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Abstract

This paper presents a principled approach for optimizing iterative (or recur-
sive) programs. The approach formulates a loop body as a function f and
a change operation @, incrementalizes f with respect to @, and adopts an
incrementalized loop body to form a new loop that is more efficient. Three
general optimizations are performed as part of the adoption; they systemat-
ically handle initializations, termination conditions, and final return values
on exits of loops. These optimizations are either omitted, or done in implicit,
limited, or ad hoc ways in previous methods.

The new approach generalizes classical loop optimization techniques, no-
tably strength reduction, in optimizing compilers, and it unifies and system-
atizes various optimization strategies in transformational programming. Such
principled strength reduction performs drastic program efficiency improve-
ment via incrementalization and appreciably reduces code size via associated
optimizations. We give examples where this approach can systematically pro-
duce strength-reduced programs while no previous method can.

Keywords
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1 INTRODUCTION

Strength reduction (Aho, Sethi & Ullman 1986, Allen 1969, Allen, Cocke &
Kennedy 1981, Cocke & Kennedy 1977, Cocke & Schwartz 1970, Grau, Hill
& Langmaac 1967, Gries 1971, Steffen, Knoop & Riithing 1991) is a classical
loop optimization technique in optimizing compilers. The idea is to replace
certain operations in loop bodies by faster operations. For example, a multi-
plication involving an induction variable can sometimes be transformed into
an addition. Finite differencing (Paige & Schwartz 1977, Paige 1983, Paige
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2 Principled strength reduction

& Koenig 1982) generalizes strength reduction to languages with expressions
composed of aggregate operations like set operations. Basically, a set of fi-
nite differencing rules are developed to transform aggregate operations in
loop bodies into more efficient incremental operations. The essence of these
optimizations is incrementalization of computations in loop bodies, i.e.,
computing each iteration based on the result of the previous iteration. Such
optimizations are crucial for performance.

This paper presents a principled approach for optimizing iterative (or re-
cursive) programs, by explicitly formulating from them problems of incremen-
talization, using a general systematic approach to do the incrementalization,
adopting the resulting incremental programs to form more efficient iterations
(or recursions), and performing associated optimizations. This approach al-
lows us to achieve optimizations such as strength reduction and finite differ-
encing, as well as more drastic efficiency improvements. We call it principled
strength reduction. There are at least two motivations for it: first, to achieve
greater incrementality than allowed by a fixed set of strength-reduction or
finite-differencing rules, and second, to provide a general and systematic ap-
proach following which new rules can be developed for both existing and new
languages.

We have previously proposed a general systematic approach to incremen-
talization (Liu 1996, Liu, Stoller & Teitelbaum 1996). Given a program f and
an input change operation @, the approach aims to obtain an incremental
program that computes f(x @ y) efficiently by making use of f(z) (Liu &
Teitelbaum 1995b), the intermediate results computed in computing f(z) (Liu
& Teitelbaum 1995a), and auxiliary information about f(z) that can be in-
expensively maintained (Liu et al. 1996). Since every non-trivial computation
proceeds by iteration (or recursion), the approach can be used for achieving
efficient computation by computing each iteration using an appropriate in-
cremental program. However, until now, a key issue was unaddressed: Given
an iterative (or recursive) program, how exactly to determine the appropri-
ate programs f and operations & on which to apply the incrementalization
method, and how to adopt the resulting incremental programs to form new
iterations (or recursions) that are more efficient?

This paper addresses this key open issue. The approach includes automatic
transformations for formulating the incrementalization problem and for adopt-
ing the incremental programs. These transformations cleanly handle the ini-
tializations before iterations and the conditions for termination. To take full
advantage of the incremental programs, three associated optimizations are
performed: folding initialization and replacing termination condition
are based on equality analysis; minimizing maintained information uses
dependence analysis and is based on the idea that seemingly important values
are not necessarily maintained in each iteration. Some of these optimizations
are often seen as programmers’ tricks, and they are particularly subtle and
error-prone when done in ad hoc fashions. We, for the first time, unify and
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systematize these optimizations, together with incrementalization, to achieve
principled strength reduction. Once formulated around the idea of incremen-
talization, these optimizations and the overall principled strength reduction
become simple and clear.

We give examples where our approach can systematically produce strength-
reduced programs while no previous method can. These examples are in VLSI
design, array processing, etc.

This paper is organized as follows. Section 2 prepares preliminaries. Sec-
tion 3 presents a principled approach to speeding-up iterations using appro-
priate incremental programs. Section 4 describes optimizations in adopting
incremental programs to form more efficient iterations. Section 5 discusses
extensions and applications of the approach. Section 6 gives examples. Fi-
nally, Section 7 discusses related work and concludes.

2 PRELIMINARIES

Our incrementalization method (Liu 1996, Liu et al. 1996) has been described
using a first-order, call-by-value functional programming language. The ex-
pressions of the language are given by the following grammar:

e =0 variable
| cler,..yen) constructor application
| pler,...,en) primitive function application
| gler,...,en) function application
| if e; then e else e3 conditional expression
| letv=e; in ey binding expression

In particular, <> denotes a tuple constructor, and primitive functions 1st,
2nd, 3rd, ... select the first, second, third, ... elements, respectively, of a tuple.

A program f is a set of mutually recursive function definitions of the form
g(v1,...,v,) = e and a function f that is to be evaluated with some input
x = {x1,...,2n).* Figure 1 gives some example definitions.

