not used.

• Base case: v is a demanded parameter value for e.
By assumption.

• Inductive case for sets: v is the element of some set u that is relevant
for e2, and there exists a membership e in e2.
By the definition of safe typings, τ(e2) = set<T> where T ≤ τ(e). By
the inductive hypothesis, u is well-typed for e2. Therefore, u has type
set<T>, and v has type T . Since T is at least as small as τ(e), v also
has type τ(e).

• Inductive case for objects: v is the value of field f of some object u that
is relevant for e2, and e is the field retrieval e2.f .
The type of τ(e2.f) is the smallest T such that τ(e2) ≤ obj<f=T>. T
exists because by the definition of safe typings τ(e2) ≤ obj<f=top>. By
the inductive hypothesis, u is well-typed for e2. Therefore, u has type
obj<f=T>, and v has type T , which is τ(e).

Adding the cases for the other ways in which values may be relevant completes
the proof.

Example 20. For the running example, we can define the types

User = obj<followers:set<User>,
email:string, loc:string>

Group = set<User>,

and use the safe typing,

celeb → User group → Group user → User.

To determine that the demand parameter values are well-typed, we can
rely on type analysis of the original program or user-supplied type annota-
tions. There are two notable situations where an object will not be well-typed:
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when fields are being assigned or deleted during the object’s construction and
destruction respectively, and when a field is in the middle of being reassigned.
For the first case, the programmer should avoid making an object accessible
from demanded parameter values before its fields have all been initialized,
and symmetrically, should avoid deleting fields until the object is finally made
inaccessible and is about to be destroyed. This will make it easier for a flow-
sensitive type analysis to determine that at the points where the object is
actually used, it has the required fields. For the second case, the only main-
tenance code that can run after a field deletion or before a field assignment is
code for a negated membership over Ff (that is, a membership over NEGFf

),
but we do not generate such memberships. Consequently, no maintenance
code runs while a field is in the middle of being reassigned.

2.6.11 Maintenance case elimination
Normally, the Incrementalize step inserts maintenance code at all updates
to relations appearing in the relational comprehension. If the original query
has any memberships, and if it has any retrievals of a field f , this means
inserting code at all of the original program’s updates to sets and to field
f . Maintenance case elimination avoids adding a maintenance join where the
values in the update are always irrelevant for the corresponding variables in
the join. This saves a constant factor of running time and code size. It can
also potentially save a constant factor of space if any auxiliary maps would
have been used for those joins and nowhere else. Maintenance case elimination
was described in [12].

For the running example query, usually any update to a set causes mainte-
nance code to run two joins: one for celeb.followers and one for group. But
if it is known that at the program point of the update, the affected set can only
be a followers set and not a group, we can eliminate the second maintenance
join.

In general, the problem of knowing that the value of an expression is ir-
relevant reduces down to the problem of knowing precise alias information.
However, there are some interesting special cases that allow us to optimize
without performing a separate analysis. First, if it is known that the de-
manded parameter values are well-typed with respect to some safe typing,
and if it is known that the types of the expression in the update and its cor-
responding expression in the query are incompatible, then the values in the
update are irrelevant. Second, if it is known that an object is not accessible
from the demanded parameter values during its construction and destruction
(as was advised as good practice in the above discussion), then all maintenance
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code that runs during construction and destruction can be removed. This tells
us that the method is able to work in languages that initialize and destroy all
fields of an object at once.

Going further, suppose that instead of transforming a whole program, the
method operates on a single module, which other external modules may inter-
act with through function calls. Any update or query operations that occur in
external modules are not subject to transformation, so no maintenance code
will run for them. This can cause inconsistencies if used irresponsibly. How-
ever, if the external modules only update values that are irrelevant, then this
optimization tells us that the maintenance code was not needed anyway, so
this arrangement is sound. (Indeed, this is how our implementation interacts
with DistAlgo to generate efficient programs for distributed algorithms.)

2.6.12 Inline maintenance code
Maintenance code can either be generated inline, in which case it is inserted
adjacent to each update, or non-inline, in which case a separate procedure
definition is created for the maintenance code and a call is added next to the
update. As is the case with procedure inlining in general, there is a trade-
off between running time and code size. On the one hand, a small constant
factor of running time is saved by avoiding the call overhead. On the other
hand, the code size is increased, possibly by an asymptotic factor, and there
may even be a running time slowdown due to more instruction cache misses.
Inlining maintenance code may also allow specialization of maintenance for
different occurrences of updates, say, to take advantage of type check elimi-
nation or maintenance case elimination at some program points where it does
not necessarily apply to all updates of that kind. It is always possible to gen-
erate fully inlined maintenance code since all invariants are non-cyclic and all
maintenance is non-recursive.

Let’s look at the asymptotic code size for if all maintenance code is inlined.
There is one maintenance procedure for each kind of update to each invariant,
including invariants for tags, filters, and maps. For a single query, the number
of nested calls is bounded by the number of tags and filters, which is at most
linear in the size of the query. When incrementalizing nested relational queries,
even without considering demand comprehensions and the Restrict step, the
code size can be quadratic. This is because there can be nested queries to a
depth k, and a single update may directly affect each of the k queries, each of
which then propagates updates and incurs maintenance for its parent query.
When the nested queries include aggregates, the maintenance code for each
aggregate has two separate updates to the stored result, to delete the old
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result and assign the new one. This can cascade into exponential code size. In
practice, we observe k to be a small constant, and we have not seen examples
where inlining causes code size to increase to unmanageable levels.



Chapter 3

Implementing and evaluating
IncOQ

Having described the method in the last chapter, we now discuss our imple-
mentation and its application to the running example query. Our experiments
confirm the asymptotic improvement predicted by cost analysis. Further ex-
periments to compare against previous work and to show other applications
are given in the following chapters.

3.1 Implementation
We have created a prototype implementation, IncOQ1 (“Incremental Object
Queries”), that takes a program written in a subset of Python and generates
an output program where the set comprehension and aggregate queries are
incrementalized. The system is written in Python 3.4 and the core of the com-
piler comprises approximately 9k lines of code (LOC), excluding whitespace
and comments, and not counting an extensive suite of tests. This subsection
describes various aspects of the architecture of IncOQ.

In general, small and medium sized examples can be transformed in a few
seconds, while even the largest examples we have tried took under a minute.
We expect that a production system could be made at least an order of magni-
tude faster by implementing it in a lower-level language and taking more care
to optimize the number of passes over the AST. While these optimizations are
not important for our prototype implementation, they may be needed in or-
der to incorporate our method into a developer’s workflow without negatively
impacting their build times.

1https://github.com/IncOQ/incoq

87
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We have implemented the extensions (Section 2.5) for nested queries, aggre-
gates, maps, and nested tuples. We have also implemented the optimizations
(Section 2.6) for not flattening sets that already act as relations, omitting the
demand clause when there are no demand parameters, eliminating some uses
of singleton tuples, clearing relations, counting elimination, result set elimi-
nation, type-check elimination (based on user annotations for when the query
is type-safe), and inlining. The entire system may also be run in a relational
mode where flattening is never performed, and where objects, nested sets,
maps, and nested tuples are not permitted in queries; this mode is useful for
incrementalizing simple queries where our system cannot infer by itself that
the more complicated transformations are not needed. Likewise, the system
may be run with or without using demand filtering.

Language: Our input language is a subset of Python, where each update to
a value that can affect a query must fit one of the following syntactic forms.
For sets we use the method calls e1.add(e2) or e1.remove(e2) where the call
appears at statement level. Several convenience methods are also available
for performing set union, difference, intersection, symmetric difference, and
clearing. For objects and maps we allow attribute assignment/deletion and
key assignment/deletion statements, but we do not permit the myriad of other
ways that Python has for updating these values, such as directly accessing an
object’s _dict_ attribute. Each operation besides the convenience methods
requires that the appropriate precondition is satisfied — e.g., e2 must not be
in e1 before attempting to add it. It is straightforward to add a rewriting
step to eliminate this precondition, at the expense of additional code size and
running time.

Arbitrary expressions may be used inside update statements. However, the
update methods themselves may not be invoked by an alias. For instance, al-
though the curried invocation f = e1.add; f(e2) is allowed in general Python
programs, we do not permit it. Conversely, the syntax used by our updates
may not be used for other operations having incompatible semantics. E.g.,
in general the names add and remove cannot be used for other methods in
user-defined types, and the list element assignment statement x[i] = v can-
not be used since it conflicts with map key assignment. These limitations can
be worked around by using other aliases for these operations. Finally, values
may not be updated inside external library functions.

Our query expressions are represented as Python set comprehensions, where
memberships and conditions are written as for and if clauses, respectively.
Due to Python’s syntactic restrictions, the leftmost clause must be a member-
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ship. Note that Python does not perform pattern matching, so in order for
the untransformed program to have the correct semantics under the Python
interpreter, the query should not use pattern matching. This can be achieved
by taking any occurrence of an expression on the left-hand side of a member-
ship where the expression is not an unbound variable or a tuple, and replacing
it with a fresh variable that is equated to the expression. For instance, the
query

{z : (x, y) in E, (y, z) in E},

which takes an edge relation E and a starting node x and finds all nodes two
hops away, would be written in Python as

{z : for (x2, y) in E for (y2, z) in E
if x == x2 if y == y2}.

When there are no unbound terms on the left-hand side of a membership, it can
also be written as an if statement; it is still interpreted as a membership clause
by our system. Our implementation does not make copies of comprehension
results, so it is up to the user to do this if a copy is needed. Aggregate queries
are syntactically represented as calls to the functions count, sum, min, and max.

Maintenance code is run around updates by inserting calls to functions
immediately before or after the update statement. Query expressions are
replaced by retrievals of their stored result from a variable. In cases where
new parameter values may need to be demanded, we use an expression similar
to the comma operator in C and C++, to first call a function handling the
demand set logic before retrieving the stored result.2

We consider any variable that is initialized to an empty set at module-
level scope (i.e., global scope) to be a relation. Such variables must not be
reassigned or aliased.

Linking modules: Our system operates on a single Python module (i.e.,
file) at a time. This module must contain all queries to be incrementalized,
and all updates that can affect these queries. In practice, the module gen-
erally provides a simple API to execute the appropriate queries and updates
as function calls. A client module that is not processed by IncOQ can then
choose whether to import the original module or its transformed version. In

2Simply calling a function on the line before the query occurrence does not suffice,
because the query could appear inside a short-circuiting boolean expression, or in the guard
condition of a while loop.
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effect this lets the client choose between the original and incremental imple-
mentations of the same API. Since the client is not transformed, it may use
arbitrary Python language features.

If demand filtering is not used, then all sets, objects, and maps that are
manipulated by the transformed module must be constructed (i.e., populated
with their elements, field values, and keys respectively) inside that module
rather than in the client module. This is to ensure that the auxiliary maps
over M , Ff , and MAP are properly maintained. When demand filtering is
used, we can relax this restriction so that values may be constructed inside
the client, so long as they are not directly manipulated by the client after they
have been passed to the transformed module. This is because the appropriate
time to maintain invariants for a program that uses demand filtering is when
the values become demanded, not when they are initially constructed. We
take advantage of this in some of our DistAlgo applications (see Chapter 5):
Values may be constructed inside the DistAlgo runtime itself without running
any IncOQ-generated code, and this causes no inconsistencies so long as the
transformed module uses demand filtering.

User interface: When invoked, the system reads configuration information
from the command line and from annotations in the input file. This includes
per-query options such as what evaluation strategy to use, as well as directives
that tell the system to perform certain optimizations even when they cannot be
automatically inferred to be safe. It also includes global options like whether
to perform inlining of maintenance code, and whether to transform all queries
or just the ones that have been specifically annotated. We have scripted the
system to automatically invoke it on our suite of sanity test programs and our
benchmark programs, and to emit files containing transformation statistics
such as the number of queries processed and the LOC of the output file.

Evaluation strategies and demand: Valid implementation strategies for
comprehensions include (1) leaving it alone so that it uses Python’s straightfor-
ward left-to-right strategy, (2) incrementalizing it without demand filtering, or
(3) incrementalizing it with demand filtering. We also implemented a middle-
of-the-road strategy that recomputes the comprehension each time its result
is needed, but does so using incrementally maintained auxiliary maps and the
join order heuristic.3 Aggregate queries can use either strategies (1) or (2);
demand filtering and the middle-of-the-road approach do not apply.

3This is used in Figure 5.3.
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When determining the demand parameters for a query, by default we se-
lect a set of parameters that do not appear to be constrained by membership
clauses. However, we also allow the user to say that all parameters are to be
chosen, or to provide a specific list of which parameters should be chosen. The
demand set for the query is updated to include the current parameter values
immediately before the query operation is performed, unless the user provides
an annotation at that occurrence of the query saying that the values are al-
ready present. The user may specify a maximum size for the demand set, in
which case an LRU cache is used to evict stale entries. There is also a prim-
itive statement that can be used in input programs to direct the incremental
implementation to clear its demand sets at that program point.

When using demand filtering, the demand strategy is constructed by it-
erating over each membership in a left-to-right order. As each membership
is processed, we decide what existing tags may constrain its filter, and what
new tags may be introduced as projections of this filter. The fact that we go
in a left-to-right order prevents any tag that is introduced to the right of the
current clause from filtering this clause, and thereby ensures that the demand
strategy is a DAG. However, it also means that the user must order the query’s
clauses such that all retrieval expressions are reachable with respect to this
extra left-to-right processing constraint. For example, the clause order

for z in y for y in x

would need to be reversed since y gets its value (and hence its demand in-
formation) from the second clause. Python programmers are already used to
this kind of restriction since Python comprehensions only allow their clauses
to be evaluated left-to-right. We always insert the demand clause as the left-
most clause so that it is at the root of the demand strategy. There is also a
configuration option that allows the user to specify an alternative order for
propagating demand through the query’s clauses without having to edit the
source code.

Recall from Section 2.4 that demand graphs are subject to restrictions
about what kinds of arcs may enter and leave a node. For example, for a
clause (x, y) in M , an incoming arc must be labeled x and an outgoing arc
must be labeled y. In general, we model this by associating each kind of
membership with information about which of its positions allow incoming and
outgoing arcs. Our algorithm for determining the demand strategy looks like
this.
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tags = ∅
for each membership (v1, . . ., vn) in R, in left-to-right order:

current_filter = new filter over R
for each vi in v1, . . . , vn where i allows incoming arcs:

for each t in tags where t is for variable vi:
add t as a constraint for current_filter

for each vi in v1, . . . , vn where i allows outgoing arcs:
add to tags a new tag for vi based on current_filter

After this algorithm runs, all tags that are not used to constrain a filter are
dropped. As an additional option, we allow the user to specify that at most
one tag may be used to constrain each filter; this is used by the experiment
for Figure 4.4. When the clause is over a relation in the input program that
has not been flattened, all positions allow both incoming and outgoing arcs.

The join heuristic for ordering a comprehension’s clauses is as described in
Chapter 2, but when there are ties for the best next clause to run, the leftmost
such clause is chosen. Since this approach and the approach for selecting the
demand strategy are deterministic, the overall transformation is deterministic.
This helps us avoid regressions in our system and keep the experiment results
stable.

Runtime library: Both the input and output programs import a small
runtime library. For the input program, this library provides straightforward
linear-time implementations of aggregate queries and image-set expressions, as
well as identity-based sets which are needed to support nested sets in Python.
For the output program, the library provides essential data structures such as
counted sets and balanced binary search trees.4 The library also tracks the
sizes of auxiliary data structures to facilitate bookkeeping for benchmarking
purposes.

To explain identity-based sets, it is necessary to provide a little background
on equality and hashing. Python data types may define custom routines for
equality comparison and hashing, with the constraint that two equal entities
must hash to the same value. The hash value is used by some collections to
track their elements, and in that case, the elements’ hash values must not
change so long as they are in the collection. These two facts taken together
imply that any data type that is stored in a hash-based collection may not
have a mutable equality relation.

Unfortunately, standard Python sets do have a mutable equality relation.
Two sets compare equal iff their elements compare equal in a one-to-one fash-

4Via the 3rd-party bintrees package. https://bitbucket.org/mozman/bintrees.
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ion. Since sets may have elements added and removed during program execu-
tion, they cannot be given fixed hash values. Our solution is to not use Python
sets, but rather a custom set type with identity semantics: It only compares
equal to itself, and its hash is created when it is instantiated and never changes.
The same approach is also taken to define a custom map (dictionary) type;
objects already have identity semantics by default under Python.

There is some time overhead associated with our custom set and counted
set classes. Since these are implemented in Python, their operations are more
expensive than the equivalent built-in set class. An extension module written
in C would help ameliorate the cost.

ASTs: Transformation occurs at the level of abstract syntax trees (ASTs),
making extensive use of the visitor design pattern. Python provides a standard
library (ast) for parsing and manipulating its own AST format, as well as a
script (unparse.py) in its source distribution for unparsing. However, we found
this by itself to be too limited for our purposes. We therefore created a suite of
utilities for dealing with abstract syntax trees, and spun off the more generic
and reusable contributions as a separate library, iAST.5

A key design decision of iAST is that node objects are immutable and
have structural equality semantics. This eliminates bugs related to aliasing
of ASTs, and makes it easier to compare two syntax trees for equality or
store them in a hashed collection. Their child nodes are also automatically
type checked, so that each level of the tree is of the appropriate syntactic
domain. Instead of defining node classes using boilerplate code, they are
generated from an abstract grammar written in Zephyr ASDL[80], similar to
the Python.asdl file in the Python source distribution. iAST also supports
more advanced transformation utilities than the built-in library, such as source
code templating, pattern-matching over ASTs, and macro expansion. This
reduces the amount of programmer effort needed to construct and traverse
ASTs.

Separation of concerns and LOC breakdown: For ease of design we
have segmented the system into several components. In order of their depen-
dencies, they are as follows.

5https://github.com/brandjon/iast
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Component Approximate LOC
AST utilities 1,800
Type analysis 750
Cost analysis 750
Symbol table and config 800
Auxiliary map logic 600
Comprehension logic 1100
Aggregate logic 500
Demand filtering 200
Object/set flattening 600
Misc rewritings 2,000
Runtime library 340

AST utilities does not include iAST and unparse.py, and none of these figures
includes tests.

