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Abstract—This paper describes a language-based approach for automatic and ac-
curate cost-bound analysis. The approach consists of transformations for building
cost-bound functions in the presence of partially known input structures, symbolic
evaluation of the cost-bound function based on input size parameters, and optimiza-
tions to make the overall analysis efficient as well as accurate, all at the source-language
level. The calculated cost bounds are expressed in terms of primitive cost parame-
ters. These parameters can be obtained based on the language implementation or be
measured conservatively or approximately, yielding accurate, conservative, or approx-
imate time or space bounds. We have implemented this approach and performed a
number of experiments for analyzing Scheme programs. The results helped confirm
the accuracy of the analysis.

Index Terms—Cost analysis, Cost bound, performance analysis and measurements,
program analysis and transformation, program optimization, timing analysis, time

analysis, space analysis, worst-case execution time.

1 Introduction

Analysis of program cost, such as running time and space consumption, is important for
real-time systems, embedded systems, interactive environments, compiler optimizations,

performance evaluation, and many other computer applications. It has been extensively

*This work was supported in part by NSF under Grant CCR-9711253 and ONR under Grants N00014-99-
1-0132 and N00014-01-1-0109. Yanhong A. Liu’s address: Computer Science Department, State University
of New York at Stony Brook, Stony Brook, NY 11794-4400. Gustavo Gémez’s address: Computer Science
Department, Indiana University, Bloomington, IN 47405-7104. Corresponding author: Yanhong A. Liu.
Email: liu@cs.sunysb.edu. Tel: 631-632-8463. Fax: 631-632-8334. URL: http://www.cs.sunysb.edu/~liu/.



studied in many fields of computer science: algorithms [25, 16, 17, 53], programming lan-
guages [50, 26, 41, 44|, and systems [46, 37, 43, 42]. It is particularly important for many
applications, such as real-time systems and embedded systems, to be able to predict accurate
time bounds and space bounds automatically and efficiently, and it is particularly desirable
to be able to do so for high-level languages [46, 37, 38].

For analyzing system running time, since Shaw proposed timing schema for high-level
languages [46], a number of people have extended it for analysis in the presence of compiler
optimizations [37, 12], pipelining [20, 28|, cache memory [4, 28, 14], etc. However, there
remains an obvious and serious limitation of the timing schema, even in the absence of
low-level complications. This is the inability to provide loop bounds, recursion depths,
or execution paths automatically and accurately for the analysis [36, 3]. For example, the
inaccurate loop bounds cause the calculated worst-case time to be as much as 67% higher than
the measured worst-case time in [37], while the manual way of providing such information
is potentially an even larger source of error, in addition to its inconvenience [36]. Various
program analysis methods have been proposed to provide loop bounds or execution paths [3,
13, 19, 21]; they ameliorate the problem but can not completely solve it, because they apply
only to some classes of programs or use approximations that are too crude for the analysis.
Similarly, loop bounds and recursion depths are needed also for space analysis [38].

This paper describes a language-based approach for automatic and accurate cost-bound
analysis. The approach combines methods and techniques studied in theory, languages, and
systems. We call it a language-based approach, because it primarily exploits methods and
techniques for static program analysis and transformation.

The approach consists of transformations for building cost-bound functions in the pres-
ence of partially known input structures, symbolic evaluation of the cost-bound function
based on input size parameters, and optimizations to make overall the analysis efficient as
well as accurate, all at the source-language level. We describe analysis and transformation
algorithms and explain how they work. The calculated cost bounds are expressed in terms of
primitive cost parameters. These parameters can be obtained based on the language imple-
mentation or be measured conservatively or approximately, yielding accurate, conservative,
or approximate time or space bounds. The cost analysis currently does not include cache
analysis. We have implemented this approach and performed a number of experiments for

analyzing Scheme programs. The results helped confirm the accuracy of the analysis. We



describe our prototype system, ALPA, as well as the analysis and measurement results.

This approach is general in the sense that it works for multiple kinds of cost analysis.
Our main analysis sums the cost in terms of different operations performed; it gives upper
bounds for all kinds of operations, such as arithmetic operations, data field selections, and
constructor allocations. Variations of it can analyze stack space, live heap space, output
size, etc., and can analyze lower bounds as well as upper bounds. The basic ideas also apply
to other programming languages.

The rest of the paper is organized as follows. Section 2 outlines our language-based ap-
proach. Sections 3, 4, and 5 present the analysis and transformation methods and techniques.
Section 6 describes our implementation and experimental results. Section 7 compares with

related work and concludes.