An input change operation @ to a program f combines an old input z =
(21, ..., 2n) and a changey = (y1, ..., ym) to form a new input ' = (}, ..., 2! ) =
z @y, where each zj is some function of z;’s and y;’s. For example, an input
change operation to the functions ecmp, odd, even, sum, and prod of Figure 1
may be ' =z ®; y = cons(y,); an input change operation to the function
update may be ' = x @3y = (n,m,i) B () = (n,update(n,m,1),i—1),
even using update itself. Input change operation is an important notion. It
describes how a new input to f differs from an old input, and thus affects
how the new output can be computed efficiently using the old output. In

*Note that <> is a tuple constructor in the language, but () is only a tuple notation used
in the presentation of the paper.
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cmp(z) : compare sum of odd and product

of even positions )
update(n, m,i) : update m by £2°
cmp(z) = sum(odd(z)) < prod(even(z)) T according to n—m

odd(z) = if null(z) then nil

2

. _ _ _ 2 .
else cons(car(z), even(cdr(z))) update(n,m, i) = !?t p>_0ntheTrr1L m
even(z) = if null(z) then nil p m 2
else odd(cdr(z)) else if p < 0 then
sum(z) = if null(z) then 0 m — 2
else car(z) + sum(cdr(z)) else m

prod(z) = if null(x) then 1
else car(z) * prod(cdr(z))

Figure 1 Example function definitions.

an iterative (or recursive) program where the loop body is formulated as a
function f, an input change operation should capture how the iterative (or
recursive) computation proceeds so that we can determine how one iteration
can be computed incrementally using the previous iteration.

We use an asymptotic cost model for measuring time complexity and write
t(f(vi,...,vn)) to denote the asymptotic time of computing f(v1,...,v,). Of
course, maintaining additional information takes extra space. Our primary
goal is to improve the asymptotic running time of the incremental compu-
tation. We attempt to save space by maintaining only information useful for
achieving this.

Given a program f and an operation @, we can use the approach in (Liu
1996, Liu et al. 1996) to derive (i) a program f(z) that extends f(z) to
return also useful additional information about z, (ii) a program 'z, y,7)
that incrementally computes f(z @ y) when 7 = f(z), and (iii) a function
II that projects f(z) out of f(x) and projects f(x @ y) out of f'(z,y,7).*
For the function emp in Figure 1 and operation @1, the intermediate results
sum(odd(z)) and prod(even(z)) and auxiliary information sum(even(z)) and
prod(odd(z)) are also returned, in components 2, 3, 4, 5, respectively, and the
functions émp and émp’ in Figure 2 and the projection function II = 1st are
obtained.

Using the above functional language, we can directly simulate an imperative
language with assignment, sequence, conditional, and loop statements, with
functions and procedures, with basic data constructions, such as records, but
without arrays or pointers. This paper considers iterative programs written
in such an imperative language. Pieces of the programs that need to be incre-
mentalized are translated into the above functional language. For simplicity,
only structured programs are considered.

*While f(x) abbreviates f(z1,...,Zn), and f(x®y) abbreviates f({(z1,...,Zn) B{Y1, -, Ym)),
f!'(z,y,r) abbreviates f'(z1,...,Zn, Y1, -..,Ym, 7). Note that some of the parameters of f' may
be dead and eliminated (Liu & Teitelbaum 1995b).
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emp(z) = 1st(cmp(z)).

For z of length n,
cmp(z) takes time O(n);
cmp(z) takes time O(n).

If emp(z) = 7,

then %’(y,f‘) = emp(cons(y, z)).

For z of length n,
%’(y,f) takes time O(1);
cmp(cons(y, T)) takes time

Figure 2

emp(z) let v1 = odd(z) in
let u1 = sum(v1) in
let vy = even(z) in
let up = prod(vz) in
<ui < u2, u1, U2,
sum(v2), prod(vi) >

<y+4th(F) < 5th(F),
y+4th(7), 5th(F),
O(n). 2nd(7), y*3rd(7)>

—_—1 -
emp (y,7)

Resulting function definitions.

Example We use the derivation of an efficient binary integer square root
algorithm for VLSI design (O’Leary, Leeser, Hickey & Aagaard 1994) as a
running example. The initial specification of the algorithm is given in Fig-
ure 3(a). Given a binary integer n of [ bits, where n>0 (and [ is usually 8, 16,
...), it computes the binary integer square root m of n using the non-restoring
method (Flores 1963, O’Leary et al. 1994), which is exact for perfect squares
and off by at most 1 for other integers. In hardware, multiplications and ex-
ponentials are much more expensive than additions and shifts (doublings or
halvings), so the goal is to replace the former by the latter. We will obtain

the program in Figure 3(b).

n = input; m = 271,
for ¢ := 1 — 2 downto 0 do
p:=n—m?;
if p > 0 then
m:=m+ 2¢
else if p < 0 then
m:=m — 2%
output(m)

(a)

p = input; v :=0; w:=22*0-1);
while w > 1 do
if p > 0 then
pi=p—v—w; v:=v/2+w; w:=w/d
else if p < 0 then
pi=p+v—w; v:i=v/2 —w; w:=w/4d
else v :=v/2; w:=w/4;
output(v)

(®

Figure 3 Non-restoring binary integer square root example.

3 A PRINCIPLED APPROACH

This section shows how to formulate a problem of incrementalization from an

iterative program and how t

o use a derived incremental program to form a

new iterative program. For simplicity, this section considers only single loops;
extensions are discussed in Section 5.
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3.1 Step 1: Formulating the incrementalization problem

Each loop consists of initialization, termination condition, and loop body,
where loop body includes updates to the induction variables. To formulate
the incrementalization problem, we regard computations in the loop body as
forming a function f, and we regard the update to the input of f, including in
particular the update to the induction variables, in each iteration as forming
an input change operation @. Note that the update to the input of f in each
iteration is a result of update of the state by f itself.

Consider a loop statement. Let s be a tupling of the variables that are
defined before the loop and are used in either the termination condition or
the loop body. Then, any single loop can be transformed into a while loop of
the form:

S 1= 81; — — initialization
while ¢(s) do — — termination condition (1)
s :=b(s) — —loop body

from which we directly formulate a function f and an input change operation
®:

f(@)=0b(zx) and xz®y=0b(x) (2)

Example Transforming the for loop into a while loop, the program in
Figure 3(a) is transformed into:

(1]
2]
[B] i:=1-2

[4] while:>0do

[5] p=n—m?