We have tried to avoid instances where the behavior of one component
for transforming queries depends on another. For instance, the main logic
for generating maintenance joins should not have to worry about the behav-
ior of demand, aggregates, or object/set flattening, except to the extent that
this impacts the optimal join order and the emitted code. One way that we
have achieved this is by defining separate handlers for different kinds of mem-
bership clauses, including memberships over: M , Ff , MAP , TUP, arbitrary
relations, subqueries, singleton sets, set differences of singleton sets, and so on.
Although these kinds of clauses each have their own distinct AST node type,
each handler provides a uniform interface for determining what the clause’s
properties are — e.g., the variables on its left-hand side, the relation on its
right-hand side, which components allow incoming and outgoing arcs for the
demand strategy, how to generate cost and code given that certain variables
are bound, whether the clause requires demand filtering, etc. This helps us
reduce coupling between the consumer of this information (such as the logic
for comprehensions and demand filtering) and extension features (such as ag-
gregates and object/set flattening).

Transformation steps: The overall order of transformation steps is as fol-
lows.

(1) Parse the input source code into Python AST format, and then convert
into our own internal AST format. Parse configuration directives and
annotations, and create symbol table entries for the queries.
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(2) Preprocess convenience operations (e.g., set union) into primitive up-
dates. Convert if clauses in comprehensions to membership clauses if
they test for set membership. Decide which variables can be treated as
relations.

(3) Flatten objects, sets, maps, and tuples for all updates and queries.

(4) Perform scope analysis to determine what the parameters of each query
are. Determine the demand parameters, and introduce demand sets and
demand comprehensions.

(5) Repeatedly choose an innermost query marked for incrementalization
and transform it. Repeat until no such queries remain. Maintenance
joins will be ordered, filtered, and expanded, and tags and filters will
themselves be incrementalized, all before proceeding to the next query.
Counting elimination and type-check elimination are done as the query
is processed.

(6) Implement image-set expressions using auxiliary maps. Run result set
elimination and inlining, if requested. Convert back to Python AST
format and emit code.

Output code size: The final output program emitted by IncOQ consists of

(1) a preamble of comments describing the invariants that were generated,

(2) header code consisting of definitions of maintenance functions for each
invariant and kind of update, along with definitions of demand helper
functions and the variables holding stored results, and

(3) body code from the input program, with calls to maintenance functions
inserted next to updates, and uses of queries replaced by calls to query
functions that may also update demand.

Most of the examples that we transformed ended up with hundreds of lines or
more of generated code in the final program. For instance, the social network
example (Table 3.1) went from 39 LOC to 237 without filtering, and 451 with
it. The bulk of this increase is due to the header code; of the 412 additional
lines in the filtered program, 367 is for maintenance functions. The preamble
does not contribute since it consists only of comments, and the body does not
add too much in practice, although it can be O(#invariants×#updates) in
principle even without inlining. To give an idea of what all this added code is
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for, we describe how to estimate the size of maintenance functions based on
the invariants, using the filtered program to illustrate.

Auxiliary map invariants are the easiest to estimate because they always
take the same number of LOC per map, since no other invariants depend on
them and they have no complex internal structure. Currently this number is
15 LOC, but straightforward intraprocedural optimization could reduce this
further. The example has 5 auxiliary maps which would give an estimate of 75
LOC, but in actuality it takes only 61 LOC because two maintenance functions
end up being eliminated as dead code.

Comprehension maintenance code size is primarily driven by the number
of membership clauses. The more membership clauses, the more kinds of
maintenance, and the larger each maintenance join’s expansion becomes. For
a given query, let #clausesmem and #clausesall be the number of memberships
and the total number of clauses in the query, respectively. Then the number
of distinct kinds of maintenance joins is 2×#clausesmem, each of which needs
to run #clausesall clauses and update the stored result. Assuming it takes
1 LOC to run each clause and updating the stored result takes 2 LOC, then
since the example query has 6 memberships and 1 condition this gives us an
estimate of

(2× 6)× (1 LOC × 7 + 2 LOC) = 108 LOC.

In actuality the size is 99 LOC because one of the maintenance functions is
dead code. In other examples the amount may be larger than this estimate
due to taking more than one line per clause (e.g., for type checks) or more
lines to update the query (to manage a counted set or call other maintenance
functions).

Tags and filters, while technically comprehensions, can be estimated with
simpler rules due to their small size. Each tag or filter maintenance function
takes around 7 LOC. Each tag depends on one relation, and each filter de-
pends on 1 + t relations where t is the number of incoming tags it has. Each
dependency on a relation requires two separate functions to handle addition
and removal. In the example, there are a total of five tags and five filters,
where three of the filters have one tag and two of the filters have two tags.
Three removal maintenance functions for tags and filters are eliminated as
dead code. This yields a total of 5 + (3 × 2 + 2 × 3) = 17 dependencies on
relations, and 17×2−3 = 31 functions, for a total of 31×7 LOC = 217 LOC.
The actual number is 207 LOC.

Aggregate maintenance functions are around 6–11 LOC apiece. As in the
case of auxiliary map maintenance, this can be reduced by applying intrapro-
cedural optimization such as copy propagation. One reason for the redundant
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code is that our system separates the rules for handling the specific aggregate
operator from the rules for managing the aggregate result map itself. This
makes the system more extensible but it requires the use of temporary vari-
ables to pass information from one part of the maintenance function to the
next. Our system also deletes the old aggregate result (and any other stored
results that depended on it) before assigning the new one, whereas in some
cases it would be possible to just directly update the result in place.

Cost and type analysis: Fundamentally, our method is able to provide
time cost bounds because the values that our generated code iterates over
are given by invariants. For instance, the change to a comprehension result
is determined by maintenance code that iterates over image-set expressions.
In the final code, these expressions are replaced with map lookups where the
contents of the maps are known to equal (and hence be bounded by) the
corresponding image-sets due to their invariants. This contrasts with other
methods that maintain complex indices without using invariants and that do
not give bounds for their indices’ sizes.

To take advantage of this fact, we have implemented an automated asymp-
totic time cost analysis in IncOQ. (Space cost analysis is not automated since
it is easy to do by hand by looking at the generated invariants.) The analysis
consists of three components: an algebra of asymptotic cost terms, an ana-
lyzer that associates pieces of code with a cost bound on running time, and a
simplifier that uses type information to clean up the bounds for presentation
to the user. We discuss each in turn.

Cost algebra: The terms in our algebra are as follows.

Term Meaning
1 the unit cost, i.e., constant time
R the size of the atomic domain for variable R
R.J{I = K} the size of the corresponding image set
RJ/I as above, but the size for the largest image

set for any value of K
C1 × . . .× Cn the product of zero or more costs
C1 + . . .+ Cn the sum of zero or more costs
min(C1, . . . Cn) the minimum of one or more costs
? an unknown cost

An empty product or sum is equivalent to the unit cost. These terms are
similar to the ones used for cost analysis in [49], and smaller terms may also be
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subsumed into larger ones following similar rules, e.g. RJ/I ≤ R.J{I = K} ≤
R.

We keep costs in a normal form, as minimums of sums of products of other
non-composite cost terms. For instance, min(Rout, S.in{v} + (T × T )) is in
normal form. It is straightforward to get an arbitrary term into this form by
recursively combining normalized costs in a bottom up fashion, distributing
at product and sum operators and simplifying along the way where possible.

Cost analysis: Given a piece of code with no function calls, a cost term
to bound running time is constructed in a syntax-directed manner. The over-
whelming majority of nodes return either the unit cost or the sum of their
child node’s costs. While loops produce an unknown cost, as do several other
node types that are not used in maintenance functions but may be used by
user code. To handle for loops, we need to know a bound on the size of the
expression on the right-hand side. This is produced by an analogous process
that operates only on expression nodes and returns a cost term for their size.
For the common case of a for loop over a variable or an image-set expression,
this gives us the corresponding costs for domains and for image-sets.

Function calls are handled by processing each function in topological order,
so that each call’s cost is known at the time it is seen. Recursive functions
cannot be analyzed in this way, but all of our maintenance functions are non-
recursive. The cost term for a function may use atomic domains and also
image-set costs, so long as the only keys to the image set are its formal pa-
rameters; otherwise the image set cost must be widened to apply to any key.
For instance, if a function has a parameter x and performs a nested iteration

def f(x):
. . .
for y in E.out{x}:

for z in E.out{y}:
. . .

then the cost O(E.out{x}× E.out{y}) would have to be widened by replacing
E.out{y} with Eout. At a function call f(a), we then replace the formal param-
eter x with the actual argument variable a to obtain a cost O(E.out{a}× Eout)
for the call. If the actual argument is an expression instead of a variable, we
widen once again to obtain a cost of O(Eout × Eout). Using this system, we
can associate every non-recursive function in the program with a cost, and
every maintenance function with a cost that does not involve unknown costs.
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Simplifying with types: The costs that are produced using the above
method may be difficult for the user to read and understand because they can
depend on the sizes of many different sets. We can simplify further by replac-
ing domains representing set-valued variables with domains representing their
types. This gives us very simple cost bounds like those in Tables 5.6 and 5.7.
For a relation, generally this means replacing the domain of the relation with a
product of its component’s type domains, and replacing an image-set cost for
the relation with the product of the domains of the unbound components. For
instance, if the relation E above is a set of pairs of numbers, the costs would
become O(number× number) where number is the domain associated with the
primitive type for numbers.

We have added a type inferencer to our implementation based on abstract
interpretation. The type lattice is similar to the one described on page 2.6.10,
but it also includes a type constructor for subtyping an existing type. This is
useful for assigning meaningful names to types, for instance, declaring a clock
to be the name of a particular subtype based on number. With type inference
we can propagate type information that is provided by user annotations to
other variables and expressions created by our transformation.

3.2 Experiments
In this section we investigate the effect of our method on the time and space
performance of a program implementing the social network query (Example 1).
Three benchmarks are performed. The first looks at the asymptotic tradeoff
in running time caused by making the computation incremental, and at the
asymptotic time and space benefits of demand filtering. The second bench-
mark examines how the overhead associated with demand filtering varies as
the number of demanded parameter values changes. The final benchmark ap-
plies some of the optimizations of Section 2.6 and shows their constant-factor
effects on running time and space usage. For benchmarks on other queries and
programs, see Chapters 4 and 5.

All experiments were run using CPython 3.4.4, under 64-bit Windows 10
on an Intel Core i5-5250U CPU at 1.6 GHz6 with 16 GB memory. No RAM
exhaustion or disk paging was observed. Each measured execution of a pro-
gram occurred in its own process, with the garbage collector disabled. Unless
otherwise noted, all datapoints are the average of between 10 and 50 trials,
using fewer than 50 only once the standard deviation is within 10% of the
mean. All time measurements are CPU time in seconds. Additional space is

6Max 2.7 GHz under Intel Turbo.
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Program LOC Time
Original 39 N/A
Incremental 237 1.02
Filtered 451 2.20
Filtered (w/ type checks) 494 2.27
Filtered (OSQ strategy) 397 1.97

Table 3.1: Lines of code and transformation time, for different programs imple-
menting the running example query and its updates. The OSQ strategy variant is
discussed in Chapter 4. All LOC measurements are without whitespace or com-
ments. All transformation times do not include time for cost analysis.

measured as the size of the inserted global sets and maps, including in par-
ticular the stored query result and auxiliary maps, but not the space usage
of objects and sets that are from the original program. The size of a set is
the number of elements, and the size of an auxiliary map is the number of
keys plus the size of the image set for each key. For all transformed programs,
where possible, we avoid making a copy of the retrieved query result, and we
avoid testing whether the queried values are in the demand set when this is
already guaranteed by the test setup.

Transformed programs: We have written a small program containing func-
tions for creating and updating the social network data and performing the
query. Three different implementations are benchmarked: the original pro-
gram (original), an incrementalized version with a demand set but no de-
mand filtering (incremental), and an incrementalized version with demand
filtering as well (filtered). Their transformation statistics are shown in Ta-
ble 3.1. The demand strategy used for filtering is as in Example 11. The
join orders are chosen by using our standard greedy heuristic, breaking ties by
choosing the leftmost tied clause. No copy of the query result is needed, and
any additions to the demand set are done during setup, so the transformed
programs take constant time to perform the query.

Table 3.2 shows the generated asymptotic time bounds for all operations,
in the general case. Our test data is generated to satisfy several requirements
that enable us to apply optimizations and simplify these cost bounds.

• Each celebrity has a unique, unaliased followers field, so that the terms
|Ffolin| and |dFfolin| are at most 1.

• Each user has a unique email field value, so that the counting elimination
and result set elimination optimizations both apply to incremental and
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Operation incremental filtered
make_user O((|Uout| × |Mout|)+ O((|Uout| × |Mout|)+

(|Uout| × |Min| × |Ffolin|)) (|Uout| × |dM1in| × |dFfolin|))
make_group O(1) O(1)
follow O((|Ffolin| × |Uout|) + |Uin|) O((|dFfolin| × |Uout|) + |Uin|)
unfollow as above as above
join_group as above as above
leave_group as above as above
change_loc O(|Ffolin| × |Min| × |Uout|) O(|dFfolin| × |dM1in| × |Uout|)
query O(|celeb.followers|) O(|celeb.followers|+ |group|)

Table 3.2: Running time cost bounds for each of the functions from the original
social network program, after being transformed to contain incremental maintenance
code with and without demand filtering. These bounds are automatically generated
by our system, but we have taken the liberties of simplifying redundant terms and
of remaining terms to be consistent with our convention; see Appendix B for the
raw generated bounds. For query, the cost bound includes the time for demanding
the parameter values; if they are already demanded then the cost is constant. For
make_user, the costs are in actuality constant because the newly constructed user
is not yet connected to any other values for the maintenance to iterate over. The
cost bounds for original (not shown) are O(1) for each operation besides query,
which is O(|celeb.followers|).

filtered.

• The demanded data is well-typed with respect to the safe typing in
Example 20, so type check elimination is able to apply to filtered (but
not to incremental).

Our benchmarks focus on two operations in particular: querying a pair of
values for celeb and group, and updating a user’s location. Table 3.3 shows
the time costs for these two main operations, and the space costs for storing
additional structures.

Asymptotic time and space: Our benchmark for measuring time per-
formance is based on performing alternating queries and updates to a user’s
location, since both of these operations would be frequent in a real system,
and since updates to nested objects are harder to support efficiently. Our test
data is constructed to have up to 20,000 users and 1% as many groups as users.
Each user follows 0.5% of all users, is in 5% of the groups, and is given one of
20 possible locations, one of which satisfies the query’s condition clause. Three
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Implementation Query Change location
original O(|celeb.followers|) O(1)
incremental O(1) O(|M.in{user}| × |Uout|)
filtered O(1) O(|dM1.in{user}| × |Uout|)

or O(1) if user is irrelevant
Implementation Additional space
original 0
incremental O(|U |+ |Ffol|+ |M |+ |Q|)
filtered O(|U |+ |dM1|+ |dM2|+ |Q|)

Table 3.3: Time bounds for the benchmarked operations and space bounds for
auxiliary structures used by the transformed programs, under the given assumptions
about the input data. Q represents the query result. Note that incremental takes
space proportional to the number of sets and celebrity user objects in the whole
program.

of the users are chosen to be demanded celebrities, and one group is chosen
to be a demanded group (i.e., the demand set holds three pairs, one for each
celebrity with this group). All relationships are chosen uniformly randomly,
so that the sizes of all image sets are easier to understand. This setup gives
us the following growth rates for the cost terms in Table 3.3, where x is the
number of users.7

Time term Bound
|celeb.followers| O(x)
|M.in{user}| O(x)
|Uout| O(1)
|dM1in| O(1)

Space term Bound
|U | O(1)
|Ffol| O(x)
|M | O(x2)
|Q| O(x)
|dM1| O(x)
|dM2| O(x)

The benchmark measures the time to perform 200,000 pairs of query and
update operations, where the query operation runs the query on a randomly
chosen pair in the demand set, and the update operation changes a random
user’s location. Space usage is measured after the query and update operations
are done. This procedure is also repeated without the query operations in order
to measure just the time cost of the updates and their associated maintenance;

7We can also expect |Q| to obey a tighter bound of O(1), since the increase in the number
of followers of demanded celebrities is offset by the decreased likelihood of belonging to a
demanded group. This also means that only a constant number of users are expected to be
in the intersection of the two tag sets for user.
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the cost of just the query operations is then obtained by subtracting from the
results of the first run.

The results are shown in Figure 3.1 and confirm the above asymptotic
bounds. In particular, they show that the transformation eliminates the lin-
ear cost of querying, and that demand filtering eliminates the linear cost of
updating. Demand filtering also reduces the additional space usage by a linear
factor. (Note that the total space usage of the program is still quadratic due
to user data that is present in the original program.)

Effect of demand set size: Demand filtering works best when the number
of demanded parameter values (and hence the number of relevant values that
can be in tag sets and filters) is small compared to the whole dataset. To
investigate this effect, we ran a modified version of the previous benchmark,
where the data is always generated as for the rightmost datapoint of Figure 3.1
(i.e., with 20,000 users), but where the number of demanded users varies from
1 to 20,000. In addition, each of the random updates is to one of the users that
both follows a demanded celebrity and is in the demanded group; otherwise,
most of the maintenance for updates in filtered would terminate almost
immediately. To better show the tradeoffs, we report two measurements for
running time: the time needed to perform the queries and updates (as in the
previous benchmark), and this time summed with the time for demanding
the parameter values and performing the associated maintenance during the
initial setup.

The results are shown in Figure 3.2. filtered runs relatively faster when
few celebrities are demanded, but its advantage diminishes as the size of dM1in
grows larger relative to Min. If we are not concerned with the time needed to
demand the parameter values, then filtered always performs better no matter
how many users are demanded, because the extra work done to maintain dFloc
is offset by the time saved by not performing type checks — an optimization
that in general does not apply to incremental. To isolate this effect, we
also ran a version of filtered that does not perform type check elimination;
for this version there is a crossover point when about 70% of the users are
demanded. On the other hand, when we consider the total time including
time for demanding the parameter values, the crossover point is around 20–
25%. For space usage, filtered is initially much better, but ends up taking
even more space than incremental due to overlap in the tags, filters, and
auxiliary maps.