2 Language-based approach

2.1 Cost and cost bound

Language-based cost-bound analysis starts with a given program written in a high-level
language, such as C or Lisp. The first step is to build a cost function that (takes the
same input as the original program but) returns the cost in place of (or in addition to) the
original return value. This is done easily by associating a parameter with each program
construct representing its cost and by summing these parameters based on the semantics of
the constructs [50, 10, 46]. We call parameters that describe the costs of program constructs
primitive cost parameters. To calculate actual cost bounds based on the cost function, three
difficult problems must be solved.

First, since the goal is to calculate cost without being given particular inputs, the cal-
culation must be based on certain assumptions about inputs. Thus, the first problem is to
characterize the input data and reflect them in the cost function. In general, due to imperfect
knowledge about the input, the cost function is transformed into a cost-bound function.

In algorithm analysis, inputs are characterized by their size; accommodating this requires
manual or semi-automatic transformation of the cost (time or space) function [50, 26, 53].
The analysis is mainly asymptotic, and primitive cost parameters are considered independent,
of input size, i.e., are constants while the computation iterates or recurses. Whatever values

of the primitive cost parameters are assumed, a second problem arises, and it is theoretically



challenging: optimizing the cost-bound function to a closed form in terms of the input
size [50, 10, 26, 41, 17, 7]. Although much progress has been made in this area, closed forms
are known only for subclasses of functions. Thus, such optimization can not be automatically
done for analyzing general programs.

In systems, inputs are characterized indirectly using loop bounds or execution paths in
programs, and such information must in general be provided by the user [46, 37, 36, 28],
even though program analyses can help in some cases [3, 13, 19, 21]. Closed forms in
terms of parameters for these bounds can be obtained easily from the cost function. This
isolates the third problem, which is most interesting to systems research: obtaining values of
primitive cost parameters that depend on compilers, run-time systems, operating systems,
and machine hardwares. In recent year, much progress has been made in analyzing low-level
dynamic factors, such as clock interrupt, memory refresh, cache usage, instruction scheduling,
and parallel architectures, for time analysis [37, 4, 28, 14]. Nevertheless, inability to compute
loop bounds or execution paths automatically and accurately has led calculated bounds to
be much higher than measured worst-case time.

In programming-language area, Rosendahl proposed using partially known input struc-
tures [41]. For example, instead of replacing an input list [ with its length n, as done in
algorithm analysis, or annotating loops with numbers related to n, as done in systems, we
simply use as input a list of n unknown elements. We call parameters, such as n, for de-
scribing partially known input structures input size parameters. The cost function is then
transformed automatically into a cost-bound function: at control points where decisions de-
pend on unknown values, the maximum cost of all possible branches is computed; otherwise,
the cost of the chosen branch is computed. Rosendahl concentrated on proving the correct-
ness of this transformation. He assumed constant 1 for primitive cost parameters and relied
on optimizations to obtain closed forms in terms of input size parameters, but again closed

forms can not be obtained for all cost-bound functions.

2.2 Language-based cost-bound analysis

Combining results from theory to systems, and exploring methods and techniques for static
program analysis and transformation, we have studied a language-based approach for com-
puting cost bounds automatically, efficiently, and more accurately. The approach has three

main components.



First, we use an automatic transformation to construct a cost-bound function from the
original program based on partially known input structures. The resulting function takes
input size parameters and primitive cost parameters as arguments. The only caveat here is
that the cost-bound function might not terminate. However, nontermination occurs only if
the recursive/iterative structure of the original program depends on unknown parts in the
given partially known input structures.

Then, to compute worst-case cost bounds efficiently without relying on closed forms,
we optimize the cost-bound function symbolically with respect to given values of input
size parameters. This is based on partial evaluation and incremental computation. This
symbolic evaluation always terminates provided the cost-bound function terminates. The
resulting function expresses cost bounds as counts of different operations performed, where
the cost of each kind of operations is denoted by a primitive cost parameter.

A third component consists of transformations that enable more accurate cost bounds
to be computed: lifting conditions, simplifying conditionals, and inlining nonrecursive func-
tions. The transformations should be applied on the original program before the cost-bound
function is constructed. They may result in larger code size, but they allow subcomputations
based on the same control conditions to be merged, leading to more accurate cost bounds,
which can be computed more efficiently as well.