(6] if p > 0 then (3)
[7] m = m + 2

(8] else if p < 0 then

[9] m:=m — 2%

[10] i:=1—1;

[11] output(m)

The part of the program between lines 1 and 10 is then transformed into a
while loop of form (1):

<m,m,i> = <input, 211 —2>;
while i > 0 do (4)
<n,m,i> := < n,update(n,m,i),i—1>

where assignments to the tuple elements are parallel and function update is



A principled approach 7

as defined in Figure 1. From the loop body, we obtain the function f and
operation @:

f(n,m,i) = <n,update(n,m,i),i—1> and (n,m,i) ® () = (n,update(n,m,s),i—1) (5)

3.2 Step 2: Incrementalization

Given a functional program f and an input change operation @, using the
approach in (Liu 1996, Liu et al. 1996, Liu & Teitelbaum 1995a, Liu &
Teitelbaum 1995b), we can derive an incremental program that computes
f(z ® y) incrementally by using the return value (Liu & Teitelbaum 1995b),
the intermediate results (Liu & Teitelbaum 1995a), and certain auxiliary in-
formation (Liu et al. 1996) of f(z), i.e., we obtain a program f that computes
f(x) and necessary additional information, a program f' that incrementally
computes f(z @ y) and maintains the additional information, and a constant-
time projection function II that projects the value of f out of f and f’. The
derived programs f and f' and projection function II satisfy: if f(z) =, then

I(f(2)) =r and #(f(z)) < t(f(z)) (6)

and if f(z ®y) = +' and f(z) = 7, then
0(f'(z,y,7) =7, f'(z,9,7) = fle@y), and t(f'(z,9,7) <t(f(z ®y)) (7)

i.e., the programs f and f’ preserve the semantics and compute asymptotically
at least as fast as long as the original program terminates.

For the program f and operation @ formulated in (2), the parameter y is
not used, i.e., z ®y = z ® (). In addition, the parameter z, if necessary, can
always be included in the return value of f (z). Therefore, the corresponding
program f' actually uses only the parameter 7. We obtain specialized forms
of (6) and (7): if f(x) = r, then

O(f(z)) =7 and #(f(z)) < t(f(2)) (8)
and if f(z @ ()) = and f(z) = 7, then
H(f'(7) =, f'(7) = flz @), and t(f'(7)) < t(f(z @ ())) (9)

Incrementalization per se is not the subject of this paper. Thus, we explain
the methods of (Liu 1996, Liu et al. 1996, Liu & Teitelbaum 1995a, Liu &
Teitelbaum 1995b) only on the running example.
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Example For the function f in (5), components 1 and 3 of its return value
are trivially updated by the operation @ in (5). Thus, we consider only the
function update in component 2. Incrementalizing update under @, as done

— — 1
in (Liu et al. 1996), we obtain the functions update and update , explained
below, and the projection function II = 1st.

update(n,m,i) = let p =n —m? in
if p > 0 then
let w =2¢in < m+u, p, u, 2xm#*u, u > (10)
else if p < 0 then
let w =2% in <m —u, p, u, 2xmx*u, v’ >
else <m, 0>

updatel(r]) = if r1.p > 0 then
let p = 7"1.p — "1.v — 71w in
if p > 0 then
let u = F.u/2 in < Fim+u, p, u
else if p < 0 then
let u = F.u/2 in < Fim—u, p, u
else < 71.m, 0 >
else if 7¥1.p < 0 then (1 1)
let p = 7F1.p+ ¥1.v — fL.w in
if p > 0 then
let v = f.u/2 in < F.m+u, p, u
else if p < 0 then
let v = f.u/2 in < F.m—u, p, u
else < r1.m, 0 >
else < r1.m, 0 >

11.v/2 + fLw, frw/4 >

11.v/2 + fLw, frLw/4 >

/2 — rfuw, fLw/4 >

/2 — rfuw, fLw/4 >

Function update(n,m, i) extends update(n, m,i) to return also the interme-
diate results p and v and auxiliary information 2¥msu and u2.* The intermedi-
ate results are directly computed in update(n, m, ). The auxiliary information
is obtained by unfolding update({n, m,) ®()) and analyzing the resulting ex-
pression. In particular, update computes an intermediate result n —m?2, and ®
updates m to be m +u (+ or — depending on the condition in update in ®);
thus, to compute n—(m=u)?, which equals n—m?F 2smsu—u?, two expensive
pieces of auxiliary information 2+m#*u and uw? are maintained, in additional
to the intermediate result n — m2. Of course the equality above depends on
properties of 4+, —, and *. The analyses and transformations in our incremen-
talization methods (Liu 1996, Liu et al. 1996, Liu & Teitelbaum 1995a, Liu
& Teitelbaum 1995b) first exploit all such intermediate results and auxiliary
information and then prune out the ones not used in the incremental compu-
tation. For example, the value of m? is also an intermediate result, but it is
not used separately, and thus is not maintained.

*Such additional values are returned only in branches where they are computed; in other
branches, they could be denoted using a placeholder _, which can be safely eliminated when
they are at the rightmost positions of a tuple (Liu et al. 1996, Liu & Teitelbaum 1995a).
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Function uﬁtel(ﬂ) uses the extended return value of uﬁte(n,m,i) to
compute update({n,m,i) & ()). For readability, we name the five components
of the return tuple as m, p, u, v, w, respectively, and use these names rather
than the corresponding selectors 1st, 2nd, 3rd, etc. Under each of the three
different conditions on p in update(n,m,i) in {n,m,i) @ (), m is updated
differently and is used to compute the new value of p; under each of the three
different conditions on the new value of p, the new return tuple is maintained
differently. For example, in the first branch of (11), where 71.p > 0 and p > 0,
the fourth component is 2+xm’*u', where m' = m+wu and v’ = u/2, and is
transformed into 2x(m+u)*(u/2) = 2xmx*u/2 + 2 x u?/2 = ri.v/2 + Frw.

Now, going back to f, we obtain

~ — ~ —_—
f(n,m,i) = <n,update(n,m,i),i—1>, f'(n,r1,i) = <n,update (r1),i—1>, and (12)
I<n,r,i>) = <n,1st(r1),i>.