CHAPTER 3. IMPLEMENTING AND EVALUATING INCOQ 104

4 8 12 16 20
Number of users (in thousands)

0

1

2

3
R

u
n

n
in

g
ti

m
e

(i
n

se
co

n
d

s)

original query
original update
incremental query
incremental update
filtered query
filtered update

4 8 12 16 20
Number of users (in thousands)

0.0

0.5

1.0

1.5

2.0

2.5

A
d

d
’l

sp
ac

e
(i

n
m

il
li

on
s)

incremental
filtered × 100

Figure 3.1: Growth in running time (top) and additional space usage (bottom).
The flat lines in the top figure actually have a slight (~30 ms) increase from the
leftmost datapoint to the rightmost one. This appears to be due to increased cache
misses from doing the same number of random accesses over an increasingly broad
set of possible users. Indeed, even original updates suffer from this effect, indicat-
ing that the cause is present in our test setup. We have run experiments to confirm
that cache misses play a role in this increase.
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Figure 3.2: Effect of demand set size on (1) the running time for just queries and
updates (top), (2) the running time of these operations plus time for demanding
the parameter values (middle), and (3) additional space usage (bottom). The initial
datapoint is at x = 1 user.
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Program LOC Time
Unoptimized 601 2.66
Inlining 957 3.72
Counting elim 798 3.22
Result set elim 779 3.25
Type check elim 708 3.06
Maint case elim 411 N/A

Table 3.4: Transformation statistics for social network program at different levels
of optimization. Maint case elim has no transformation time since it is a manually
modification to Type check elim.

Constant-factor optimizations: In order to investigate the benefits of the
optimizations of Section 2.6, we produced a series of increasingly optimized
versions of the transformed program with demand filtering. We chose to ap-
ply these optimizations cumulatively to give a better idea of the total pos-
sible speedup, and because some of the optimizations depend on others. In
particular, maintenance case elimination depends on inlining since different
maintenance joins are omitted at different updates to M , and result set elim-
ination depends on counting elimination to ensure the result sets are dead
code. A more thorough examination of these optimizations was performed in
[12]; compared with that work, we do not treat selecting a better set datatype
as its own separate optimization for benchmarking purposes.

The benchmark varies how “dense” the data is, in the sense of users follow-
ing other users. This affects how many changes need to be made to the stored
result, and thus how much of the running time is affected by the part of the
code that is optimized. The setup is similar to the rightmost datapoint from
Figure 3.2, but the number of followers per user is made to vary inversely with
x, so as to fix the total size of all follower sets at 2,000,000. For example, the
followers per user are 1,000 and 100 at x = 2, 000 and x = 20, 000 respectively.

The improvement in running time is shown in Figure 3.3. Counting elim-
ination has the largest effect of any single optimization, in part because it
enables the use of a more efficient set datatype. Maintenance case elimination
has no measurable effect on running time because the benchmarked update —
changing a user’s location field — is unchanged by getting rid of maintenance
code for updates toM . The effect of these optimizations on code size is shown
in Table 3.4; all but inlining reduce code size.
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Figure 3.3: Running time for various levels of optimization of the transformed,
demand-filtered program. Each optimization is applied cumulatively, so that
Maint case elim is the most optimized. The second plot shows time normalized
to the cost of Unoptimized. Time decreases for higher numbers of users because
the data is sparser and therefore requires fewer changes to the stored query result.



Chapter 4

Comparing approaches

We have two goals in this chapter. The first is to put our approach in context
with related work. The bulk of this discussion is contained in Section 4.1.
We single out two particular systems for more detailed analysis, including
benchmarks, in Sections 4.3 and 4.4: the Object Set Query (OSQ) method
[74, 72] and the Java Query Language (JQL) [84, 85]. Both of these systems
support incremental computation of high-level object queries similar to ours,
but without cost guarantees or without handling all kinds of updates.

Our second goal is to examine alternative strategies for formulating invari-
ants, and in doing so, to justify why we chose the particular strategy we did.
This is explored in Section 4.2. One of the results of the discussion is that
we arrive at the specific modifications to our demand strategy that would be
needed to model the behavior of OSQ.

Our system can express any object-set comprehension query that OSQ and
JQL can.1 Moreover, there exist choices for the demand strategies (including
possibly using the modified invariants that model OSQ) and for the join or-
ders, such that the implementation generated by our method performs at least
as well. Indeed, the benchmarks of Sections 4.3 and 4.4 show asymptotic im-
provements.

4.1 Related work
There is much work on incremental computation [69, 53] and materialized
views [26]. We begin by describing systems for efficient incremental querying.
We then discuss self-adjusting computation, which makes programs incremen-

1Treating JQL list comprehensions as sets, and not considering OSQ extension features
like group-by and union, which we do not discuss.
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tal even without queries. Following this, we discuss the relationship between
our work and reactive programming, demand transformation, invariant trans-
formation, efficient join computation, and other works. Our own related pub-
lications on this topic include [45, 12].

Query systems: There is much work on incrementalizing relational queries
(e.g., in RDBMSs) and logic queries (e.g., in Datalog). Qian and Wiederhold
[68] and Griffin et al. [23, 24] apply finite differencing to relational algebra to
derive expressions for change propagation. Ceri and Widom [15] derive rules
for incrementally maintaining an SQL view; the class of views is restricted
so as to avoid the need to count duplicate derivations for tuples in the view
result. For Datalog, Gupta et al. provide the Counting algorithm [27, 25] and
Delete-and-Rederive (DRed) method [27] (adjusted into a Backward/Forward
algorithm by Motik et al. [59]) to incrementally evaluate queries involving
stratified negation, aggregation, and recursion. Liu et al. [49, 47] compile
Datalog rules into an imperative program that performs a bottom-up evalua-
tion using incremental addition updates. Unlike our approach, it materializes
intermediate joins, which can improve join time at the expense of consum-
ing asymptotically more space than the original query result; see the Join
Decomposition approach in Section 4.2.

A central theme in most of these methods is that a relational join R ./ S
can be incrementally computed by algebraically distributing the join over the
union of the old input value R and the change to this input ∆R.

(R ∪∆R) ./ S = (R ./ S) ∪ (∆R ./ S)

The first join on the right-hand side is the old result of the query (which
is already available), and the second join is the incremental change. In our
work this change is computed by maintenance joins, but many other works
for incremental queries perform the same underlying computation, including
other methods for object queries like OSQ and JQL.

For certain kinds of queries, the delta expressions for the change to the
query can themselves be recursively incrementalized. Koch et al. [36, 37] do
this to achieve constant-time updates for a class of aggregate queries. Obtain-
ing similar performance under our method would require a more sophisticated
treatment of aggregates over comprehensions; we would have to consider both
the inner and outer queries together instead of transforming them one at a
time. The repeated incrementalization of delta expressions to obtain simpler
delta expressions is reminiscent of how Paige’s finite differencing can be used
to derive Brigg’s method for efficiently evaluating polynomials [66].
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Armbrust et al. use incremental views to answer queries in a scale-independent
way, meaning that the response latency remains constant-bounded as the size
of both the input data and computing cluster increase. Such strict perfor-
mance bounds preclude queries with non-constant bounded output size.

The problem of incremental maintenance becomes harder when we consider
nested relational queries. The main issue is that updates to inner relations
cannot be efficiently expressed; even small changes require deleting and rein-
serting the entire nested relation. This limitation applies even when the change
is to a top-level relation, since inner relations may be created by subqueries
over those relations. Lupei et al. [54] use a shredding transformation to extract
the inner queries into a family of mostly flat queries, where the occurrences of
inner queries are replaced by labels identifying the particular result relation.
Incremental changes can then be made to a separate mapping from labels to
subquery results. Kawaguchi et al. [33] extend the Counting algorithm to
joins of nested relations. The occurrence of the inner relation is replaced in
the outer relation by its id, and the occurrence of the inner relation in the
join expression is replaced by a new top-level relation that incorporates this
id as one of its attributes. This kind of flattening is similar in spirit to how we
flatten nested sets and fields, but our method operates in a different problem
domain as it also deals with aliasing, demand, and generating imperative code.

A variety of query systems exist for imperative programming languages.
Liu et al. [52] give a system for incrementalizing set comprehensions using
auxiliary maps to implement image-set expressions (see also tuple pattern
matching [73]). Both our method and OSQ improve upon [52] by supporting
objects, projections, self-joins, clause ordering, and demand. LINQ [55] pro-
vides an interface to querying relational and XML data from within the host
programming language. i3QL [58] provides in-memory SQL-style queries with
recursion (using DRed), optimized with algebraic rewriting, but it does not
provide object queries or cost bounds.

Self-adjusting computation:2 This technique for incremental computa-
tion works by maintaining a dynamic dependency graph of the computation
[6, 2, 5]. It is a general technique — for instance, examples from these works
highlight problems in computational geometry. Intuitively, it instruments the
program’s dataflow to log how intermediate and output values are produced
during the initial scratch computation. Then, when the inputs are modified,
a change propagation algorithm reexecutes the relevant pieces of code. This
process can be demand-driven [31], and may associate names with intermedi-

2When used without memoization, it is called Adaptive functional programming.
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ate results to better track and reuse them [29]. Although originally formulated
for functional languages (with write-once mutable cells), it has been extended
to the imperative domain as well [3, 28, 30], and a similar technique has been
applied to invariant checking in Java [76]. Self-adjusting computation can be
used to derive algorithms for the dynamic versions of problems, as an alterna-
tive to writing complicated specialized code.

However, bounding the cost for self-adjusting computation can be a diffi-
cult and ad hoc process, and the system’s overhead can be large.3 Obtaining
the bound requires a detailed understanding of how the program responds to
changes, as opposed to having a source-level reasoning technique. Asymptot-
ically, it is known that the time overhead can never be worse than a scratch
recomputation [5], although the space cost can be as large as the program’s
running time [4]. This has been somewhat mitigated with newer techniques,
which enable tracing the computation at the level of abstract data types in-
stead of memory cells [4], and bounding cost by the change to the computation
trace [43]. Improvements have also been made to make it more programmer
friendly, by using a simple annotation to mark changeable data instead of
requiring an obfuscated monad syntax [18].

Nonetheless, it is not clear how to apply self-adjusting computation to the
computation of queries like our object-set comprehensions; or whether doing
so would yield good update maintenance times; or whether it would require
auxiliary data proportional in size to the result of intermediate large joins.
Our cost bounds are possible because of our reliance on invariants. The only
auxiliary space needed in our method is to hold the result of an expression that
is computed incrementally using an invariant. The maintenance time required
for a comprehension is easily determined by looking at its clauses, without the
need for program-wide or application-specific reasoning.

Reactive programming: Although reactive programming [9, 75] is some-
times specified using imperative dataflow rules [19], it can also make use of
high-level declarative queries. Instead of having the programmer store the
result of a computation in a variable and worry about manually keeping this
value up-to-date, the programmer writes a query and lets the framework take
care of reevaluating it when the inputs change. An incremental and demand-
driven implementation has the additional advantage that the reevaluation is
efficient, but usually the primary concern is consistency with the inputs. With
minor modifications, IncOQ be made to facilitate reactive programming by
having the queries return view objects over their results. Existing systems

3Around 2x for complex programs, and around 15-30x for basic list operations [5].
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[42] for reactive programming with object queries may require the user to
specify a dataflow pipeline with a definite order, e.g. using map and filter
operations. This contrasts with our object-set comprehensions, where clauses
are unordered but maintenance code may choose from many join orders.

Demand: Magic-set transformation (MST) [10, 11] is a well-known tech-
nique for transforming a logic program such that its bottom-up computation
becomes demand-driven. Both MST and our method define demand in an in-
tensional manner (i.e., using rules and invariants). Our tag sets are analogous
to the magic sets themselves, with our demand set corresponding to the set
of seed values. Our way of defining filters using tags can be characterized as
a Sideways Information Passing strategy (SIP) [11] that intentionally drops
demand precision in order to save space; see the Join Decomposition approach
in Section 4.2 for what would happen otherwise. Besides MST there exist
other demand transformations with strong performance guarantees [78, 79].

Invariant-based transformation: Transforming a program to maintain
many interrelated invariants requires a systematic method (see [53] for an
overview). For our purposes finite differencing [66] serves as that framework.
This framework has also been used in database contexts to efficiently imple-
ment integrity constraints [65], and has inspired many of the aforementioned
change-propagation approaches.4 Finite differencing requires a library of rules
describing how to maintain each query form for different kinds of updates. In
our case, the rules are implicitly generated by the method for deriving mainte-
nance joins for relational comprehensions. Finite differencing also informs the
design of our method with regard to the order in which invariant transforma-
tions are performed. We discuss this aspect more in Filter vs. Incrementalize
in Section 4.2.

Although our implementation includes a complete incrementalization sub-
system, it would also be possible to have our system emit these rules for a
dedicated transformation system (e.g., InvTS [46, 21]). A sophisticated trans-
formation engine with stronger alias analysis and type analysis would help
reduce the number of update occurrences that are transformed and the num-
ber of type checks that are inserted, thereby reducing code size and improving
running time by a constant factor. The transformation could also be improved
in the future to be sensitive to, and localized to, class scope [50].

4Loosely, we can think of maintaining invariants as a form of repairing [81] inconsistent
database states, although there is only one correct way to repair a view by bringing it
up-to-date with its base relations.
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Joins: Our object-set comprehension queries, once flattened, are join queries.
Their incremental maintenance code makes use of other, smaller join queries.
It stands to reason that our method can benefit from any headway made in
the general problem of efficient join computation, which is well-known to be
difficult.

Recent work on natural join queries has focused on bounding the running
time by considering the problem’s geometric interpretations. Ngo et al. [64]
developed an algorithm that is worst-case optimal, meaning that for a given
input size it is no worse than the time required for a pathological input of that
size. This upper bound is based on the best possible fractional edge cover of
the query’s hypergraph. Notably, there exist queries for which no project-join
plan, including the nested clause orderings that we produce, can achieve the
bound. The problem is not merely theoretical; it actually prevents us from
achieving optimal worst-case complexity in the running example query (see
the footnote in the Join Decomposition approach).

Subsequent work [63] considers a more fine-grained notion of optimality
that uses the size of a minimum “certificate” for the problem instance. Their
algorithm is based on exploring gaps in the output space, whose projections
down to the input relations correspond to gaps between successive input tuples.
They achieve optimal running time for β-acyclic queries, with the restriction
that the input relations are all indexed by the same search criteria. This
restriction was later removed [35] by generalizing certificates to be based on
geometric gap boxes rather than index comparisons. This yielded a single
framework for natural joins that achieves both the optimal worst-case bounds
and the beyond-worst-case certificate-based results.

Better asymptotic terms for bounding join results means better cost bounds
for code that iterates over join results, e.g., in maintenance code for queries
with nested subqueries. Better algorithms for actually computing the join
could mean faster maintenance code, although we would have to see how such
strategies interact with demand.

Other works: For the functional programming paradigm, memoization is a
basic precursor to incremental computation [56]. More powerful approaches
look at better reuse of subproblems [67] and modifying functions to return
and make use of intermediate and auxiliary data [44]. Cai et al. [13] provide a
framework for incrementalizing the simply typed lambda calculus, similar to
how finite differencing is used to transform imperative programs. Although it
is static and general, it heavily relies on specialization in order to be of use
to a particular application: It requires users to provide the primitives, their



CHAPTER 4. COMPARING APPROACHES 114

type information, maintenance rules, and certain lemmas for extending the
correctness proof.

Nakamura [60] gives a translation of complex values down to nested sets,
and incrementalizes the sets in a uniform manner. However, no cost bounds are
given, and it does not use invariants for propagating demand; our translation
also results in flatter queries. Kemper et al. [34] describe caching of query
functions on objects, but the general problem with memoizing such functions
is that the results are invalidated or inapplicable when the nested values are
updated, including when a collection is modified. Both [34] and another work
[38] dealing with objects attempt to optimize using object-oriented features
such as encapsulation and inheritance, whereas our object model is relatively
relaxed in that it allows structural typing (indeed, duck typing) and does not
assume that objects are related or organized by class.

4.2 Alternative strategies for incremental
computation

In this section we discuss several alternative ways of designing and applying
invariants for incremental computation. The first four techniques concern the
demand strategy, and of those, three are useful for modeling the behavior of
OSQ with respect to demand. After that, we examine an approach that com-
putes more intermediate results, saving time at the expense of space. Finally,
we justify why our Filter step operates on the maintenance joins produced by
the Incrementalize step, rather than on the relational comprehension that is
the input to the Incrementalize step.

Single Tag: Our default heuristic for demand strategies is to choose any
maximum DAG satisfying the restrictions. This produces strategies such as
the one in Example 11. The Single Tag strategy adds the constraint that all
arcs labeled with a given variable have to originate from the same node. For
the running example, this means we have to eliminate either T user1 or T user2,
and the two filters dFloc and dFemail would be changed to depend only on the
the one that is not eliminated, e.g.,

dFloc = {(user, loc) : user in T user1, (user, loc) in Floc}

dFemail = {(user, email) : user in T user1, (user, email) in Femail}.

The benefit of this strategy is that less work is spent maintaining demand
invariants. Indeed, in some cases the benefit can even be asymptotic. In
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the case of the running example, the cost of adding a new pair to the de-
mand set can be reduced from O(|celeb.followers|+ |group|) down to just
O(|celeb.followers|) or just O(|group|), provided that we are also able to
eliminate one of dM1 or dM2. Such an optimization would require replacing
uses of the removed filter with uses of T celeb_fol or T group respectively, and
ensuring that no join order requires an inverse map over the filter.

Monotonic Tags: Monotonic relations are relations that can only grow,
never shrink. For any relation R, define its monotonic version Rm to hold all
the tuples that have ever been added to R. Note that Rm can be computed
incrementally without using a counted set: Whenever an element is added to
R, it is also added to Rm if not already present, and whenever an element is
removed from R, no action is taken.

In the Monotonic Tags strategy, we replace U and all tags with their mono-
tonic versions, and we modify the definition of each filter by replacing uses of
tags with uses of their monotonic versions. For instance, dFloc becomes

dFloc
′ = {(user, user_loc) : user in T user1

m, user in T user2
m,

(user, user_loc) in Floc}

Under these definitions, filters are still subsets of their underlying relation,
but values may be in tags and filters even if they are no longer accessible
from demanded parameter values, so long as they satisfy a chain of “has-ever-
been-in” relationships. It is still correct to use these modified filter definitions
in a maintenance join, because they are supersets of the normal filters and
subsets of the underlying relation. However, optimizations such as type check
elimination may no longer be valid.

Performance wise, this strategy can potentially save a constant factor of
time and space by not tracking counts for tags and the demand set. It also
ensures that maintaining tags and filters for removal updates takes only con-
stant time, as there is no demand propagation cost. At the same time, the
total cost of demand propagation for additions is amortized to constant time,
over all updates to any value that is demanded or will later become demanded.
This is because the same value cannot be added to the same tag set twice.
The downside, of course, is that this strategy “leaks” demand in the same
sense that a program that never deallocates objects will leak memory. This
drawback is best observed when the demanded values are small in number but
are constantly being replaced by new values.

Shared Filters: Normally, a separate filter is created for each occurrence of
a relation in the query’s relational comprehension. Under this strategy, only a
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single shared filter is created for each relation, regardless of how many times it
occurs. The shared filter holds the union of the corresponding individual filters.
Correctness follows by the same argument used above for the Monotonic Tags
strategy: For each place that a shared filter is used in a maintenance join, it
holds a superset of the filter that would have appeared there under the normal
method, and a subset of the relation that it is filtering.

The rule for maintaining a shared filter is simple: Use a counted set, where
the count associated with each element is how many of the underlying filters
contain the element. Each addition or removal to an underlying filter triggers a
counted addition or removal to the shared filter. In the case that the Monotonic
Tags strategy above is also used, any removal from an underlying filter must
be due to a removal from the relation being filtered, and therefore must also be
accompanied by removals from all the other underlying filters. This makes it
possible to perform counting elimination on the shared filter, and to eliminate
all the underlying filters as dead code. Furthermore, in the special case where
the underlying filters had significant overlap between them, this can lead to a
constant-factor reduction in storage space.

In general, we expect the benefit of this reduced space usage, which only
occurs in specific circumstances, to be offset by the increase in query main-
tenance time associated with reduced demand precision. It also makes Theo-
rem 2 no longer hold, so type check elimination and other optimizations may
not be possible.

Low-information Tags: One of our restrictions on the demand strategy
avoids introducing new tags based on the first position of a clause over M or
F∗. For the running example, these tags might include

T celeb_fol2 = {celeb_fol : (celeb_fol, user) in dM1}

T user3 = {user : (user, user_loc) in dFloc}

The intuition is that these tags only indicate whether a set is empty and
whether an object has defined its field, respectively. Presumably such tags are
less likely to be worth their maintenance overhead. It is trivial to configure
our implementation to generate these tags nonetheless.

Join Decomposition: In our standard strategy and all of the alternative
strategies considered above, demand information is only propagated via tags.
This intentionally discards information that could help us determine more
precisely what values are relevant to the query, in order to save space. Thanks
to this sacrifice, the space usage for all tags and filters is amortized over the
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space used by the data accessible from the demanded parameters values, at
least when nested queries are not used.

We can instead consider an approach that retains all available demand
information, by keeping the result of every join available. In this new ap-
proach, the query is decomposed into a left-join tree, with each intermediate
result materialized and incrementally maintained. In general, the relational
comprehension

{result : clause1, . . ., clausen}

gets split into the invariants

J1 = {jresult1 : clause1}

Ji = {jresulti : jresulti−1 in Ji−1, clausei} for i = 2, . . . , n

where jresultn is just result, and jresulti for 1 ≤ i < n is a tuple of all
query variables that (1) appear somewhere in clauses 1, . . . , i, and (2) appear
somewhere in clauses i + 1, . . . , n or in the result. Each Ji is equivalent to
the join of all clauses up to the ith clause, projecting out variables that aren’t
needed for later joins or the final result. The final query answer is stored in
Jn.

This strategy corresponds to the implementation technique used in [49, 47]
for rules with more than two hypotheses (i.e., break them down into rules with
only two hypotheses). It also corresponds to magic-set transformation with a
full (maximal) SIP [11].

Here are the invariants produced for the running example, along with their
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asymptotic storage costs.

J1 = U (O(|U |))
J2 = {(celeb, group, celeb_fol) :

(celeb, group) in J1,
(celeb, celeb_fol) in Ffol}

(O(|U |))

J3 = {(celeb, group, user) :
(celeb, group, celeb_fol) in J2,
(celeb_fol, user) in M}

(O(|U | ∗ |Mout|))

J4 = {(celeb, group, user) :
(celeb, group, user) in J3,
(group, user) in M}

(O(#triangles))

J5 = {(celeb, group, user, user_loc) :
(celeb, group, user) in J4,
(user, user_loc) in Floc}

(O(#triangles))

J6 = {(celeb, group, user_loc, user_email) :
(celeb, group, user, user_loc) in J5,
(user, user_email) in Femail}

(O(#triangles))

J7 = {(celeb, group, user_email) :
(celeb, group, user_loc, user_email) in J6,
user_loc = "NYC"}

(O(#result))

Here, #triangles means the number of celebrity-group-user triples where the
celebrity and group form a demanded pair and where the user is in the inter-
section of the celebrity’s set of followers and the group set.

Under these invariants, the time cost of maintenance for an update to a
user’s location is nearly optimal. The maintenance code for J5 does a retrieval
from an auxiliary map over J4 to obtain precisely all pairs in U that form a
triangle with the updated user, while the maintenance for J6 and J7 is constant-
time for each such triangle. Compare this to our normal demand strategy,
where we conservatively estimate whether the updated user is relevant to the
query, and where we possibly find many (celeb, group) pairs that do not
form triangles with the updated user.

On the other hand, the decomposition approach can take much more space.
Invariants J3 through J6 can each be larger than both the space used by the
original program and the space needed to hold the final query result (i.e. J7).
J3 in particular has a tight worst-case cost bound of Θ(n2) (where n = |U | =
|M |), even though J4 through J7 are bounded by O(n3/2).5

5Any triangle join R(A,B) ./ S(B,C) ./ T (C,A) has output size at most O(n3/2)
(n = |R| = |S| = |T |), by the Loomis-Whitney inequality and AGM bound; see [64].
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Filter vs. Incrementalize: Recall that the Incrementalize step creates an
invariant for a relational comprehension, and then inserts maintenance joins
that will later be rewritten by the Filter step. A natural question to ask is:
Why not filter the relational comprehension itself, and then use it as the basis
of the invariant instead of the original relational comprehension? That way,
the inserted maintenance joins would not require any additional filtering. We
considered this possibility, and it turns out that although the generated code
would be correct, our method produces smaller code size and makes it easier
to find good cost bounds. To explain why, we must first understand how the
order of invariant transformation is determined by finite differencing.

Finite differencing iteratively transforms the program to preserve one in-
variant at a time. Let Q1 and Q2 be two comprehensions, and let us write
Q1 ≤ Q2 if we are required to transform the program to maintain Q1’s invari-
ant before we may transform the program to maintain Q2’s invariant. There
are two reasons why we may have the constraint Q1 ≤ Q2:6

(1) Q2 directly depends on the value of Q1. The maintenance rule for Q2
will insert code at updates to Q1, but before the rule for Q2 can apply,
we must have first inserted the maintenance code for Q1.

(2) Q1’s maintenance rule introduces new code that contains occurrences of
Q2. Transforming Q2 afterwards ensures that its invariant holds at all
program points where it is used, including inside the maintenance code
for Q1.

Under our normal method, where we filter maintenance joins, the second
constraint tells us that tags and filters must be transformed after the compre-
hension that produced those maintenance joins, so that the contents of the
tags and filters are up-to-date where they are needed.7 In contrast, under the
alternative approach that filters the relational comprehension, the comprehen-
sion being incrementalized now directly depends on the filters (and indirectly
on the tags), and so the first constraint implies that the query must be incre-
mentalized after its tags and filters.

Now let’s illustrate the code that is produced using both methods. We will
use a code outline of the inserted code, similar to what we did in Section 2.4
but without showing costs for each line. We’ll use an update to U because

6See the definition of a “differentiable chain” in [66].
7Even though only filters are directly used by filtered maintenance joins, the tags must

still be up-to-date at that point in code, or else the filters would be out of sync with the
original relations.
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this update causes the most demand propagation and therefore shows the most
pronounced difference. Under the standard method we get the following.

add to U

after incrementalizing the query:
add to U

maint query for U
after filtering:

add to U

maint query for U, using tags & filters
after incrementalizing tags and filters, in dependency order:

add to U

maint T group for U

maint dM2 for T group

maint T user2 for dM2
maint dFemail for T user2

maint dFloc for T user2

maint T celeb for U

maint dFfol for T celeb

maint T celeb_fol for dFfol
maint dM1 for T celeb_fol

maint T user1 for dM1
maint dFemail for T user1

maint dFloc for T user1

(A) maint query for U, using tags & filters

Note that there is only one maintenance join created for the query (marked A),
and therefore only one place where we have any join order choices to make. Re-
gardless of the choice of this join order, the overall cost isO(|celeb.followers|+
|group|).

Now here is the maintenance outline for the alternative approach, where we
are incrementalizing the filtered comprehension that depends on dFfol, dM1,
etc., instead of Ffol, M , etc.

add to U

after incrementalizing tags and filters, in dependency order:
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add to U

maint T group for U

maint dM2 for T group

maint T user2 for dM2
maint dFemail for T user2

maint dFloc for T user2

maint T celeb for U

maint dFfol for T celeb

maint T celeb_fol for dFfol
maint dM1 for T celeb_fol

maint T user1 for dM1
maint dFemail for T user1

maint dFloc for T user1

after incrementalizing the filtered query:
add to U

(A) maint filtered query for U

maint T group for U

maint dM2 for T group

(B) maint filtered query for dM2
maint T user2 for dM2

maint dFemail for T user2

(C) maint filtered query for dFemail
maint dFloc for T user2

(D) maint filtered query for dFloc
maint T celeb for U

maint dFfol for T celeb

(E) maint filtered query for dFfol
maint T celeb_fol for dFfol

maint dM1 for T celeb_fol

(F) maint filtered query for dM1
maint T user1 for dM1

maint dFemail for T user1

(G) maint filtered query for dFemail
maint dFloc for T user1

(H) maint filtered query for dFloc

There are now eight different pieces of maintenance for the filtered query
(marked A–H), each of which expands to a dozen or so lines of maintenance
code. The maintenance for the tags and filters has not changed, so it is clear
that this approach leads to a significantly greater code size for the generated
program.
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Moreover, each of the eight pieces of query maintenance requires a choice
of a join order, and it is harder to choose these orders in a way that delivers an
overall asymptotic cost that is as good as the normal method. In particular,
the addition to U indirectly incurs maintenance of the query for an addition
to dFloc via T user2 (line D). Given that this line runs once for each user that
has just been added to T user2, its cumulative contribution to the cost can be
as great as Θ(|group| × |dM1in| × |Uout|). This pathological case is realized
when a newly demanded group contains many users that are not already in
T user2 but that each folow many demanded celebrities.

A simple workaround would be to use the opposite join order for line D:
When a new pair is added to dFloc due to the user gaining tag T user2, maintain
the query using a lookup in dM2in, which is guaranteed to return just the one
newly demanded group. But notice that we have the symmetric problem on
line (H). Thus, the only way for the alternative method to match the overall
asymptotic cost bounds of the normal method is to use different join orders for
different occurrences of the same kind of maintenance code. Conversely, the
alternative method can never produce a cost bound that is better than what
the normal method can produce, because any join order that we may use for
line (A) in this code is also available for the same maintenance join appearing
in the normal method’s code.

4.3 Comparison to Object-Set Query (OSQ)
Of all the techniques for computing object queries efficiently, the Object-Set
Query (OSQ) method [74, 72] bears the most similarity to our own. In fact,
our method grew out of an attempt to characterize OSQ’s behavior using
invariants. Both methods compute queries in an incremental and demand-
driven way, and both handle complex nesting and aliasing by reducing the
query down to a relational form. The two main differences are that OSQ is
not able to use demand strategies that are as precise and flexible as ours, and
OSQ’s behavior is not defined by invariants. This in turn means that it is not
able to provide cost guarantees.

We first discuss the conceptual differences between the two systems with
regard to demand and invariants in particular. We then show benchmarks
demonstrating how our method can obtain better time performance, including
by an asymptotic factor. For these experiments we have ported OSQ’s imple-
mentation to Python 3.4. The first two benchmarks are reimplementations
of OSQ experiments that showed the asymptotic advantage of incremental
computation over straightforward programs; we achieve this same asymptotic
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speedup and also a modest constant factor improvement over OSQ. Along the
way, we show how a simplification to the second benchmark’s query enables
much better performance from both systems for the case where few parame-
ter values are demanded. The final benchmark uses our running example to
demonstrate a case where OSQ’s demand strategy is asymptotically worse.
Transformation statistics for programs created by our method are given in
Table 4.1.

Demand strategy: OSQ’s equivalent of our demand strategy is a forest
over the query variables, rooted at the parameters. Edges go from variables
representing sets and objects to variables representing their elements and field
retrievals, respectively. The fact that the graph is a forest as opposed to a DAG
means that demand propagates by only one path from a parameter variable,
instead of by an intersection of paths; see the Single Tag strategy.

Once a value becomes tracked for demand purposes, it stays tracked, even
if it later becomes inaccessible from the demanded parameter values. Mainte-
nance code for it will continue to execute at its updates (with no effect besides
consuming resources), and it will continue to propagate demand to its ele-
ments or field values, until the value is garbage collected; see the Monotonic
Tags strategy.

At most one auxiliary map is used for each relation in the flattened com-
prehension, even if it has multiple occurrences. The auxiliary map contains
all map entries that are needed for each occurrence; see the Shared Filters
strategy. A consequence of this is that Theorem 2 does not necessarily hold
for OSQ, and so type check elimination and other optimizations may not be
safe.

Use of invariants: OSQ organizes the inserted maintenance code using ad
hoc rules. That is, the relative order in which it runs code for maintaining the
query, code for maintaining auxiliary maps, and code for propagating demand,
is specified explicitly as part of the method. Because these details need to be
considered when reasoning about the method’s correctness and the correctness
of any extensions, they place a constraint on how sophisticated the design can
reasonably be. In addition, to understand what values will contribute toward
the cost of incremental maintenance, we need to understand the operational
behavior of the generated code.

This is most apparent in OSQ’s handling of demand propagation. While it
would be possible to extend OSQ to follow a demand strategy similar to ours
(i.e., without behaving like the Single Tag, Monotonic Tags, and Shared Filters
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strategies), this is a non-trivial change that would require care to implement
and verify. In contrast, since our method reduces the problem of modeling de-
mand down to the problem of computing multiple relational comprehensions,
no additional thought is needed once the invariants are decided. Even the or-
der for running different kinds of maintenance code follows naturally from the
invariant dependencies and rules of finite differencing. We can easily adopt a
new demand strategy by changing invariants, without having to develop and
justify new ad hoc rules. In fact, for any query handled by OSQ (without
its extensions), there exists a suitable choice of the demand strategy and join
orders such that, with the three OSQ demand-strategy modifications above,
we can simulate OSQ’s asymptotic performance.

Invariants also allow us to reason about the values that are tracked by
auxiliary data structures, and therefore about the time and space costs of
incremental computation, without requiring an operational understanding of
generated code beyond the choice of join orders. In particular, all tags and
filters are constrained to hold only values that are relevant for their respective
variables. OSQ’s lack of invariants leads to uncertainty about the correctness
of using the method on nested queries (see Appendix A), and of using static
optimizations like type check elimination.

Other differences: We address a number of details that were not explored
in OSQ, including propagation of demand to nested queries, aggregates nested
inside comprehensions, and the semantics of code that can raise expressions
and have type errors. We add extensions for negated membership clauses
and more expressive patterns in queries, as well as many optimizations. Our
handling of relational comprehensions with self-joins avoids using asymptoti-
cally significant amounts of temporary space, by not materializing the union
of maintenance joins.

Wifi query: The first benchmark is a simple selection/projection query [72].

{ap.ssid : ap in wifi.scan, ap.strength > wifi.threshold}

For our system, we have added annotations to the program indicating that
the demanded data is well-typed (so type checks can be eliminated) and that
counting elimination is safe to perform (which is true so long as ssid is a key
for ap objects).

The benchmark starts by creating a single wifi object and demanding it
before the timing loop (this also gets OSQ’s startup penalty out of the way).
It then measures the time to do x many loop iterations, where each iteration
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Figure 4.1: Wifi query. Each datapoint is the average of exactly 20 trials, as was
done in the original experiment.

consists of creating a new ap object, adding it to wifi.scan, and performing
the query. All ap objects satisfy the signal strength condition. No copy of the
query result is created.

Analytically, we expect incremental approaches to take constant time for
each query and update operation, while straightforward evaluation would cost
O(|wifi.scan|) per query operation. This translates to an overall cost that is
quadratic for original and linear for osq and filtered. Figure 4.1 confirms
these predictions and is consistent with the original results for this benchmark
(Figure 4.4 of [72]).

Authorization query: The second benchmark is an authorization query
[74, 72], loosely based on a query found in the Django web framework.

{p.name : u in users, g in u.groups, p in g.perms,
u.id == uid, g.active}

We have added an annotation to the program, indicating that the demanded
data is well-typed. To match OSQ’s behavior on this query, the uid parameter
is not made a demand parameter. Furthermore, our system recognizes that
the users set acts as a relation in our benchmark program, so this set is not
flattened. This means that there are no demand parameters and the demand
clause can be eliminated; demand filtering starts with the membership over
users instead of a membership over U .
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Figure 4.2: Authorization query. Each datapoint is the average of exactly 50 trials,
as was done in the original experiment. We were unable to reproduce the same
running times for the original program and for the OSQ system as were reported in
Figure 5 of [74], but the asymptotic behavior is the same.

The benchmark initializes the users set with 100, 200, or 300 users, all of
which share a single group (having the active flag set), and creates x many
permissions. As before, it demands the users set (for OSQ’s benefit; for
our method it’s always demanded) before starting the timing loop. It then
measures the total time for alternately adding a permission to the group and
performing a query over a random user id, until all permissions have been
added. No copy of the query result is created. Since the number of users
and groups is fixed, the asymptotic analysis for query and update operations
is identical to that of the wifi benchmark. Figure 4.2 confirms this, and is
qualitatively the same as the original results (Figure 5 of [74]), while showing
a constant factor improvement for our system.

A curious property of this query is that it passes in the entire users set
as a parameter, even though only information about a single user is being
requested. This causes both our method and the OSQ method to track all
users in the users set as relevant, and likewise for the groups and permissions
of these users. Each permission addition update causes maintenance code to
iterate over all users, regardless of how many users are actually passed as
parameter values to the quey.

We can address this problem by simplifying the query so that it takes in a
single user rather than a set of users and a user id.
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{p.name : g in user.groups, p in g.perms, g.active}

To show the difference between the simplified and original queries, we run a
modified version of the benchmark where the number of users and permissions
is fixed at 300 and 500 respectively, while the number of users that can be
randomly selected for querying ranges from 1 to 300. These users are de-
manded prior to the timing loop. We have used our method to generate, for
each query, an incremental program without demand filtering. This program
acts as a baseline for comparison since its performance is not affected by how
many users are demanded.