Obviously, if we use f' instead of f to form a new loop body, then all multi-
plications and exponentials in the looping part are replaced by additions and
shifts.

3.3 Step 3: Adopting the incrementalized program

With the derived programs f and f' and projection II, we can obtain a new
loop that computes its iteration using the incremental program f'. To use
notations corresponding to those used in the original program (1), let

b(s) = f(s) and ¥'(3) = f'(3). (13)
We transform the original program (1) into

isfzj(:)l ;then

5 := b(s);

while c(II(3)) do
5 1= ¥ (3);
I1(3)

e

S

where in the first “iteration”, the extended function b computes the additional
information while computing the result of b.

Theorem 1 If the program in (1) terminates in a state s, then the program
in (14) terminates in the same state s and is asymptotically at least as fast.
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Proof: Tt follows from the equations in (2) and (13) and the correctness
results about the functions f, f', and Il in (8) and (9). O

To implement the assignments in (14), new variables are needed to store
the additional information in § over s. Moreover, since the assignments to
§ are parallel, additional temporary variables may be needed to make the
assignments sequential. A naive algorithm could create a temporary variable
Vgmp for each v in §, assign all the new values of v’s to vymp’s, and then copy all
the values of vymp’s back to v’s. Yet, the number of additional copy statements
and the number of additional temporary variables can sometimes be reduced
substantially by carefully ordering the assignment statements.

The problem of minimizing the number S of additional copy statements is
NP-complete (Garey & Johnson 1979, Sethi 1973), but good heuristics exist
(Sethi 1973). We can use an algorithm that easily decides an appropriate order
of assignments when no additional temporary variables or copy statements are
needed and reduces the problem to the problem of minimizing S otherwise.
Basically, it builds a directed graph G representing the dependencies in the
given assignments, solves the assignment problem for each of the strongly con-
nected components (SCC) of G, and puts the resulting assignments for each of
the SCCs together according to a topological order of the SCCs. Thus, if each
SCC contains a single node, then no additional temporary variables or copy
statements are needed, and a topological order of all the nodes determines an
appropriate order of the sequential assignments.

Example For the running example, we have
b(n,m, i) = <n,u%§e(n,m,i),ifl> and b'(n,r1,1) = <n,u;l%e’(r"1),i71>. (15)

The termination condition is still ¢ > 0. We can obtain a new program of form
(14) using these resulting functions.

The orders of the return components in the parallel assignments using b and
b', respectively, are also topological orders according to the dependencies in
the assignments, with t/}\lg exception that, in the assignments using b, the first
return component of update should be assigned last. Thus, using the algorithm
above, assignments to all the components are sequentialized without using
additional temporary variables or copy statements. We simply use p and u for
the intermediate results in components 2 and 3, respectively, and v and w for
the auxiliary information in components 4 and 5, respectively.

4 OPTIMIZING THE INCREMENTALIZED LOOP

This section discusses three associated optimizations that further improve the
strength-reduced programs: folding the initialization, replacing the termina-
tion condition, and minimizing the maintained information. These optimiza-
tions benefit from the use of incrementalization.
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4.1 Step 4: Folding the initialization

Additional information is often used by ' for the incremental computation of
a loop body. In (14), that information is initialized by b before entering the
loop. The code b for initialization may often be saved by folding it into the
loop body b'.

Given the initial state s;, loop body b, and termination condition ¢ as in
(1), we look for a state so such that b(sg) = s1 and c(sg) = true. If b has
an inverse b~', then a candidate state for so is b~1(s1). Note that s is not
necessarily unique and does not need to be. With such a state sg, the original
program (1) can be transformed into

§ 1= 80;
while ¢(s) do (16)
s :=b(s)

and thus the resulting program (14) can be transformed into
(17)

It is easy to see that, in the resulting program (17), the part of the initial state
3 that corresponds to s just equals s;. Thus, the initialization in (17) needs
to compute only the part of § that corresponds to the additional information
for s;. In general, we look for a state §; that extends s; with appropriate
additional information, i.e., II(§1) = s; and, if b(sy) = §, then b'(§1) = 3, and
that can be initialized asymptotically as fast as s;. Then, the computation of
bin (14) can be replaced with b', which can be folded into the loop body of
(14), yielding the simplified program:

§ 1= 81;
while ¢(II(3)) do
5:=0'(3);
%)

3

(18)

e

s :=II(
The correctness of program (17) follows from Theorem 1 and properties of sq;
the correctness of program (18) then follows from properties of s;.

Because of their neat effect in reducing code size, such optimizations are
often performed by programmers. Albeit seemingly simple, they are prone
to errors when done in an ad hoc fashion. Our method can find a state §;
by inspecting the original program (1) (finding sg) and deducing the corre-
sponding additional information for the incrementalized program (computing
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b(sp)), rather than directly inspecting the resulting program (14), which is
often more complicated.

Similar optimizations for the preprocessing code are discussed by Cai and
Paige (Cai & Paige 1988/89), whose programs are written in a very-high-
level language based on sets. While they can obtain simplified programs by
exploiting properties of sets, our optimizations apply also to programs written
in lower level languages.

It is worth noting that folding the initialization may increase the absolute
running time of a program, but by at most a constant amount. So the asymp-
totic running time here is not increased, but there can be a trade-off between
the code size and the absolute running time of a program. To gain some possi-
ble speedup, an optimizing compiler may prefer to unfold the first iteration of
program (18). However, the actual running time also depends on the machine
cache behavior, which is partly affected by the code size. Also worth noting
is that, for a particular machine, the initial values of certain variables may be
the default values on the machine and their initialization can be saved. Our
method is independent of particular machines.