Figure 4.3 shows the resulting times for both methods running on both
queries, as a fraction of the time taken by the corresponding baseline pro-
gram. We can see that for the original query, neither implementation is able
to take advantage of having fewer demanded users. Meanwhile, for the simpli-
fied query, both implementations are more than ten times faster when there
are very few demanded users compared to when all users are demanded. (Op-
timizations like type check elimination allow the demand-filtered version to
remain better than the baseline program even when all users are demanded.)
This example underscores the importance of writing queries that are straight-
forward and that avoid touching unneeded data, in order to get the most out
of automatic systems like ours and OSQ.

Demand strategy precision: The final benchmark uses our running ex-
ample to demonstrate a case where OSQ is asymptotically worse than our
system due to differences in demand strategy. Unfortunately, due to a bug in
OSQ, we could not initially run it on this example. A subsequent fix allowed
us to run it, but the performance results were inconsistent, with outliers 3–15x
higher than the highest point in the trend line, although the output was cor-
rect. We therefore instead chose to use a program generated by our method as
a stand-in. This program is incremental and uses demand-filtering, but with
the Single Tag strategy, so that no T user2 tag is generated. The performance
of the actual OSQ system, although inconsistent, was observed to be no better
than our stand-in, even asymptotically.

The benchmark procedure is similar to the one used for Figure 3.1, except
that every user is demanded (instead of only a small fixed number of users),
and each user belongs to exactly 5 groups (instead of a proportion of all the
groups). Under this setup, on average, each group will have 500 users, since
there are 100 times as many users as groups. This means that every user will
be in T user1, but only about 500 users will be in T user2, if it exists.
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Figure 4.3: Performance of OSQ and our method, on both the original authoriza-
tion query and its simplified version. In the second figure, each series is normalized
relative to how long the baseline incremental program takes for its respective query.
Each datapoint is the average of exactly 50 trials.
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Figure 4.4: Standard demand invariants compared to an OSQ-style demand strat-
egy using the Single Tag strategy.

The maintenance code for updating a user’s location begins with a mem-
bership test over dFloc, which succeeds only if the user is in all applicable tag
sets. If it does succeed, then the subsequent code iterates over all celebrities
that the user follows. For the program using the Single Tag strategy, this test
will always succeed, so the overall cost grows proportionally with the number
of users in the system. In contrast, for the program using our standard demand
strategy, the increased cost is canceled out by the proportionally decreasing
probability that an updated user is in the second tag set. Thus, the cost is
constant instead of linear. This is confirmed in Figure 4.4.

4.4 Comparison to the Java Query Language
(JQL)

The Java Query Language [84, 85] is an extension to Java that adds a declara-
tive comprehension expression. This expression is a bit more limited than our
object-set comprehensions: It does not support projection or pattern match-
ing, and it does not allow multiple levels of nested sets and objects when the
query is to be computed incrementally. (It does however support sequences,
which we do not handle.) Maintenance for removal updates is performed by
iterating over the entire result set and deleting entries that depended on the
removed element.
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The JQL system provides three strategies for computing a query: batch
computation, caching (i.e., incremental computation), and a hybrid approach
that switches between the two when the query/update ratio crosses a thresh-
old. In all cases, JQL relies on hash joins, which require rescanning the entire
contents of a relation each time it is joined.8 This contrasts with our ap-
proach, which uses incrementally maintained auxiliary maps, implemented as
hash maps in Python.

In order to empirically compare our system’s performance with JQL, we
reimplemented their cache incrementalization benchmark (Section 4.3 of [85]),
which examines the benefit of incremental computation as the query-update
ratio changes. Expressed in our notation, the three tested queries are

(1) {a : a in attends, a.course == COMP101}

(2) {(a, s) : a in attends, s in students,
a.course == COMP101, a.student == s}

(3) {(a, s, c) : a in attends, s in students, c in courses,
a.course == COMP101, a.student == s, a.course == c}

We used JQL version 0.3.3, along with Java 1.6.0_24, AspectJ 1.7.2, and
ANTLR 3.0.1. We did not disable the Java garbage collector, as Java does
not provide an API for doing so; nonetheless, when we separately ran our
system with the Python garbage collector enabled, we observed little effect on
the running time, with an average variation of about 7%.

The implementations we compare are JQL with no caching (JQL no caching)
and with always caching (JQL always caching), and the three standard strate-
gies we used in our running example benchmark (Chapter 3): original,
incremental, and filtered. For original we used the most straightforward
translation of the queries to Python code, which preserves the order of the
join conditions even though they could be optimized by running the condi-
tion clauses sooner (i.e., pushing selections inside joins). For incremental and
filtered, the system recognizes the three top-level sets as relations that do not
need flattening, so the only parameter tracked by the U set is COMP101, which is
given a constant value anyway. We add an annotation that the demanded data
is well-typed so that type checks can be eliminated from filtered. Our system
automatically recognizes that counting elimination and result set elimination
also apply.

8However, later work has focused on giving JQL more sophisticated query planning and
allowing it to cache intermediate results [62, 61].
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Program Orig.
LOC # queries # updates Inc.

LOC
Inc.
Time

Filt.
LOC

Filt.
Time

Wifi 30 1 6 173 0.83 310 1.62
Django 36 1 8 279 1.44 506 3.02
Django,
simplified

32 1 6 217 1.17 438 2.48

JQL 1 41 1 3 73 0.33 104 0.47
JQL 2 43 1 5 124 0.55 190 0.84
JQL 3 47 1 6 164 0.70 249 1.11

Table 4.1: Transformation statistics for programs used in this chapter. OSQ and
JQL implementations are not included; OSQ dynamically generates its code, while
JQL’s compilation adds a few dozen lines to invoke its library with the query’s
parsed structure. The OSQ benchmark on the social network program is listed in
Table 3.1.

The benchmark initializes the three sets with 1,000 objects of their respec-
tive types, where each object in attends relates a random student to a random
course. The total time to perform 5,000 operations is measured, where each
operation is either (1) executing the query that is being benchmarked, or else
(2) a pair of updates to attends that first adds a newly constructed random
object and then removes a random object. Our method’s automated cost anal-
ysis indicates that these operations take constant time for incremental and
filtered. This procedure is repeated for different query-update ratios.

The results in Figure 4.5 confirm our intuition that the incremental ap-
proaches should become more efficient as the query-update ratio increases,
while the non-incremental approaches should become more expensive. filtered
has no advantage over incremental since all values are demanded, but its over-
head is mitigated by the savings of type check elimination. As we proceed from
Query 1 to Query 3, incremental and filtered are essentially unchanged,
while original and the JQL strategies take noticeably more time.

The extent to which our incremental implementations ran faster than JQL
with caching warranted further investigation. We therefore performed a new
benchmark that varies the size of the sets while holding the query-update
ratio at about 0.5. The results are shown in Figure 4.6. As predicted by
cost analysis, the size of the sets does not affect the time for our incremental
strategies. The other approaches are asymptotically worse, consistent with
JQL’s hash joins taking an increasing amount of time to build their indices at
query or update operations.
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Figure 4.5: JQL cache incrementalization benchmark (c.f. Figure 4 of [85]). Each
datapoint is the average of exactly 50 trials, as was done in the original experiment.
original quickly times out (> 60s) for queries 2 and 3.
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Figure 4.6: JQL scalability. The first two plots use exactly 50 trials per datapoint,
and the third uses exactly 15 trials per datapoint. original times out (> 60s)
immediately in the second and third queries. A linear fit is drawn in each case,
though the exact asymptotic growth is inconclusive. Note the scaling in the legends.



Chapter 5

Applications

In this chapter we gauge the effectiveness of our method on applications that
model real-world systems. The applications are drawn from diverse domains
including access control, a student information system, approximate prob-
abilistic inference, and distributed algorithms. The time performance of the
programs generated with our system asymptotically improve over the straight-
forward implementations. For programs like Core RBAC and Lamport’s dis-
tributed mutual exclusion, our system can match the asymptotic performance
of previous implementations obtained by using handwritten transformation
rules. This is significant because hand-written rules require effort on the part
of the programmer and can be erroneous. The transformation statistics for
these applications help give an idea of the effort that would be involved in
producing this code without a systematic method.

5.1 Role-Based Access Control (RBAC)
The term Role-Based Access Control describes a system where the capabilities
of users are determined by what roles they are assigned. We first discussed
this application in Chapter 1 to illustrate various implementation strategies
for a simple query, and then again in Chapter 2 as an example of a relational
comprehension. ANSI RBAC [7] is a standard defining specific query and
update operations. We consider two out of its four components: Core RBAC
and RBAC with Static Separation of Duties. Transformation statistics for the
programs in this section are given in Table 5.1.

Core RBAC defines the basic model: Users have roles, roles have permis-
sions (pairs of operations and objects), and users may create sessions that
utilize a subset of the user’s roles. The CheckAccess query takes in a session

134
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and a permission and determines whether the session has any activated role
that could authorize the permission:

{r : r in ROLES, (session, r) in SR, ((operation, object), r) in PR}.

With some suitable preprocessing to treat the set parameters as relations, this
query can be transformed as a relational comprehension.

Previous work has developed an executable Python implementation of the
Core RBAC specification [48].1 This implementation was designed specifically
to be concise and use high-level queries without regard for performance. Sub-
sequent work generated, analyzed, and benchmarked efficient implementations
that were produced using handwritten incrementalization rules [52].

We have used our system to generate similar implementations automat-
ically. Four implementations were produced: two that incrementalize all 16
queries with and without demand filtering (incremental (all), filtered (all)),
and two that incrementalize just CheckAccess and two helpers involved in cre-
ating and deleting sessions, with and without demand filtering (incremental (CA),
filtered (CA)). The ones without demand filtering are analogous to imple-
mentations that were generated in [52]. The statistics for all four versions are
shown in Table 5.1.

In the generation of all four programs, we are able to skip the Flatten
step because the queries contain no object field retrievals or nested sets, and
because the queries and updates do not use aliasing. We are also able to
skip the Restrict step because, after the preprocessing described in [52], every
parameter appears on the left-hand side of a membership. For the two demand-
filtered versions, in the case of the CheckAccess query, we have specifically
directed our system to use a demand set that holds values of object, and
to use a demand strategy that filters PR first. This better models how we
may want to only track authorization information for certain objects, and also
means that the filtered image-set lookup dSR.out{session} returns just those
roles that grant a permission involving one of the demanded objects. The
remaining queries are demand-filtered with no demand set, using our system’s
default approach of a demand strategy that works left-to-right on the query’s
memberships.

We have performed an experiment that is similar to the one used in Fig-
ure 6 from [52], which measures the time to perform CheckAccess queries and
to create and delete sessions, as the total number of roles increases.2 The

1http://www.cs.stonybrook.edu/~liu/rbac/coreRBAC.py
2We were unable to reproduce their exact quantitative results due to discrepancies in

the benchmark setup, even when incrementalizing all queries like they did; our asymptotic
results are still the same.
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Figure 5.1: Total time for performing CheckAccess and session creation and dele-
tion, varying the total number of roles, but holding the number of active roles per
session and permissions per role fixed.

benchmark performs 1,000 repeats of an operation pattern consisting of: (1)
creating a session with 10 active roles and 10 permissions per role, (2) perform-
ing 1,000 CheckAccess queries over the session and a random permission, and
(3) deleting the session. For demand-filtered CheckAccess, all the objects that
will be queried are entered into the demand set before the timing loop. As in
Figure 3.1, time for creating and deleting the session is measured by perform-
ing a run with no queries, and time for querying is obtained by subtracting
this from the total time.

Analytically, we know that both the session-modifying operations and the
query operation take linear time in the total number of roles for the original im-
plementation, while they both take constant time in the total number of roles
for all transformed implementations. This is confirmed for incremental (CA)
and filtered (CA) by Figure 5.1. Results for incremental (all) and filtered (all)
are not shown, but are similar with just a larger constant factor. Even though
querying takes longer than updating for the transformed implementations (due
to the sheer volume of queries performed), it is still beneficial when compared
to the cost of the original program.

Filtering does not improve performance because all objects are demanded.
We have therefore run another version of this benchmark where we vary the
number of demanded objects from 1 to 1,000, and fix the number of roles
and the number of permissions per role at 100. Each random query oper-
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Figure 5.2: Total time for incremental (CA) and filtered (CA) to perform
CheckAccess operations and to create and destroy sessions. First datapoint at
x = 1.

ation is constrained to be over a demanded object. Figure 5.2 shows that,
as we would expect, filtered’s advantage is strongest when few objects are
demanded, with the break-even point being when around 80% of the objects
are demanded.

The second RBAC component we deal with provides static separation-
of-duty (SSD) constraints. Each constraint consists of a set of roles and a
cardinality limit, and requires that every user have fewer than the limit many
roles from its set. The constraints are static in the sense that they apply to
user-role assignments rather than session-role assignments.

We created a simple test program to simulate just this query and its up-
dates. Following [48], we model constraints with two sets: SsdNR holds pairs
of a constraint set name and a role in the set, and SsdNC holds pairs of a
constraint set name and its cardinality limit. The query can naturally be
expressed by using aggregate and comprehension subqueries:

{(u, name) : u in USERS, (name, c) in SsdNC,
count({r : (u, r) in UR, (name, r) in SsdNR}) >= c}

It returns the set of all violations of the constraints. With appropriate opti-
mization, this query can be treated as a relational comprehension just like the
previous query.
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Program LOC Time
RBAC, Original 141 N/A
RBAC, Incremental (CheckAccess) 353 1.69
RBAC, Filtered (CheckAccess) 697 3.42
RBAC, Incremental (all) 1410 6.84
RBAC, Filtered (all) 3554 29.95
Constrained RBAC, Original 34 N/A
Constrained RBAC, Auxmap 67 0.47
Constrained RBAC, Incremental 313 1.27
Constrained RBAC, Filtered 526 2.19

Table 5.1: Transformation statistics for RBAC programs.

When we compared the straightforward implementation (original) with
our standard incremental approach without demand filtering (incremental),
we found that original scales exceptionally poorly due to its inefficient han-
dling of joins as nested loops. We therefore built a middle-of-the-road approach
(auxiliary maps) that computes the query result at the time the result is re-
quested, just like original, but does so using the same strategy used to com-
pute maintenance joins — i.e., the clauses are ordered according to the join
order heuristic, and then turned into code that retrieves from incrementally
maintained auxiliary maps.

The benchmark alternately grants roles to users and performs the query,
until all users have all roles. It creates n many users and constraints. There
are just 5 total roles. Each constraint includes all roles in its set and has a
cardinality limit of 3. Cost analysis is as follows:

Implementation Querying Adding a role
original O(|USERS| × |SsdNC| × |UR| × |SsdNR|) O(1)
auxiliary maps O(|USERS| × |SsdNC| × |URout|) O(1)
incremental O(1) O(|SsdNRin|)

Using the facts that the number of roles is fixed, the number of users and
constraints is n, and the number of queries and updates is O(n), we obtain
total cost bounds of O(n5), O(n3), and O(n2) for original, auxiliary maps,
and incremental respectively. These predictions are confirmed precisely in
Figure 5.3. A demand filtered version was also benchmarked and observed to
be a constant factor higher than incremental.
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Figure 5.3: Time for three implementations of Constrained RBAC.

5.2 Student information management system
The OSQ method has been applied to a number of high-level queries for man-
aging a graduate student database [74]. We have run our system on the same
queries in order to compare the size of the generated code under both methods.
Except for the New Students query, these queries are not executed or timed.
In fact, we observed that a few of the queries violate our safety requirement
by including negated memberships (which our implementation does not yet
support) or calls to functions that access their arguments’ field values. This
means that the generated code does not handle all possible updates, but can
still work if these updates do not occur during incremental computation.3

Table 5.2 shows the transformation time and generated code size under
our system for the 10 queries that appear in [74]. We transform each query by
placing it in a file by itself and applying our system, both with and without
demand filtering enabled. The resulting code includes functions containing
maintenance code for all kinds of updates, except those kinds that arise from
a violation of the safety requirement. Although these generated functions are
never called in the output program, their size is a good metric for comparing
against OSQ’s generated code because they serve the same purpose as OSQ’s
dynamically generated maintenance callback functions.

Comparing to OSQ’s reported results (Table 3 of [74]) across the average
3The OSQ method would not be able to handle these updates either.
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Program Update
kinds

Inc.
Time

Inc.
Lines

Inc.
AST nodes

Filt.
Time

Filt.
Lines

Filt.
AST nodes

Current Students 12 2.55 509 5049 5.05 851 7440
New Students 12 2.55 509 5067 5.08 851 7458
TAs and Instructors 18 4.19 652 6123 11.59 1194 9894
New TA Emails 10 1.45 422 3217 3.25 754 5496
TA Waitlist 10 1.69 480 3815 3.97 878 6555
Good TAs 8 1.06 278 2394 2.20 516 4041
Qual Exam Results 18 2.95 680 6091 5.98 1069 8840
Advisors by Student 14 2.72 576 5507 5.48 945 8088
Advisor Overdue 12 2.55 508 4953 5.06 850 7336
Prelim Exam Overdue 10 1.38 350 3037 2.89 638 5024

Table 5.2: Transformation statistics for the 10 student information system queries
appearing in [74]. Update kinds is computed by taking the number of unique rela-
tions each query depends on besides the demand set, and multiplying by two since
each relation can have additions and removals; the resulting counts approximate
but do not equal the counts of updates listed in [74]. Lines and number of AST
nodes is for the transformed output. Dead code elimination for unused maintenance
functions was skipped since it would remove much of the generated code.

of these 10 queries, without filtering, we generate about the same number of
lines of code and 30% more AST nodes. With filtering its about 70% more
lines of code and twice as many AST nodes. Our transformation time is larger
by an order of magnitude, but that is only a few seconds for these queries,
and the cost is paid at compile time whereas OSQ may pay it as part of a
startup phase at runtime. The larger code size can be explained in part by the
inclusion of type checks, the computation of a more powerful demand strategy
(see Chapter 4), and our implementation’s lack of intraprocedural analysis
for eliminating unnecessary temporary variables and tuple packing/unpacking
operations.

We have also reproduced an OSQ benchmark of the New Students query
(Figure 6 of [74]), which reads as follows.

{s : s in students, p in s.programs,
s.joined == sem or (p.start != None and p.start == sem)}

This benchmark was performed by embedding the query in an executable
program as normal, unlike the above transformations that were performed on
unexecutable skeleton programs. The students set is optimized as a relation
since our test program never reassigns this variable. The benchmark varies
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Figure 5.4: Time to perform the New Students query for OSQ and our system,
with and without including time for demanding the initial query result.

the number of students, and measures the total time to perform 100 iterations
of updating the start field of a program belonging to a random student,
interleaved with performing the query.