Example For the running example, the initial state s; is <n,m,i> = <
input,2'=1,1 — 2>. We find a preceding state

so = <input,0,l—1>

such that b(s9) = s1 and ¢(sp) = true. Computing the initial state s; = b(so),
where b is as in (15), we obtain

1 = <input, <271, input, 2071, 0,220 5 11>, (19)

We will see in the next two subsections that the components not underlined are
redundant and will be eliminated by appropriate optimizations in Steps 5 and
6. Thus, in the final program in Figure 3(b), only the underlined components,
which correspond to variables p, v, and w, are initialized.

This optimization would have saved a level in the 2-level proofs in (O’Leary
et al. 1994). Also, while we obtain this optimization based on the original
program (1), they discover the transformation from the resulting program
(14), which is more complicated and harder to reason about.

4.2 Step 5: Replacing the termination condition

Certain values in the state s are maintained by a loop solely for testing the
termination condition. This becomes unnecessary if the termination condition
can be replaced by an equivalent test using other values, in particular, the



Optimizing the incrementalized loop 13

values maintained in the additional information in §. The new condition é
must satisfy

é(8) = c(s) and t(¢(3)) < t(c(s)). (20)

Thus, such a condition ¢ can be obtained based on the original condition ¢
and the relationship between § and s, which is encoded in the function b.

For additional information in § that is computed and maintained only in
some but not all branches of b and ¥, if it can be inexpensively computed
and maintained in those other branches as well, then we simply add the com-
putation and maintenance of such information to those other branches. This
allows such information to be used in the termination condition regardless of
which branches are taken in any iterations.

Since the original termination condition often uses values of induction vari-
ables, this optimization generalizes the elimination of induction variables in
classical strength reduction (Aho et al. 1986, Allen et al. 1981, Cocke &
Kennedy 1977) to the elimination of all replaceable variables.

Example Consider the running example. It is obvious that the variable 7 is
maintained only to test the termination condition, since 7 is used in the new
loop body b’ in (15) only for updating itself.

Consider the additional information computed in the loop body, as shown

in functions up/czgte in (10) and uﬁczgtel in (11). In particular, u, 2*m*u, and
u? are computed in the first two branches of every conditional but not in the
third. Yet they can be inexpensively maintained in each of the third branches
as well. We obtain the functions update; and update; below:

up%el(n,m,i) = letp=n—m2in

if p > 0 then

let w = 2¢ in < m + u, p,u, 2%xmxu, u? > (21)
else if p < 0 then

let w = 2¢ in < m — u,p,u, 2xmxu,u’ >
else let u = 2% in < m,0, u, 2xmx*u,uZ >

updatey' (1) = if 71.p > 0 then
let p =71.p — .9 —M.w in
if p > 0 then
let v = "1.u/2 in < F.m + u, p, u, 71.9/2 + 1w, FL.w/4 >
else if p < 0 then
let v = F.u/2 in < F.m —u, p, u, 71.9/2 + *1.w, F1.w/4 >
else let u = 7.u/2 in < Fm, 0, u, F1.0/2 + 71w, FL.w/4 >
else if 71.p < 0 then (22)
let p =7r1.p+71.v —r.w in
if p > 0 then
let v = 7Lu/2 in < F.m + u, p, u, 71.9/2 — 71w, r1.w/4 >
else if p < 0 then
let v = 7Lu/2 in < F.m — u, p, u, 71.9/2 — 71w, r1.wW/4 >
else let u = ".u/2 in < Fm, 0, u, 7.9/2 — 711w, 1.wW/4 >
else let v = 7".u/2 in < Fim, 0, u, F.v/2, r1.w/4 >
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The termination condition tests i’ > 0 after assignments of u = 28, w =
u? = 22* and i’ =i — 1 by the function b. We have

i'>0 if i>1 iff w>2 iff w?>4 iff w>4. (23)

Therefore, the test on the induction variable ¢ can be replaced by a test on
u or w; the value of i becomes redundant and can be eliminated. We will
see the value of u is not needed for any other purpose but the value of w
is. Thus, in the final program in Figure 3(b), the test on w is used in the
termination condition. Due to the folding done at the end of Step 6, which
will be explained in the next subsection, the test is w > 1 instead of w > 4.
In the design work in (O’Leary et al. 1994), the termination condition is
not handled formally, and elimination of the induction variable 7 is deferred to
transformations in the hardware implementation. Our method yields a cleaner
strength-reduced version that maps into hardware more directly.

4.3 Step 6: Minimizing the maintained information

The entire final state is not necessarily needed on exit of the loop. Using a
backward dependence analysis, starting from the “output” or “export” state-
ments of the original program, we can determine the part that is needed. We
denote that part as se,;¢- For the running example, Seq4: is m.

The main observation is that, even though the value of s¢;;; must be avail-
able on exit of the loop, it is not necessarily needed in each iteration. If
the value of s.;;; can be retrieved, on exit of the loop, from other values,
in particular, the values maintained in the additional information in §, and
if maintaining these other values does not need s..;;, then the value of sz
does not need to be maintained by the loop. The power of this novel optimiza-
tion goes beyond any direct dependence analysis; it is enabled only because
the addition information for the incrementalization is explicitly maintained
by the loop and the relationship between such information and the state of
the original program is explicitly recorded. Also note that this optimization
does not move any code out of the loop; it removes the unnecessary code. As
in the previous subsection, appropriate additional information computed only
in some but not all branches is added to those other branches as well.

The optimization is composed of three sub-steps. We first analyze the pro-
gram b to trace how the value of s.;; can be retrieved from what pieces of
additional information in § without the need to maintain sczi;. Once such
pieces St of additional information are found, we analyze b’ to determine
all the values that are needed in computing s,.¢-, using a backward depen-
dence analysis. We then prune computations not needed for computing ¢,
including in particular the computation of sz, out of band b’ , and adjust the
projection function IT accordingly. By pruning in the backward dependency
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graph, this optimization always produces programs that compute faster and
use less space. This optimization can be surprisingly powerful, since seemingly
important values can be completely eliminated from the loop.