The results are shown in Figure 5.4, both with and without including the
time needed to demand the parameter values the first time that the query is
run. Both OSQ and our system take linear time for that first query, but all
subsequent queries are constant time. In addition, our system is faster by a
constant factor.

5.3 Approximate probabilistic inference
We have applied our system to three queries for approximate probabilistic
inference using Markov chain Monte Carlo (MCMC) sampling [8, 57]. Trans-
formation statistics for each are shown in Table 5.3. We describe the first
example from [8], Birthday Collision, at length since it is well-known and
gives the intuition for how sampling may be used on other examples.

The birthday paradox states that when a room contains more than 23
people, there is a greater than 50% chance that at least two people share a
birthday, assuming that there are exactly 365 days in the year and birthdays
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Program Orig.
LOC # queries # updates Inc.

LOC
Inc.
Time

Filt.
LOC

Filt.
Time

Birthday 22 4 5 254 1.09 376 1.80
Publications 16 2 4 63 0.28 100 0.42
Citations 22 2 7 152 0.81 318 1.61

Table 5.3: Transformation statistics for probabilistic queries.

are uniformly distributed. We can express this in our language as a query,

count({day : day in calendar,
count({person : person in room,

person.bday == day}) > threshold})

,

where parameters calendar and room are, respectively, the domain of all days
of the year (the integers 1 to 365) and a set of objects with a bday field. The
query returns the number of days that greater than threshold many people
share as their birthday.

We have written a simple program embedding this query and some basic
updates to add and remove people to the room. The program can be called as
a library from a driver program to facilitate a sampling based simulation. The
straightforward implementation performs the query in time proportional to
the number of people in the room (since the number of calendar days is fixed),
but when incrementalized, both querying and updating is constant-time. Both
the calendar and room sets are optimized as relations, and since there are no
image-set expressions overM or Ff relations, no demand filtering is necessary.

As an aside, the strategy used to compute this query incrementally is
particularly intuitive and easy to explain to a non-expert. The straightforward
approach is equivalent to asking every person in the room if they have a
birthday on Januart 1st, then repeating for January 2nd and all other days in
the year. The incremental approach is equivalent to keeping a calendar where
every day holds the number of people whose birthday is on that day. When a
person enters or leaves the room, the count for their birthday is incremented
or decremented, respectively. Whenever the count for a particular day crosses
the threshold in either direction, the count of all days satisfying the threshold
is itself incremented or decremented. It’s easy to see that this requires only a
few operations and is independent of the number of people in the room and
the number of days in the year.

The driver program we have written estimates the probability of a birthday
collision by first populating the room with a certain number of people, and
then alternately replacing one person in the room at a time and sampling
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Implementation People Threshold Samples Avg. Prob. Spread Avg. Time
original 23 1 5,000 0.490 0.076 4.87
incremental 23 1 100,000 0.510 0.014 1.54
original 1,000 8 500 0.418 0.742 16.20
incremental 1,000 8 100,000 0.536 0.070 1.52

Table 5.4: The average probability returned, the spread (difference) between the
largest and smallest probabilities returned, and the average running time, over 10
trials each for four different configurations of the birthday paradox simulation.

the result of the query. Table 5.4 shows our results for both the original and
incremental implementations. For the original implementation we are forced
to use fewer samples due to its asymptotically worse performance. This results
in a larger spread in the estimated probabilities across different runs of the
program. The effect is more severe when the number of people in the room
is larger. In the case where 1,000 people are in the room, the incremental
program can handle 200 times as many samples in one tenth of the running
time. That extra sampling reduces the difference between the highest and
lowest probabilities returned across ten trials by an order of magnitude.

We have transformed and benchmarked two other queries for this kind of
sampling-based simulation, used in the Publication Citation Matching example
from [8].

count({p : p in pubs, p.author == "Einstein"})

count({c : c in citations, c.source.author == "Einstein",
c.target.author == "Galileo"})

The benchmarks confirm that as publications and citations are added and
removed, the incremental maintenance is constant time per update, whereas
the original query time is linear in the total number of publications or citations.

5.4 Distributed algorithms
Distributed algorithms are especially difficult to design and implement cor-
rectly. Recent work has focused on expressing such algorithms in a new suc-
cint language called DistAlgo [51]. The language uses high-level queries such
as comprehensions and quantifiers in order to avoid specifying unnecessary
detail. We have applied our system to the DistAlgo programs listed in Ta-
ble 5.5, obtaining asymptotic improvement in several cases. We describe the
La mutex example in detail because it is easy to understand, it has multiple
implementations to run our system on, and it is the running example of [51].
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Program Description
La mutex Lamport’s distributed mutual exclusion [39]
RA mutex Ricart-Agrawala’s distributed mutual exclusion [71]
RA token* Ricart-Agrawala’s token-based mutual exclusion [70]
SK token* Suzuki-Kasami’s token-based mutual exclusion [77]
CR leader Chang-Rober’s leader election [17]
HS leader Hirschberg-Sinclair’s leader election [32]
2P commit Two-phase commit [22]
DS crash* Dolev-Strong’s consensus under crash failures [20]
La Paxos Lamport’s Paxos for distributed consensus [40, 41]
CL Paxos Castro-Liskov’s Paxos under Byzantine failures [14]

Program n original incremental
CL Paxos procs O(n4) to O(n5) O(n3)
RA mutex procs O(n3) to O(n4) O(n2)
RA token procs O(n2) to O(n3) O(n2)
RA token rounds O(n2) to O(n3) O(n)

Table 5.5: Transformed DistAlgo examples (top), and empirical asymptotic costs
of examples besides La mutex for which an improvement was observed (bottom); all
other examples had performance that was essentially unaffected by transformation.
The terms procs and rounds are defined in the same way as they are for La mutex.
The observed costs for original tended to fit between polynomials over the range
of n we tried. The examples marked with asterisks required flattening and demand
filtering, while the rest could be handled as relational queries with no demand
filtering.

In all cases, our system takes as input a module generated by the DistAlgo
compiler that contains functions wrapping the queries and updates of the
original program, with quantification expressions turned into uses of aggre-
gates. The characteristics of the input and transformed programs are given in
Table 5.9. To benchmark the performance of distributed programs, we instru-
mented the code by adding a centralized controller process. This controller
is responsible for measuring wall-clock time, collecting the total CPU time
consumed by the individual processes, and ensuring that these times are not
affected by unnecessarily creating and destroying processes while the bench-
mark is ongoing. CPU time may be larger than wall-clock time since our
benchmark system is multicore.

Under Lamport’s distributed mutual exclusion algorithm, when a process
wants to enter the critical section it sends a request to all of its peers and col-
lects their acknowledgements. The condition for entering the critical section is
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that 1) this process must be next in line, ordered by logical clock, and 2) this
process has received an acknowledgement of its request from each other pro-
cess. DistAlgo will reevaluate this condition on every new incoming message
by running a query. The asymptotic performance of the system is described
in terms of the number of processes in the system (procs) and the number of
requests per process (rounds).

We have transformed and benchmarked three different DistAlgo programs
that implement Lamport’s algorithm. The first (lamutex orig) corresponds
closely to the original statement of the algorithm; it uses imperative opera-
tions to manage a queue of pending requests. The second (lamutex spec) is
a more declarative program that queries over the received messages instead
of explicitly constructing a queue. These queries are complex and nested,
in part because they are translated from quantifier expressions. The third
(lamutex spec lam) is similar to lamutex spec, but uses acknowledgement
messages that contain the sender’s current logical clock value instead of the
clock corresponding to the request they are acknowledging. This makes the
query do a little more work to correlate acknowledgements with requests, but
the program is more consistent with the original description of the algorithm
than lamutex spec is.

The demand sets for these queries generally involve the process’s own id,
which is a constant, and the clock value corresponding to the current request
it is trying to make. Since the process can only have one outstanding request
at a time, we generated the implementations such that the demand sets hold
at most one entry, removing the previous entry when the first query under the
new request is made. This avoids maintaining unneeded results for previous
requests that have already completed.

We have run our automated cost analysis on the transformed examples and
also performed a detailed analysis for lamutex orig, shown in Tables 5.6 and
5.7. The benchmarked CPU and wall-clock times for each implementation as
the number of processes and rounds vary are shown in Figures 5.5, 5.6, and 5.7.
The empirically observed asymptotic growth rates for these figures are summa-
rized in Table 5.8. In each case the incremental program performs at least as
well as the original program. Note that all implementations are lower-bounded
by the number of messages exchanged, which is Θ(procs2 × rounds).

Table 5.6 shows the cost analysis for lamutex orig. The frequency is the
number of times the operation occurs in total across all processes. For de-
manding, this is the number of times a request is made, while for all other
operations it is proportional to the number of messages exchanged. The to-
tal cost contributed by each operation is the product of its frequency and its
per-operation cost; the overall cost is the maximum of the total costs for each
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Operation Frequency Per-operation cost Total cost
Querying O(procs2 × rounds) O(procs2 × rounds) O(procs4 × rounds2)
Update queue O(procs2 × rounds) O(1) O(procs2 × rounds)
Rec. Ack. O(procs2 × rounds) O(1) O(procs2 × rounds)

Operation Frequency Per-operation cost Total cost
Demanding O(procs× rounds) O(procs× rounds) O(procs2 × rounds2)
Querying O(procs2 × rounds) O(1) O(procs2 × rounds)
Update queue O(procs2 × rounds) O(1) O(procs2 × rounds)
Rec. Ack. O(procs2 × rounds) O(1) O(procs2 × rounds)

Table 5.6: Cost analysis for lamutex orig for original (top) and incremental
(bottom). When the original program performs the query, it does a nested iteration
over each process and then each received acknowledement, where the number of
acknowledgements is O(procs× rounds). When the incremental program demands
the clock value corresponding to a new request, it does a similar iteration, except
that the set of received acknowledgements is indexed by process id so it only takes
O(rounds) time. All cost bounds are analytically tight in the worst case.

operation. For original, the per-operation costs were obtained by manual
analysis, while for incremental it was our implementation’s automatic anal-
ysis. This analysis relies on type information for the inputs to query and
update operations; the fact that the demand set size is constant-bounded; and
the knowledge that the number of possible logical clock values on any one host
is proportional to the number of received messages, which is also proportional
to the product of procs and rounds.

Although the total cost predictions of Table 5.6 are tight in the worst case,
Figure 5.5 shows better performance in practice. We found that the discrep-
ancy can be explained in part by the fact that the DistAlgo program arranges
the queries using a short-circuiting and operator. Depending on the result
of the first query, this sometimes prevents the second, more expensive query
from running. When we removed short-circuiting and reran the benchmark,
we found that original’s running time became about cubic in the number of
processes and quadratic in the number of rounds.

When varying the number of rounds, incremental initially appeared to
remain linear even after eliminating short-circuiting, but quadratic behavior
became apparent when we ran a separate benchmark that increased the num-
ber of rounds up to 100,000. Without the cost analysis we may very well have
missed this asymptotic behavior; thus this example demonstrates the need to
use both empirical benchmarks and analytic bounds. In addition, quadratic
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Operation lamutex spec lamutex spec lam
Demanding O(procs2 × rounds) O(procs2 × rounds)
Rec. Request O(1) O(1)
Rec. Release O(1) O(1)
Rec. Ack. O(1) O(1)

Table 5.7: Automatically generated asymptotic cost bounds for individ-
ual operations of the incremental implementations for lamutex spec and
lamutex spec lam. Operation frequencies are as in Table 5.6, so the total cost
bound for both implementations is O(procs3 × rounds2). As before, this analysis
uses knowledge of the types of the input, the fact that the demand set size is O(1),
and the fact that the number of possible clock values is O(procs× rounds).

behavior is visible much sooner in a version of the transformed program where
we do not cap the size of the demand sets.

It is possible to generate a version of the program whose total cost is the
optimal O(procs2 × rounds) by (1) demanding the new request’s clock value as
soon as the request is made (rather than at the time the first query is performed
for that request), and (2) optimizing away maintenance code for adding to the
demand set, using the knowledge that no received acknowledgement for that
request can possibly exist at the instant the request is made. The latter can
itself be inferred by using the general properties of logical clocks in DistAlgo
programs.

The automated analysis and benchmarks for the other two variants of
Lamport’s mutual exclusion are given in Table 5.7 and Figures 5.6 and 5.7. The
improvement is more pronounced for these versions than lamutex orig because
of how the queries are written: They are higher-level and more declarative, but
much more expensive to compute straightforwardly. As before, the incremental
versions of these programs were observed to be quadratic in the number of
rounds, when that number grows into the thousands.
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Varying Procs Rounds
Implementation original incremental original incremental
lamutex orig O(n2) O(n2) O(n) to O(n2)* O(n)*

w/o short circuiting O(n3) O(n2) O(n2) O(n)*
lamutex spec O(n3) to O(n4) O(n2) O(n2) to O(n3) O(n)*
lamutex spec lam O(n2) to O(n3) O(n2) O(n2) to O(n3) O(n)*

Table 5.8: Empirically observed asymptotic costs for each Lamport mutex imple-
mentation, as per Figures 5.5, 5.6, and 5.7. The cost for lamutex orig without
short-circuiting is also given. Costs are approximate and not necessarily worst-
case bounds. In the case of the asterisked costs, further experimentation where
we increased the number of rounds into the thousands (not shown) demonstrated
quadratic behavior.

Program Orig.
LOC # queries # updates Trans.

LOC
Trans.
Time

clpaxos 167 34 15 1670 15.70
crleader 28 4 2 92 0.42
dscrash 54 7 9 414 2.25
hsleader 67 10 8 253 1.39
lamutex_orig 55 6 9 391 1.81
lamutex_spec 45 8 3 554 2.66
lamutex_spec_lam 45 7 5 466 2.16
lapaxos 141 26 15 1267 9.97
ramutex 54 11 6 826 4.39
ratoken 85 13 10 1829 13.78
sktoken 109 12 15 1543 10.52
tpcommit 84 21 8 1180 7.45

Table 5.9: Transformation statistics for DistAlgo programs. Orig. LOC is for the
file that DistAlgo generates as input to our system; it contains functions encapsu-
lating queries and updates.
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Figure 5.5: Lamport’s mutual exclusion algorithm using an imperative message
queue (lamutex orig), as the algorithm was originally described. We first vary the
number of processes while holding the number of rounds at 5 (top). We then vary
the number of rounds while the number of processes is held at 5 (bottom). Each
datapoint is the average of exactly 5 trials.
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Figure 5.6: Lamport’s algorithm using high-level queries over sets of received
messages (lamutex spec). The experiment setup is similar to Figure 5.5 except the
x-axis range is different, and the number of processes or rounds is held constant at
10. Each datapoint is the average of exactly 5 trials.
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Figure 5.7: Lamport’s algorithm using high-level queries where acknowledgement
messages do not directly refer to the request they acknowledge (lamutex spec lam);
this version is more consistent with Lamport’s original description. Setup is as in
Figure 5.6. Each datapoint is the average of exactly 5 trials.



Chapter 6

Conclusion

We have presented our method for transforming high-level object queries into
efficient implementations with cost bounds. There are three key advantages of
our method. First, our generated implementations are efficient because they
are incremental and demand-driven. The maintenance code itself makes use of
incrementally computed auxiliary indices (shown to be beneficial by themselves
in Figure 5.3), leading to faster running time than JQL (Figure 4.6). The
use of demand leads to much lower time and space costs by restricting the
stored result and indices to the relevant portion of the data, as is shown by
our experiments with our running example (Figure 3.2), the OSQ method
(Figures 4.3 and 4.4), and Core RBAC (Figure 5.2).

Second, there is the expressiveness of our queries. We handle arbitrary
nesting of objects and sets; arbitrary aliasing among expressions in the query
and expressions appearing in updates; and a number of other features in-
cluding nested queries, aggregates, maps, negated memberships, and pattern
matching. Our method produces incremental code for every kind of update,
the only caveat being that the query must satisfy a safety requirement that
prevents it from hiding the ways in which it depends on updates. We have
shown that our method applies to, and improves the asymptotic performance
of, examples used to benchmark previous systems (OSQ in Section 4.3 and
JQL in Section 4.4), and applications in distributed algorithms, access con-
trol, approximate probabilistic inference, and student information manage-
ment (Chapter 5).

Third, our method is systematic and based on transformations that pre-
serve invariants. This gives us the ability to reason about precisely what
values will be stored in and retrieved from auxiliary data structures. This in
turn allows us to give precise cost bounds on running time and space usage,
and to perform optimizations such as counting elimination and type-check
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elimination that benefit from strong guarantees about the behavior of mainte-
nance code (Chapter 2). Furthermore, we are free to make different high-level
choices when determining the invariants and join orders, leading to different
cost trade-offs in the generated code without sacrificing our confidence in its
correctness (Section 4.2).

As discussed in Chapter 4, ours is the first method to satisfy all three of the
above criteria simultaneously. Methods like JQL do not allow such expressive
queries where nested objects may be updated [85], while methods like OSQ
are not invariant-based [74, 72]. Both systems require a substantial runtime
environment1 and do not provide precise cost bounds. Other techniques used
in relational databases or logic programs do not handle objects and nested sets
and do not generate imperative code, while techniques based on memoization
and change propagation, including self-adjusting computation [6, 2, 5], do not
apply to queries but rather to specific computations.

A recurring theme in the progression of programming languages is to ab-
stract more details away from the programmer and offload more responsibility
onto the compiler. Methods like ours are an important and natural step in
this direction. It should be clear from the discussion in Example 1, and from
the complexity and size of the code generated, that manually writing code
to handle all possible updates correctly and efficiently would be very difficult
and tedious, even without considering demand. A programmer faced with
this task can either simplify their implementation strategy, possibly sacrific-
ing efficiency, or they can spend precious developer resources producing and
maintaining a sophisticated implementation. This investment would be wasted
if the query were later changed.

Our aim is to remove obstacles to the adoption of high-level queries in
everyday programming. By supporting object queries, we ensure that there is
no impedance mismatch between the query language and the queried data. By
generating efficient implementations, we hope to encourage the programmer
to rely on an automated and provably correct method so they can spend their
time elsewhere. Our method can be just another compilation step in the build
workflow.

Future work for our method can focus on more ways of generating, main-
taining, and using invariants. We are already aware of several improvements
that would be beneficial to our distributed algorithm applications. These
include eliminating dead maintenance code based on high-level reasoning to
determine when the query is unsatisfiable, adding support for efficient range

1Although OSQ may also be used to generate static code, by pairing it with a code
transformation system [72].
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queries [82, 83], and incorporating methods for rewriting quantifiers using ag-
gregates [51]. We may also investigate generalizations of our demand strate-
gies, for instance, using more filters than are currently generated in order
to define more precise indices to help with query maintenance. Examples of
some other alternative invariants have already been discussed in Section 4.2.
In general, there are many possible invariants that could be considered, and
further study is needed to determine which ones are most applicable in which
situations.