In general, we can retrieve the final value from additional information main-
tained in the loop only if the loop body is executed at least once. So, a
conditional is needed. However, if the loop is obtained after folding the ini-
tialization, then the additional information is appropriately initialized even
if the loop body is not executed and, thus, we can omit the conditional. A
last associated optimization is to fold the statement for retrieval into the loop
body, if possible. This can be determined by testing the equality between the
retrieved state and the state following the final state of the loop. In other
words, such folding can be done if the final return value can be computed
using one more iteration based on the maintained additional information.

The backward dependence analysis needed for this optimization can use the
one developed in (Liu & Teitelbaum 1995a).

Example For the running example, the value that is needed on exit of
the loop, i.e., the value of m, is the first component computed by update;.
Analyze (21). This value depends on (i) the value of p, (ii) the value of m in
the previous computation, and (iii) the value of u. Since, right after the exit
of the loop, we have the “opposite” conditions of (23), i.e., i’ = —1iff i =0
iff u =1, we know that (ii) is retrievable from v = 2% m *u by m = v/2 and
(iii) is 1. The retrieval is:

if p>0then m:=v/2+1 else if p<0thenm:=v/2—1 else m :=v/2 (24)

Analyzing dependencies for the function update; in (22), we obtain all
components in the maintained state that are needed to compute components
p and v. They are components p, v, and w. Since the original return value
in m, the first component, is not needed anymore, different branches induced
by conditional tests on p can be merged. Pruning the functions update; and
update{ yields:
up/(ﬂrtez(n,m,i) = letp=n—m?in (25)

let u = 2¢ in < p,2xm*u,u >

updated (12) = if 72p > 0 then
< ra.p — 12w — Taw, 12.0/2 + 12w, row/4 >
else if 72.p < 0 then (26)
< 1a.p + 12w — Taw, 12.0/2 — 12w, Tow/4 >
else < ra.p, 12.0/2, r2w/4 >

The three components computed by up/d\(;f@ correspond to variables p, v, and
w. In the final program in Figure 3(b), they are computed incrementally in

the loop body as in the function updates.
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We fold the retrieval (24) into the loop body by finally retrieving the value
of m from v and changing the termination condition from w > 4 to w > 1
(since w is updated by w/4, w > 4 equals w/4 > 1). We obtain the final
program in Figure 3(b).

Similar optimization is needed in (O’Leary et al. 1994) but is done implic-
itly; it is never said explicitly or proved formally how the desired value is
finally returned. This is another subtle and error-prone optimization.

5 EXTENSION AND DISCUSSION

So far, we have limited ourselves to considering only iterative programs with
only single loops. This section discusses extensions and other issues about
applying the approach.

5.1 Multiple iterations

In a structured program, multiple loops are either disjoint or nested. If the
loops are disjoint, then we incrementalize each one separately. If the loops
are nested, we handle the innermost loop first. Such an approach is based on
the the assumption that, in common programming style, the inner iterations
form a piece of computation whose states are updated more continuously fol-
lowing one another. Of course, given programs could be arbitrary. We may
need to develop special program analysis to recognize such continuity and
perform loop interchanging transformations, similar to those used for enhanc-
ing parallelism and data locality (Banerjee 1990, Wolf & Lam 1991a, Wolf &
Lam 1991b). Section 6 gives examples with nested loops.

5.2 Recursive programs

For a recursive program, determining an input change operation that corre-
sponds to how the recursion proceeds is not always simple.

If the recursion is linear, not necessarily being a tail recursion, then it can
be handled in a similar way as iteration, since it straightforwardly corresponds
to an iteration: the base case corresponds to the initialization; the condition
that distinguishes base case from recursive case corresponds to the termination
condition; and the recursive case corresponds to the loop body.

If the recursion is not linear, then there is no direct correspondence of it to
an iteration. In fact, it is known that the while scheme is equivalent to flow
chart, which is strictly less expressive than the recursive scheme (Greibach
1975). Simple heuristics exist for recognizing how recursions proceed on the
argument, e.g., for an integer argument, a change operation may be ' = xz+1;
for a list argument, a change operation may be ' = cons(y, ). Section 6 gives
examples with non-linear recursions.
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5.3 Applying the approach

Steps 1 and 3 can be fully automated. They are simply transformations be-
tween a simple functional language and an imperative language that uses the
corresponding constructs. Of course, how to handle more complicated program
constructs needs to be further studied. Steps 2 and 4-6 are systematic but
are parameterized with equality reasonings and dependency analyses. These
analyses may exploit various properties of the program constructs. Thus, their
degrees of automation depend on the power we require from such analyses.

In general, the approach has a spectrum of applications. First, by limiting
the analyses to use fully automatable techniques, it can be used in optimizing
compilers. Second, through interacting with the user or a theorem prover, it
can be used for semi-automatic transformational programming. Third, used
off-line on paper, it supports a general methodology for systematic program
efficiency improvement, which is one of the most important issues in pro-
gram development and maintenance. A prototype implementation for semi-
automatic use is under development (Liu 1995). To scale up the method for
application to larger problems, we can select only expensive subcomputations
in an iteration to be strength reduced.

5.4 How good is the resulting program

Even though it is not always possible to analyze the cost of executing an
arbitrary program, it is important to guarantee that a transformed program P’
is at least as eflicient as the original program P. Our method guarantees that
P! is asymptotically at least as fast as P. Further study is needed to guarantee
that P’ is in practice at least as fast as P or that P’ is (asymptotically)
faster than P. Further study is also needed on space efficiency. For the square
root example, since, in hardware, multiplications and exponentials are much
(asymptotically, in a sense) slower than additions and shifts, replacing the
former by a few of the latter indeed results in a much faster program. Also,
examining Figure 3, the original program (a) uses five units of space (n, m,
l, i, p), but the new program (b) uses only four (p, v, w, l).

As with usual compiler optimization techniques, the effectiveness of our
techniques depends on the original programs. Section 6 illustrates this. In any
case, it is the incrementalization that can give the drastic speedup. The asso-
ciated optimizations give only linear speedup, but they can save much space
and appreciably reduce code size. For the square root example, incremental-
ization replaces multiplications and exponentials with additions and shifts;
associated optimizations reduce the eight units of space (n, m, I, i, p, u, v, w)
used in (14) to four (p, v, w, I) in (18), and reduce the size of code in (14),
which uses (10) and (11), to (18), which uses (26).
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6 EXAMPLES

This section gives more examples, including some with nested iterations and
some with non-linear recursions. In particular, we show that different ways of
writing the original programs result in different optimized programs. We also
show that the general principles underlying our approach apply to programs
that use arrays, though detailed analyses and transformations for arrays are
worked out elsewhere (Liu & Stoller 1997).

6.1 Non-restoring binary integer square root

The running example is taken from VLSI circuit design (O’Leary et al. 1994),
which transforms the original specification into a strength reduced version and
further into a hardware implementation. The strength-reduced program was
manually discovered and proved correct using Nuprl (Constable et al. 1986).

As discussed above, the optimizations used in (O’Leary et al. 1994) either
incurred extra levels of proofs or were not handled formally. Another drawback
is that there was no formal treatment of cost. As mentioned in (Liu et al. 1996),
the final program in (O’Leary et al. 1994) contains an unnecessary shift.

We have showed through the presentation how our method is used to sys-
tematically derive a strength-reduced program, which automates and simpli-
fies the VLSI circuit design process. Many similar programs, such as various
versions of real/integer division/square-root algorithms (Dershowitz 1983),
can also be derived using our method.

6.2 Minimum-sum section problem

This example is taken from (Gries 1984). Given an array a[l..n] of numbers,
where n > 1. A minimum-sum section of @ is a non-empty sequence of adja-
cent elements whose sum is a minimum. A naive algorithm takes O(n?) time
to compute such a minimum. Some ways of writing the loops enable easy
improvement to O(n?), while others enable easy improvement to O(n).

From the O(n?) time program on the left, we obtain the program on the
right that takes O(n?) time:

min = a[1];

fori:=1 ton do e = afll;
; . for ;:=1ton do
for j:=i¢ton do _
sum := 0; sumy = 0; (27)
T for j:=1 ton do

for k :=1 to j do
sum = sum + alk];
min := min(min, sum)

sum = sumi + a[j];
min := min(min, sum )

The transformation proceeds as follow. First, consider the innermost loop Ly,
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only. Since each iteration of L adds a new number, L; remains unchanged.
Next, consider the middle loop L;, which contains the loop Lj. Since each
iteration of L; first repeats computation in the previous iteration, L; is in-
crementalized: the value of sum is maintained in a variable sum; after each
iteration by adding only a new number; sum; is initialized to 0 (obtained
with the optimization of folding initialization) before L; starts; and the loop
Ly, is eliminated. Finally, consider the outermost loop L;, which now contains
the new middle loop L;. Unfortunately, L; can not be incrementalized since
its iteration goes destructively, i.e., as i increases, the interval from i to n
decreases. This suggests that, if j loops from ¢ down to 1 instead of to n, we
may be able to incrementalize L;. This is indeed the case.”

From the O(n®) time program on the left, which is the same as the one on
the left of (27) except that j goes from i down to 1 instead of to n, we obtain
the program on the right that takes O(n) time:

min := a[1]; min := a[1];
for i :=1 ton do c R min := a[l];
for j := ¢ downto 1 do fori:=1tondo many = 0;
= — - — Y
sum := 0; sumy := 0; for i :=1ton do (28)

for j := ¢ downto 1 do
sumy := sumi+a[j];
min := min(min, sumz)

miny:= min(mini+ali], a[]);
min := min(min, min, )

for k£ :=1 to j do
sum := sum + a[k]
min := min(min, sum);

The transformations on the innermost and the middle loops are similar to
those for (27), and we first obtain the program in the middle of (28), which is
the same as the one on the right of (27) except that j goes from ¢ to 1 instead
of to m. Next, consider the outermost loop L;, which now contains the new
middle loop L;. Using properties of min:

min{ZiE alk] [ j=i+1..1} min{min{Z}a[k] |j=i.1}, a[i+1]}

min{min{%}_a[k]|j= 1.1} +afi+1], ali+1]},

L; is incrementalized: the value of min is maintained in a variable min; after
each iteration using the above equation; min; is initialized to 0 (obtained
with the optimization of folding initialization) before L; starts; and the loop
L; is eliminated.

We have studied automatic techniques for incrementalizing array computa-
tions (Liu & Stoller 1997), and they can be applied in obtaining the program
on the right of (27) from that on the left and obtaining the program in the
middle of (28) from that on the left. To obtain the program on the right of (28)
automatically, we need to extend our techniques to identify the functionality
of min over a loop and use the equation above.

*We are mainly showing that different ways of writing the original programs end up in
different optimized programs, not that how one way can be transformed into another that
has a better optimized program. The latter is a problem that needs further study.
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6.3 Fibonacci function and path sequence problem

The Fibonacci function fib is improved from an exponential time program to
a linear time program fib(x) = 1st(fib(x)) in (Liu & Teitelbaum 1995a), by
considering fib as a function f, 2’ = z + 1 as an operation @, and using the
derived constant time function f’ to form a new recursion:

?z?)(z): if £ <1then <1>
else if x =2 then < 2,1 >
else let 7 = fib(x — 1) in
< 1st(F)+2nd(7), 1st(7) >

fib(z) =if <1 then 1

else fib(x — 1) + fib(z — 2) (29)

The resulting program fib had an additional conditional that seemed unneces-
sary but it was not clear how it could be eliminated as a result of systematic
procedure. Such elimination falls out of the optimizations in this paper. In
particular, folding the initialization by maintaining an additional value 1 in
the branch where < 1 and folding the branch where x = 2 into the recursive
case, we obtain a simpler program:

fib(z)= if x<1then <1,1>
else let # = fib(x — 1) in
< 1st(7)+2nd(7), 1st(7) >

(30)