One of the advantages of having an automated invariant-based transfor-
mation system is that we are able to easily generate different implementations
with different cost tradeoffs, e.g., between time and space, or between query
result maintenance time and demand propagation time for different kinds of
updates. We would like to study ways of automatically selecting, or helping
the developer to select, the optimal implementation for his or her use case.
This can make use of a combination of cost analysis, analysis of the input
data, and systematic benchmarking of the various implementations.

Other future work may focus on making the system more practical for
real programmers, e.g., in the Python ecosystem. While the applications we
have studied solve real problems, they are idealized in the sense that they
are written using declarative queries, they provide a clean API at the module
level, and they respect our restrictions on allowed forms of updates. In the real
world, programmers may write imperative code because they are not familiar
with, or fear the performance of, declarative queries; they may only wish to
apply specialized systems such as ours to a small piece of code, say, in a certain
class or a region of code marked by annotations; and they may use difficult-to-
analyze features that update the queried values in non-straightforward ways.
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Appendix A

Demand for nested queries

To make the discussion on page 55 concrete, we give an example of nested
relational comprehensions where naively updating the inner query’s demand
set at-will leads to incorrect code. This example should serve to convince the
reader of the importance of using an invariant-based approach, and to justify
why we manage demand for inner queries using a comprehension rather than
an arbitrarily updated relation.

The OSQ method claims that nested queries can be handled by supplying
the result of the inner query as a parameter to the outer query [74], but it
does not address the issue of how to manage the inner query’s demand. We
show that simply iterating the overall method, in innermost-query-first order
and treating each query as if it were top-level, is not sufficient.

The example we will consider is a very simple query that does not need
flattening, just strengthening and restricting. Its only variable is a parameter.
For brevity we omit the syntax for singleton tuples.

{x : x in {x : x in R}}

That is, the query simply returns the set containing the given value of x if it
is in R, and the empty set otherwise. For simplicity we will skip the part of
the Strengthen step that modifies the result expressions and inserts image-set
expressions, because the semantics are the same without them; instead we will
just turn x into a local variable. After the Restrict step, if we were to create
demand sets for both the inner and outer query, we would end up with,

{x : x in U2, x in {y : y in U1, y in R}},

where we have renamed the inner uses of x to y to emphasize that they live
in a distinct scope. Incrementalizing the inner comprehension and calling the
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inner and outer comprehensions Q1 and Q2 respectively, we have the invariants,

Q1 = {y : y in U1, y in R}

Q2 = {x : x in U2, x in Q1}.

Suppose that R contains a single element a, and U1 and U2 are empty, so
that Q1 and Q2 are also empty. The first time we perform the outer query
where a is the parameter value of x, we will have to add it to U2 and maintian
Q2.

U2.add(a)
x = a # maintain Q2 for U2
if x in Q1: # using Q1

Q2.addc(x)
retrieve result of Q2

But since we are reading Q1’s value inside the maintenance for Q2, we need to
first add to U1 or else Q1 will be empty. In the absence of a systematic method
telling us how and when to adjust U1, we will naively assume that we can just
add a to U1 immediately before the use of Q1. This in turn causes us to insert
maintenance for Q1 and Q2.1

U2.add(a)
x = a
U1.add(x)
y = x # maintain Q1 for U1
if y in R:

Q1.addc(y)
x’ = y # maintain Q2 for Q1
if x’ in U2: # use fresh instantiation x’ for x

Q2.addc(x’)
if x in Q1:

Q2.addc(x)
retrieve result of Q2

Now we have a problem, because after this code has run, a will be present in
the counted set Q2 with a count of 2, when it should have count 1.

Under our system of using an invariant for the nested query’s demand
clause, instead of using a demand set U1 we should have a demand compre-
hension. There is only one preceding clause, so we end up with the following

1Properly speaking, by the time we are incrementalizing Q2, the program should have
already been transformed to maintain Q1 at updates to U1 and R. By inserting a new update
to U1 and additional code to maintain Q1, we are not strictly following finite differencing.
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query after the Restrict step.

{x : x in U2, x in {y : y in {z : z in U2}, y in R}}

Here z is another renamining of x to again indicate a new scope. Since the
demand comprehension is semantically the same as U2 itself, we can replace it
with U2, obtaining

Q1 = {y : y in U2, y in R}

Q2 = {x : x in U2, x in Q1}.

The correct code is obtained by simply incrementalizing Q1 and then Q2.

U2.add(a)
x = a # maintain Q2 for U2
if x in Q1:

Q2.addc(x)
y = a # maintain Q1 for U2
if y in R:

Q1.addc(y)
x = y # maintain Q2 for Q1
if x in U2:

Q2.addc(x)
retrieve result of Q2



Appendix B

Generated code

We give an example of the code generated by our implementation, for the social
network query. First, the input program. The beginning contains annotations
instructing the system to translate nested sets and objects using M and Ff ,
and telling the system that counting elimination and type check elimination
are safe to apply. In general, the safety of these optimizations follows from
any annotation or inference that tells the system that users have unique emails
and that the demanded values for celeb and group are well-typed at all times.

# Social network example.

from incoq.runtime import *

CONFIG(
obj_domain = ’true’,

)

SYMCONFIG(’Q’,
count_elim_safe_override = ’true’,
well_typed_data = ’true’,

)

def make_user(email, loc):
u = Obj()
u.followers = Set()
u.email = email
u.loc = loc
return u

def make_group():
g = Set()
return g

def follow(u, c):
assert u not in c.followers
c.followers.add(u)

def unfollow(u, c):
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assert u in c.followers
c.followers.remove(u)

def join_group(u, g):
assert u not in g
g.add(u)

def leave_group(u, g):
assert u in g
g.remove(u)

def change_loc(u, loc):
del u.loc
u.loc = loc

def do_query(celeb, group):
return QUERY(’Q’, {user.email for user in celeb.followers if user in group

if user.loc == ’NYC’})

Next, the generated code. Continuation lines are indicated with >>. The
first part of the output file is a header describing the generated invariants.
Then there are declarations for the introduced variables, and the maintenance
functions, which take up the bulk of the file. Finally there is the original code
with calls to maintenance functions inserted around updates. Each function
besides the auxiliary map maintenance functions are annotated with an au-
tomatically generated time cost bound, which can be further simplified as we
have in Table 3.2.

# Q : celeb, group -> {(celeb, group, user_email) for (celeb, group) in REL(_U_Q
>> ) for (celeb, celeb_followers) in F(followers) for (celeb_followers, user) in M(
>> ) for (group, user) in M() for (user, user_loc) in F(loc) if (user_loc == ’NYC’)
>> for (user, user_email) in F(email)}

# Q_T_celeb : {(celeb,) for (celeb, group) in REL(_U_Q)}
# Q_T_group : {(group,) for (celeb, group) in REL(_U_Q)}
# Q_d_F_followers : {(celeb, celeb_followers) for (celeb,) in REL(R_Q_T_celeb) f

>> or (celeb, celeb_followers) in F(followers)}
# Q_T_celeb_followers : {(celeb_followers,) for (celeb, celeb_followers) in REL(

>> R_Q_d_F_followers)}
# Q_d_M_1 : {(celeb_followers, user) for (celeb_followers,) in REL(R_Q_T_celeb_f

>> ollowers) for (celeb_followers, user) in M()}
# Q_T_user_1 : {(user,) for (celeb_followers, user) in REL(R_Q_d_M_1)}
# Q_d_M_2 : {(group, user) for (group,) in REL(R_Q_T_group) for (group, user) in

>> M()}
# Q_T_user_2 : {(user,) for (group, user) in REL(R_Q_d_M_2)}
# Q_d_F_loc : {(user, user_loc) for (user,) in REL(R_Q_T_user_1) for (user,) in

>> REL(R_Q_T_user_2) for (user, user_loc) in F(loc)}
# Q_d_F_email : {(user, user_email) for (user,) in REL(R_Q_T_user_1) for (user,)

>> in REL(R_Q_T_user_2) for (user, user_email) in F(email)}
from incoq.runtime import *
_U_Q = Set()
R_Q_T_celeb = CSet()
R_Q_T_group = CSet()
R_Q_d_F_followers = Set()
R_Q_T_celeb_followers = CSet()
R_Q_d_M_1 = Set()
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R_Q_T_user_1 = CSet()
R_Q_d_M_2 = Set()
R_Q_T_user_2 = CSet()
R_Q_d_F_loc = Set()
R_Q_d_F_email = Set()
_U_Q_bu = Map()
R_Q_d_F_followers_ub = Map()
_U_Q_ub = Map()
R_Q_d_M_1_ub = Map()
R_Q_bbu = Map()
def _maint__U_Q_bu_for__U_Q_add(_elem):

(_elem_v1, _elem_v2) = _elem
_v54_key = _elem_v1
_v54_value = _elem_v2
if (_v54_key not in _U_Q_bu):

_v55 = Set()
_U_Q_bu[_v54_key] = _v55

_U_Q_bu[_v54_key].add(_v54_value)

def _maint__U_Q_ub_for__U_Q_add(_elem):
(_elem_v1, _elem_v2) = _elem
_v57_key = _elem_v2
_v57_value = _elem_v1
if (_v57_key not in _U_Q_ub):

_v58 = Set()
_U_Q_ub[_v57_key] = _v58

_U_Q_ub[_v57_key].add(_v57_value)

def _maint_R_Q_d_F_followers_ub_for_R_Q_d_F_followers_add(_elem):
(_elem_v1, _elem_v2) = _elem
_v60_key = _elem_v2
_v60_value = _elem_v1
if (_v60_key not in R_Q_d_F_followers_ub):

_v61 = Set()
R_Q_d_F_followers_ub[_v60_key] = _v61

R_Q_d_F_followers_ub[_v60_key].add(_v60_value)

def _maint_R_Q_d_F_followers_ub_for_R_Q_d_F_followers_remove(_elem):
(_elem_v1, _elem_v2) = _elem
_v62_key = _elem_v2
_v62_value = _elem_v1
R_Q_d_F_followers_ub[_v62_key].remove(_v62_value)
if (len(R_Q_d_F_followers_ub[_v62_key]) == 0):

del R_Q_d_F_followers_ub[_v62_key]

def _maint_R_Q_d_M_1_ub_for_R_Q_d_M_1_add(_elem):
(_elem_v1, _elem_v2) = _elem
_v63_key = _elem_v2
_v63_value = _elem_v1
if (_v63_key not in R_Q_d_M_1_ub):

_v64 = Set()
R_Q_d_M_1_ub[_v63_key] = _v64

R_Q_d_M_1_ub[_v63_key].add(_v63_value)

def _maint_R_Q_d_M_1_ub_for_R_Q_d_M_1_remove(_elem):
(_elem_v1, _elem_v2) = _elem
_v65_key = _elem_v2
_v65_value = _elem_v1
R_Q_d_M_1_ub[_v65_key].remove(_v65_value)
if (len(R_Q_d_M_1_ub[_v65_key]) == 0):
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del R_Q_d_M_1_ub[_v65_key]

def _maint_R_Q_bbu_for_R_Q_add(_elem):
(_elem_v1, _elem_v2, _elem_v3) = _elem
_v66_key = (_elem_v1, _elem_v2)
_v66_value = _elem_v3
if (_v66_key not in R_Q_bbu):

_v67 = Set()
R_Q_bbu[_v66_key] = _v67

R_Q_bbu[_v66_key].add(_v66_value)

def _maint_R_Q_bbu_for_R_Q_remove(_elem):
(_elem_v1, _elem_v2, _elem_v3) = _elem
_v68_key = (_elem_v1, _elem_v2)
_v68_value = _elem_v3
R_Q_bbu[_v68_key].remove(_v68_value)
if (len(R_Q_bbu[_v68_key]) == 0):

del R_Q_bbu[_v68_key]

def _maint_R_Q_d_F_email_for_R_Q_T_user_1_add(_elem):
# Cost: O(1)
(_v48_user,) = _elem
if ((_v48_user,) in R_Q_T_user_2):

_v48_user_email = _v48_user.email
_v48_result = (_v48_user, _v48_user_email)
R_Q_d_F_email.add(_v48_result)

def _maint_R_Q_d_F_email_for_R_Q_T_user_1_remove(_elem):
# Cost: O(1)
(_v49_user,) = _elem
if ((_v49_user,) in R_Q_T_user_2):

_v49_user_email = _v49_user.email
_v49_result = (_v49_user, _v49_user_email)
R_Q_d_F_email.remove(_v49_result)

def _maint_R_Q_d_F_email_for_R_Q_T_user_2_add(_elem):
# Cost: O(1)
(_v50_user,) = _elem
if ((_v50_user,) in R_Q_T_user_1):

_v50_user_email = _v50_user.email
_v50_result = (_v50_user, _v50_user_email)
R_Q_d_F_email.add(_v50_result)

def _maint_R_Q_d_F_email_for_R_Q_T_user_2_remove(_elem):
# Cost: O(1)
(_v51_user,) = _elem
if ((_v51_user,) in R_Q_T_user_1):

_v51_user_email = _v51_user.email
_v51_result = (_v51_user, _v51_user_email)
R_Q_d_F_email.remove(_v51_result)

def _maint_R_Q_d_F_email_for__F_email_add(_elem):
# Cost: O(1)
(_v52_user, _v52_user_email) = _elem
if ((_v52_user,) in R_Q_T_user_1):

if ((_v52_user,) in R_Q_T_user_2):
_v52_result = (_v52_user, _v52_user_email)
R_Q_d_F_email.add(_v52_result)

def _maint_R_Q_d_F_loc_for_R_Q_T_user_1_add(_elem):
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# Cost: O(1)
(_v42_user,) = _elem
if ((_v42_user,) in R_Q_T_user_2):

_v42_user_loc = _v42_user.loc
_v42_result = (_v42_user, _v42_user_loc)
R_Q_d_F_loc.add(_v42_result)

def _maint_R_Q_d_F_loc_for_R_Q_T_user_1_remove(_elem):
# Cost: O(1)
(_v43_user,) = _elem
if ((_v43_user,) in R_Q_T_user_2):

_v43_user_loc = _v43_user.loc
_v43_result = (_v43_user, _v43_user_loc)
R_Q_d_F_loc.remove(_v43_result)

def _maint_R_Q_d_F_loc_for_R_Q_T_user_2_add(_elem):
# Cost: O(1)
(_v44_user,) = _elem
if ((_v44_user,) in R_Q_T_user_1):

_v44_user_loc = _v44_user.loc
_v44_result = (_v44_user, _v44_user_loc)
R_Q_d_F_loc.add(_v44_result)

def _maint_R_Q_d_F_loc_for_R_Q_T_user_2_remove(_elem):
# Cost: O(1)
(_v45_user,) = _elem
if ((_v45_user,) in R_Q_T_user_1):

_v45_user_loc = _v45_user.loc
_v45_result = (_v45_user, _v45_user_loc)
R_Q_d_F_loc.remove(_v45_result)

def _maint_R_Q_d_F_loc_for__F_loc_add(_elem):
# Cost: O(1)
(_v46_user, _v46_user_loc) = _elem
if ((_v46_user,) in R_Q_T_user_1):

if ((_v46_user,) in R_Q_T_user_2):
_v46_result = (_v46_user, _v46_user_loc)
R_Q_d_F_loc.add(_v46_result)

def _maint_R_Q_d_F_loc_for__F_loc_remove(_elem):
# Cost: O(1)
(_v47_user, _v47_user_loc) = _elem
if ((_v47_user,) in R_Q_T_user_1):

if ((_v47_user,) in R_Q_T_user_2):
_v47_result = (_v47_user, _v47_user_loc)
R_Q_d_F_loc.remove(_v47_result)

def _maint_R_Q_T_user_2_for_R_Q_d_M_2_add(_elem):
# Cost: O(1)
(_v40_group, _v40_user) = _elem
_v40_result = (_v40_user,)
if (_v40_result not in R_Q_T_user_2):

R_Q_T_user_2.add(_v40_result)
_maint_R_Q_d_F_email_for_R_Q_T_user_2_add(_v40_result)
_maint_R_Q_d_F_loc_for_R_Q_T_user_2_add(_v40_result)

else:
R_Q_T_user_2.inccount(_v40_result)

def _maint_R_Q_T_user_2_for_R_Q_d_M_2_remove(_elem):
# Cost: O(1)
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(_v41_group, _v41_user) = _elem
_v41_result = (_v41_user,)
if (R_Q_T_user_2.getcount(_v41_result) == 1):

_maint_R_Q_d_F_loc_for_R_Q_T_user_2_remove(_v41_result)
_maint_R_Q_d_F_email_for_R_Q_T_user_2_remove(_v41_result)
R_Q_T_user_2.remove(_v41_result)

else:
R_Q_T_user_2.deccount(_v41_result)

def _maint_R_Q_d_M_2_for_R_Q_T_group_add(_elem):
# Cost: O(_v36_group)
(_v36_group,) = _elem
for _v36_user in _v36_group:

_v36_result = (_v36_group, _v36_user)
R_Q_d_M_2.add(_v36_result)
_maint_R_Q_T_user_2_for_R_Q_d_M_2_add(_v36_result)

def _maint_R_Q_d_M_2_for_R_Q_T_group_remove(_elem):
# Cost: O(_v37_group)
(_v37_group,) = _elem
for _v37_user in _v37_group:

_v37_result = (_v37_group, _v37_user)
_maint_R_Q_T_user_2_for_R_Q_d_M_2_remove(_v37_result)
R_Q_d_M_2.remove(_v37_result)

def _maint_R_Q_d_M_2_for__M_add(_elem):
# Cost: O(1)
(_v38_group, _v38_user) = _elem
if ((_v38_group,) in R_Q_T_group):

_v38_result = (_v38_group, _v38_user)
R_Q_d_M_2.add(_v38_result)
_maint_R_Q_T_user_2_for_R_Q_d_M_2_add(_v38_result)

def _maint_R_Q_d_M_2_for__M_remove(_elem):
# Cost: O(1)
(_v39_group, _v39_user) = _elem
if ((_v39_group,) in R_Q_T_group):