Bird’s path sequence problem generalizes Dijkstra’s longest up sequence
problem and the longest common subsequence problem (Bird 1984). Given
a directed acyclic graph, as a predicate arc, and a string [ whose elements
are vertices in the graph, the function llp below computes the length of the
longest subsequence in [ that forms a path in the graph (Bird 1984):

g9(n, 1) =

if null(l) then 0

elszuif(a)rc(n, car(l)) then (31)
max(g(n, cdr (1)), 1+g(car(l), cdr(1)))

else g(n,cdr(l))

lip(l) =
if null(l) then 0
else max(llp(cdr(l)),1+4g(car(l), cdr(l)))

This program is improved from exponential time to square time in (Liu et al.
1996) (and also incorrectly in (Bird 1984), but corrected in (Bird 1985)), and

the resulting program is lp(l) = 1st(lip(1)), where lip is

§'(4,1,m1) =

if null(cdr(l)) then
if arc(z, car(l)) then <1,<0>>
else <0,<0>>

lip(l) =
if null(l) then <0>

else if null(cdr(l)) then <1,<0>>
else let 7 = llp(cdr(l)) in
let vy = §'(car(l), cdr(l), 2nd(7)) in
<max(1st(7), 14+ 1st(v2)), va >

(32)

else let v1 = §'(i, cdr(l), 2nd(r1)) in
if arc(i, car(l)) then
<max(1st(v1), 1+1st(r1)), 71>
else <1st(v1), 11>
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Optimizing this resulting program by folding the initialization for ﬁ;) and then
g, i.e., maintaining an additional value <> in the branch where null(l) is true
and folding the branch where null(cdr(l)) is true into the recursive case, we
obtain a simpler program:

~ = S —
llp(l) — g9 (Zal5'r1) -
if null(l) then <0, <>>

if null(l) then <0, <>> else let v1 = §' (3, cdr(l), 2nd(r1)) in (33)

else let 7 = ll};(CdT(l)) in . if arc(i, car(l)) then
let v2=g (~car(l), cdr(l), 2nd(7)) in < max(1st(vi), 1+1st(r1)), 711>
<max(1st(F), 1+ 1st(v2)), v2> else <1st(v1), 71>

7 RELATED WORK AND CONCLUSION

Strength reduction (Allen et al. 1981, Cocke & Kennedy 1977) is a classical
compiler optimization technique that can be traced back to recursive address
calculation for early ALGOL 60 compilers (Grau et al. 1967, Gries 1971). As
discussed in (Steffen et al. 1991), it is syntactic (ignoring semantic equivalences
between syntactically different terms), locally updating (thus not guarantee-
ing safety or speedup), and structurally restricted (only working on induction
variables and region constants). Composite hoisting-strength reduction
(Joshi & Dhamdhere 1982a, Joshi & Dhamdhere 1982b) is also syntactic and
locally updating. Although it can handle more program terms, these terms are
still of limited structures. Our method is general; it exploits program seman-
tics to reduce computation strength, utilizes program analyses to guarantee
correctness and efficiency, and is not limited to particular term structures. In
fact, we can reduce the computation strength for a loop body as a whole. In
particular, eliminating induction variables (Allen et al. 1981) is a special case
of one of our optimizations.

Optimal code motion (Steffen, Knoop & Riithing 1990) is a principled
method for optimal placement of computations within a program with respect
to the Herbrand interpretation. It is adopted for strength reduction by explor-
ing the additional availability obtained from properties, such as distributivity,
of numeric operators (Steffen et al. 1991), and it improves over conventional
methods. Our method is also a principled approach, based on the idea of
incrementalization. It exploits properties of more primitive operators, data
structures, and conditionals, and thus is a more comprehensive exploration of
availability. In fact, their method would not perform any strength reduction
on the square root example (Knoop 1994). Of course, the complexity of our
algorithm is larger. We plan to further study the complexity issues.

Inductively computable constructs in very-high-level languages
(Fong 1977, Fong 1979, Fong & Ullman 1976) generalize conventional strength
reduction and the elimination of induction variables to set-based languages.
Finite differencing (Paige & Schwartz 1977, Paige 1983, Paige & Koenig
1982) and fixed point recomputation (Cai & Paige 1988/89) systematically
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reduce strength of programs that use fixed point iteration and set-theoretic
notations as the initial program specification. These techniques do not handle
function abstractions, conditionals, or data types other than sets, as we do.
In general, they apply only to programs written in very-high-level languages
like SETL; our method applies also to lower-level languages.

Maintaining and strengthening loop invariants has been advocated
by Dijkstra, Gries, and others (Dijkstra 1976, Gries 1981, Gries 1984, Reynolds
1981) for almost two decades as a standard strategy for developing loops. As
discussed in a previous paper (Liu et al. 1996), its underlying principle is
essentially incrementalization. But their work stresses mental tools for pro-
gramming, rather than mechanical assistance, so no systematic procedures
were proposed for automatic or semi-automatic uses.

Transforming recursive functions in CIP (Bauer, Moéller, Partsch &
Pepper 1989, Broy 1984, Partsch 1990) uses a collection of optimization strate-
gies, including memoization, tabulation, relocation, precomputation, differ-
encing, etc. They are essentially all subsumed by principled strength reduc-
tion, which is one method that is composed of step-by-step analyses and trans-
formations, rather than a collection of strategies that needs to be applied by
prudent judgment, and thus is more unified and more systematic. Other work
on transformational programming for improving program efficiency, including
the extension technique (Dershowitz 1983), the promotion and accumu-
lation strategies (Bird 1984, Bird 1985), and finite differencing of functional
programs in KIDS (Smith 1990), can also be further automated with princi-
pled strength reduction.

Principled strength reduction improves over previous approaches for pro-
gram efficiency improvement. It systematically handles program constructs
and operations that were not handled systematically before. Also, it system-
atically handles initializations and termination conditions, which are often
particularly error-prone. Our three optimizations are either omitted, or done
in implicit, limited, or ad hoc ways in previous methods. This unified ap-
proach also opens up a number of directions for further study. Its potential
application is widespread.
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