_v39_result = (_v39_group, _v39_user)
_maint_R_Q_T_user_2_for_R_Q_d_M_2_remove(_v39_result)
R_Q_d_M_2.remove(_v39_result)

def _maint_R_Q_T_user_1_for_R_Q_d_M_1_add(_elem):
# Cost: O(1)
(_v34_celeb_followers, _v34_user) = _elem
_v34_result = (_v34_user,)
if (_v34_result not in R_Q_T_user_1):

R_Q_T_user_1.add(_v34_result)
_maint_R_Q_d_F_email_for_R_Q_T_user_1_add(_v34_result)
_maint_R_Q_d_F_loc_for_R_Q_T_user_1_add(_v34_result)

else:
R_Q_T_user_1.inccount(_v34_result)

def _maint_R_Q_T_user_1_for_R_Q_d_M_1_remove(_elem):
# Cost: O(1)
(_v35_celeb_followers, _v35_user) = _elem
_v35_result = (_v35_user,)
if (R_Q_T_user_1.getcount(_v35_result) == 1):

_maint_R_Q_d_F_loc_for_R_Q_T_user_1_remove(_v35_result)
_maint_R_Q_d_F_email_for_R_Q_T_user_1_remove(_v35_result)
R_Q_T_user_1.remove(_v35_result)
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else:
R_Q_T_user_1.deccount(_v35_result)

def _maint_R_Q_d_M_1_for_R_Q_T_celeb_followers_add(_elem):
# Cost: O(_v30_celeb_followers)
(_v30_celeb_followers,) = _elem
for _v30_user in _v30_celeb_followers:

_v30_result = (_v30_celeb_followers, _v30_user)
R_Q_d_M_1.add(_v30_result)
_maint_R_Q_d_M_1_ub_for_R_Q_d_M_1_add(_v30_result)
_maint_R_Q_T_user_1_for_R_Q_d_M_1_add(_v30_result)

def _maint_R_Q_d_M_1_for_R_Q_T_celeb_followers_remove(_elem):
# Cost: O(_v31_celeb_followers)
(_v31_celeb_followers,) = _elem
for _v31_user in _v31_celeb_followers:

_v31_result = (_v31_celeb_followers, _v31_user)
_maint_R_Q_T_user_1_for_R_Q_d_M_1_remove(_v31_result)
_maint_R_Q_d_M_1_ub_for_R_Q_d_M_1_remove(_v31_result)
R_Q_d_M_1.remove(_v31_result)

def _maint_R_Q_d_M_1_for__M_add(_elem):
# Cost: O(1)
(_v32_celeb_followers, _v32_user) = _elem
if ((_v32_celeb_followers,) in R_Q_T_celeb_followers):

_v32_result = (_v32_celeb_followers, _v32_user)
R_Q_d_M_1.add(_v32_result)
_maint_R_Q_d_M_1_ub_for_R_Q_d_M_1_add(_v32_result)
_maint_R_Q_T_user_1_for_R_Q_d_M_1_add(_v32_result)

def _maint_R_Q_d_M_1_for__M_remove(_elem):
# Cost: O(1)
(_v33_celeb_followers, _v33_user) = _elem
if ((_v33_celeb_followers,) in R_Q_T_celeb_followers):

_v33_result = (_v33_celeb_followers, _v33_user)
_maint_R_Q_T_user_1_for_R_Q_d_M_1_remove(_v33_result)
_maint_R_Q_d_M_1_ub_for_R_Q_d_M_1_remove(_v33_result)
R_Q_d_M_1.remove(_v33_result)

def _maint_R_Q_T_celeb_followers_for_R_Q_d_F_followers_add(_elem):
# Cost: O(_v30_celeb_followers)
(_v28_celeb, _v28_celeb_followers) = _elem
_v28_result = (_v28_celeb_followers,)
if (_v28_result not in R_Q_T_celeb_followers):

R_Q_T_celeb_followers.add(_v28_result)
_maint_R_Q_d_M_1_for_R_Q_T_celeb_followers_add(_v28_result)

else:
R_Q_T_celeb_followers.inccount(_v28_result)

def _maint_R_Q_T_celeb_followers_for_R_Q_d_F_followers_remove(_elem):
# Cost: O(_v31_celeb_followers)
(_v29_celeb, _v29_celeb_followers) = _elem
_v29_result = (_v29_celeb_followers,)
if (R_Q_T_celeb_followers.getcount(_v29_result) == 1):

_maint_R_Q_d_M_1_for_R_Q_T_celeb_followers_remove(_v29_result)
R_Q_T_celeb_followers.remove(_v29_result)

else:
R_Q_T_celeb_followers.deccount(_v29_result)

def _maint_R_Q_d_F_followers_for_R_Q_T_celeb_add(_elem):
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# Cost: O(_v30_celeb_followers)
(_v24_celeb,) = _elem
_v24_celeb_followers = _v24_celeb.followers
_v24_result = (_v24_celeb, _v24_celeb_followers)
R_Q_d_F_followers.add(_v24_result)
_maint_R_Q_d_F_followers_ub_for_R_Q_d_F_followers_add(_v24_result)
_maint_R_Q_T_celeb_followers_for_R_Q_d_F_followers_add(_v24_result)

def _maint_R_Q_d_F_followers_for_R_Q_T_celeb_remove(_elem):
# Cost: O(_v31_celeb_followers)
(_v25_celeb,) = _elem
_v25_celeb_followers = _v25_celeb.followers
_v25_result = (_v25_celeb, _v25_celeb_followers)
_maint_R_Q_T_celeb_followers_for_R_Q_d_F_followers_remove(_v25_result)
_maint_R_Q_d_F_followers_ub_for_R_Q_d_F_followers_remove(_v25_result)
R_Q_d_F_followers.remove(_v25_result)

def _maint_R_Q_d_F_followers_for__F_followers_add(_elem):
# Cost: O(_v30_celeb_followers)
(_v26_celeb, _v26_celeb_followers) = _elem
if ((_v26_celeb,) in R_Q_T_celeb):

_v26_result = (_v26_celeb, _v26_celeb_followers)
R_Q_d_F_followers.add(_v26_result)
_maint_R_Q_d_F_followers_ub_for_R_Q_d_F_followers_add(_v26_result)
_maint_R_Q_T_celeb_followers_for_R_Q_d_F_followers_add(_v26_result)

def _maint_R_Q_T_group_for__U_Q_add(_elem):
# Cost: O(_v36_group)
(_v22_celeb, _v22_group) = _elem
_v22_result = (_v22_group,)
if (_v22_result not in R_Q_T_group):

R_Q_T_group.add(_v22_result)
_maint_R_Q_d_M_2_for_R_Q_T_group_add(_v22_result)

else:
R_Q_T_group.inccount(_v22_result)

def _maint_R_Q_T_celeb_for__U_Q_add(_elem):
# Cost: O(_v30_celeb_followers)
(_v20_celeb, _v20_group) = _elem
_v20_result = (_v20_celeb,)
if (_v20_result not in R_Q_T_celeb):

R_Q_T_celeb.add(_v20_result)
_maint_R_Q_d_F_followers_for_R_Q_T_celeb_add(_v20_result)

else:
R_Q_T_celeb.inccount(_v20_result)

def _maint_R_Q_for__U_Q_add(_elem):
# Cost: O(_v10_celeb_followers)
(_v10_celeb, _v10_group) = _elem
if ((_v10_celeb, _v10_group) in _U_Q):

_v10_celeb_followers = _v10_celeb.followers
for _v10_user in _v10_celeb_followers:

if (_v10_user in _v10_group):
_v10_user_loc = _v10_user.loc
if (_v10_user_loc == ’NYC’):

_v10_user_email = _v10_user.email
_v10_result = (_v10_celeb, _v10_group, _v10_user_email)
_maint_R_Q_bbu_for_R_Q_add(_v10_result)

def _maint_R_Q_for__F_followers_add(_elem):



APPENDIX B. GENERATED CODE 175

# Cost: O((_U_Q_bu * _v12_celeb_followers))
(_v12_celeb, _v12_celeb_followers) = _elem
if ((_v12_celeb, _v12_celeb_followers) in R_Q_d_F_followers):

for _v12_group in (_U_Q_bu[_v12_celeb] if (_v12_celeb in _U_Q_bu) else (
>> )):

for _v12_user in _v12_celeb_followers:
if (_v12_user in _v12_group):

_v12_user_loc = _v12_user.loc
if (_v12_user_loc == ’NYC’):

_v12_user_email = _v12_user.email
_v12_result = (_v12_celeb, _v12_group, _v12_user_email)
_maint_R_Q_bbu_for_R_Q_add(_v12_result)

def _maint_R_Q_for__M_add(_elem):
# Cost: O(((_U_Q_bu * R_Q_d_F_followers_ub) + _U_Q_ub))
(_v14_celeb_followers, _v14_user) = _elem
if ((_v14_celeb_followers, _v14_user) in R_Q_d_M_1):

_v14_user_loc = _v14_user.loc
if (_v14_user_loc == ’NYC’):

_v14_user_email = _v14_user.email
for _v14_celeb in (R_Q_d_F_followers_ub[_v14_celeb_followers] if (_v

>> 14_celeb_followers in R_Q_d_F_followers_ub) else ()):
for _v14_group in (_U_Q_bu[_v14_celeb] if (_v14_celeb in _U_Q_bu

>> ) else ()):
if (_v14_user in _v14_group):

if ((_v14_group, _v14_user) != _elem):
_v14_result = (_v14_celeb, _v14_group, _v14_user_ema

>> il)
_maint_R_Q_bbu_for_R_Q_add(_v14_result)

(_v14_group, _v14_user) = _elem
if ((_v14_group, _v14_user) in R_Q_d_M_2):

_v14_user_loc = _v14_user.loc
if (_v14_user_loc == ’NYC’):

_v14_user_email = _v14_user.email
for _v14_celeb in (_U_Q_ub[_v14_group] if (_v14_group in _U_Q_ub) el

>> se ()):
_v14_celeb_followers = _v14_celeb.followers
if (_v14_user in _v14_celeb_followers):

_v14_result = (_v14_celeb, _v14_group, _v14_user_email)
_maint_R_Q_bbu_for_R_Q_add(_v14_result)

def _maint_R_Q_for__M_remove(_elem):
# Cost: O(((_U_Q_bu * R_Q_d_F_followers_ub) + _U_Q_ub))
(_v15_celeb_followers, _v15_user) = _elem
if ((_v15_celeb_followers, _v15_user) in R_Q_d_M_1):

_v15_user_loc = _v15_user.loc
if (_v15_user_loc == ’NYC’):

_v15_user_email = _v15_user.email
for _v15_celeb in (R_Q_d_F_followers_ub[_v15_celeb_followers] if (_v

>> 15_celeb_followers in R_Q_d_F_followers_ub) else ()):
for _v15_group in (_U_Q_bu[_v15_celeb] if (_v15_celeb in _U_Q_bu

>> ) else ()):
if (_v15_user in _v15_group):

if ((_v15_group, _v15_user) != _elem):
_v15_result = (_v15_celeb, _v15_group, _v15_user_ema

>> il)
_maint_R_Q_bbu_for_R_Q_remove(_v15_result)

(_v15_group, _v15_user) = _elem
if ((_v15_group, _v15_user) in R_Q_d_M_2):

_v15_user_loc = _v15_user.loc
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if (_v15_user_loc == ’NYC’):
_v15_user_email = _v15_user.email
for _v15_celeb in (_U_Q_ub[_v15_group] if (_v15_group in _U_Q_ub) el

>> se ()):
_v15_celeb_followers = _v15_celeb.followers
if (_v15_user in _v15_celeb_followers):

_v15_result = (_v15_celeb, _v15_group, _v15_user_email)
_maint_R_Q_bbu_for_R_Q_remove(_v15_result)

def _maint_R_Q_for__F_loc_add(_elem):
# Cost: O((_U_Q_bu * R_Q_d_F_followers_ub * R_Q_d_M_1_ub))
(_v16_user, _v16_user_loc) = _elem
if ((_v16_user, _v16_user_loc) in R_Q_d_F_loc):

if (_v16_user_loc == ’NYC’):
_v16_user_email = _v16_user.email
for _v16_celeb_followers in (R_Q_d_M_1_ub[_v16_user] if (_v16_user i

>> n R_Q_d_M_1_ub) else ()):
for _v16_celeb in (R_Q_d_F_followers_ub[_v16_celeb_followers] if

>> (_v16_celeb_followers in R_Q_d_F_followers_ub) else ()):
for _v16_group in (_U_Q_bu[_v16_celeb] if (_v16_celeb in _U_

>> Q_bu) else ()):
if (_v16_user in _v16_group):

_v16_result = (_v16_celeb, _v16_group, _v16_user_ema
>> il)

_maint_R_Q_bbu_for_R_Q_add(_v16_result)

def _maint_R_Q_for__F_loc_remove(_elem):
# Cost: O((_U_Q_bu * R_Q_d_F_followers_ub * R_Q_d_M_1_ub))
(_v17_user, _v17_user_loc) = _elem
if ((_v17_user, _v17_user_loc) in R_Q_d_F_loc):

if (_v17_user_loc == ’NYC’):
_v17_user_email = _v17_user.email
for _v17_celeb_followers in (R_Q_d_M_1_ub[_v17_user] if (_v17_user i

>> n R_Q_d_M_1_ub) else ()):
for _v17_celeb in (R_Q_d_F_followers_ub[_v17_celeb_followers] if

>> (_v17_celeb_followers in R_Q_d_F_followers_ub) else ()):
for _v17_group in (_U_Q_bu[_v17_celeb] if (_v17_celeb in _U_

>> Q_bu) else ()):
if (_v17_user in _v17_group):

_v17_result = (_v17_celeb, _v17_group, _v17_user_ema
>> il)

_maint_R_Q_bbu_for_R_Q_remove(_v17_result)

def _maint_R_Q_for__F_email_add(_elem):
# Cost: O((_U_Q_bu * R_Q_d_F_followers_ub * R_Q_d_M_1_ub))
(_v18_user, _v18_user_email) = _elem
if ((_v18_user, _v18_user_email) in R_Q_d_F_email):

_v18_user_loc = _v18_user.loc
if (_v18_user_loc == ’NYC’):

for _v18_celeb_followers in (R_Q_d_M_1_ub[_v18_user] if (_v18_user i
>> n R_Q_d_M_1_ub) else ()):

for _v18_celeb in (R_Q_d_F_followers_ub[_v18_celeb_followers] if
>> (_v18_celeb_followers in R_Q_d_F_followers_ub) else ()):

for _v18_group in (_U_Q_bu[_v18_celeb] if (_v18_celeb in _U_
>> Q_bu) else ()):

if (_v18_user in _v18_group):
_v18_result = (_v18_celeb, _v18_group, _v18_user_ema

>> il)
_maint_R_Q_bbu_for_R_Q_add(_v18_result)
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def _demand_Q(_elem):
# Cost: O((_v36_group + _v30_celeb_followers + _v10_celeb_followers))
if (_elem not in _U_Q):

_U_Q.add(_elem)
_maint__U_Q_bu_for__U_Q_add(_elem)
_maint__U_Q_ub_for__U_Q_add(_elem)
_maint_R_Q_T_group_for__U_Q_add(_elem)
_maint_R_Q_T_celeb_for__U_Q_add(_elem)
_maint_R_Q_for__U_Q_add(_elem)

def make_user(email, loc):
# Cost: O((_v30_celeb_followers + (_U_Q_bu * _v12_celeb_followers) + (_U_Q_b

>> u * R_Q_d_F_followers_ub * R_Q_d_M_1_ub)))
u = Obj()
_v1 = (u, Set())
index(_v1, 0).followers = index(_v1, 1)
_maint_R_Q_d_F_followers_for__F_followers_add(_v1)
_maint_R_Q_for__F_followers_add(_v1)
_v2 = (u, email)
index(_v2, 0).email = index(_v2, 1)
_maint_R_Q_d_F_email_for__F_email_add(_v2)
_maint_R_Q_for__F_email_add(_v2)
_v3 = (u, loc)
index(_v3, 0).loc = index(_v3, 1)
_maint_R_Q_d_F_loc_for__F_loc_add(_v3)
_maint_R_Q_for__F_loc_add(_v3)
return u

def make_group():
# Cost: O(1)
g = Set()
return g

def follow(u, c):
# Cost: O(((_U_Q_bu * R_Q_d_F_followers_ub) + _U_Q_ub))
assert (u not in c.followers)
_v4 = (c.followers, u)
index(_v4, 0).add(index(_v4, 1))
_maint_R_Q_d_M_2_for__M_add(_v4)
_maint_R_Q_d_M_1_for__M_add(_v4)
_maint_R_Q_for__M_add(_v4)

def unfollow(u, c):
# Cost: O(((_U_Q_bu * R_Q_d_F_followers_ub) + _U_Q_ub))
assert (u in c.followers)
_v5 = (c.followers, u)
_maint_R_Q_for__M_remove(_v5)
_maint_R_Q_d_M_1_for__M_remove(_v5)
_maint_R_Q_d_M_2_for__M_remove(_v5)
index(_v5, 0).remove(index(_v5, 1))

def join_group(u, g):
# Cost: O(((_U_Q_bu * R_Q_d_F_followers_ub) + _U_Q_ub))
assert (u not in g)
_v6 = (g, u)
index(_v6, 0).add(index(_v6, 1))
_maint_R_Q_d_M_2_for__M_add(_v6)
_maint_R_Q_d_M_1_for__M_add(_v6)
_maint_R_Q_for__M_add(_v6)
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def leave_group(u, g):
# Cost: O(((_U_Q_bu * R_Q_d_F_followers_ub) + _U_Q_ub))
assert (u in g)
_v7 = (g, u)
_maint_R_Q_for__M_remove(_v7)
_maint_R_Q_d_M_1_for__M_remove(_v7)
_maint_R_Q_d_M_2_for__M_remove(_v7)
index(_v7, 0).remove(index(_v7, 1))

def change_loc(u, loc):
# Cost: O((_U_Q_bu * R_Q_d_F_followers_ub * R_Q_d_M_1_ub))
_v8 = (u, u.loc)
_maint_R_Q_for__F_loc_remove(_v8)
_maint_R_Q_d_F_loc_for__F_loc_remove(_v8)
del index(_v8, 0).loc
_v9 = (u, loc)
index(_v9, 0).loc = index(_v9, 1)
_maint_R_Q_d_F_loc_for__F_loc_add(_v9)
_maint_R_Q_for__F_loc_add(_v9)

def do_query(celeb, group):
# Cost: O((_v36_group + _v30_celeb_followers + _v10_celeb_followers))
return ((_demand_Q((celeb, group)) or True) and (R_Q_bbu[(celeb, group)] if

>> ((celeb, group) in R_Q_bbu) else Set()))
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