The approach is general because all three components we developed are based on general
methods and techniques. Each particular component is not meant to be a new analysis or
transformation, but the combination of them for the application of automatic and accurate
cost-bound analysis for high-level languages is new. In the resulting cost bounds, primitive
cost parameters can be obtained based on the language implementation or be measured
conservatively or approximately, to give accurate, conservative, or approximate time or space
bounds.

We have implemented the analyses and transformations for a subset of Scheme [2, 11, 1],
a dialect of Lisp. All the transformations are done automatically, and the cost bounds,
expressed as operation counts, are computed efficiently and accurately. Example programs
analyzed include a number of classical sorting programs, matrix computation programs,
and various list processing programs. We also estimated approximate bounds on the actual
running times by measuring primitive cost parameters for running times using control loops,

and calculated accurate bounds on the heap space allocated for constructors in the programs



based on the number of bytes allocated for each constructor by the compiler. We used a

functional subset of Scheme for three reasons.

1) Functional programming languages, together with features like automatic garbage col-
lection, have become increasingly widely used, yet work for calculating actual running

time and space of functional programs has been lacking.

2) Much work has been done on analyzing and transforming functional programs, includ-
ing complexity analysis, and it can be used for estimating actual running time and

space efficiently and accurately as well.

3) Analyses and transformations developed for functional language can be applied to

improve analyses of imperative languages as well [52].

All our analyses and transformations are performed at the source level. This allows im-
plementations to be independent of compilers and underlying systems and allows analysis

results to be understood at source level.

2.3 Language

We use a first-order, call-by-value functional language that has structured data, primitive
arithmetic, Boolean, and comparison operations, conditionals, bindings, and mutually re-
cursive function calls. A program is a set of mutually recursive function definitions of the

form
flor,..,v,) =e

where an expression e is given by the grammar below:!

e = variable reference
c(e, ..., en) data construction
pler, -y en) primitive operation

let v =¢; in e; end  binding expression

|

|

| if e; then e; else e3  conditional expression
|

| fler, ... en) function application

For binary primitive operations, we will be changing between infix and prefix notations

depending on whichever is easier for the presentation. Following Lisp and Scheme, we use

!The keywords are taken from ML [35]. Our implementation supports both this syntax and Scheme
syntax.



cons(h,t) to construct a list with head h and tail ¢, and use car(l) and cdr(l) to select the
head and tail, respectively, of list [. We use nil to denote an empty list, and use null(l) to
test whether [ is an empty list. For example, the program below selects the least element in

a non-empty list.

least(x) £ if null(cdr(z)) then car(z)
else let s = least(cdr(z))
in if car(z) < s then car(z) else s end

We use least as a small running example. To present various analysis results, we also use
several other examples: insertion sort, selection sort, merge sort, set union, list reversal
(the standard linear-time version), and reversal with append (the standard quadratic-time
version).

Even though this language is small, it is sufficiently powerful and convenient to write
sophisticated programs. Structured data is essentially records in Pascal, structs in C, and
constructor applications in ML. Conditionals and bindings easily simulate conditional state-
ments and assignments, and recursions can simulate loops. We can also see that cost analysis
in the presence of arrays and pointers is not fundamentally harder [37], because the costs
of the program constructs for them can be counted in a similar way as costs of other con-
structs. For example, accessing an array element a[i] has the cost of accessing i, offsetting
the element address from that of a, and finally getting the value from that address. Note
that side effects caused by these features often cause other analysis to be difficult [9, 22].
For pure functional languages, higher-order functions and lazy evaluations are important.
Cost functions that accommodate these features have been studied [49, 44]. The symbolic

evaluation and optimizations we describe apply to them as well.

3 Constructing cost-bound functions

3.1 Constructing cost functions

We first transform the original program to construct a cost function, which takes the original
input and primitive cost parameters as arguments and returns the cost. This is straightfor-
ward based on the semantics of the program constructs.

Given an original program, we add a set of cost functions, one for each original function,

which simply count the cost while the original program executes. The algorithm, given below,
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is presented as a transformation C on the original program, which calls a transformation C,
to recursively transform subexpressions. For example, a variable reference is transformed
into a symbol Cyqrer representing the cost of a variable reference; a conditional statement
is transformed into the cost of the test plus, if the condition is true, the cost of the true
branch, otherwise, the cost of the false branch, and plus the cost for the transfers of control.

We use c¢f to denote the cost function for f.

fl(vla'-'avm) éel; fl(vla---:vm) é61; Cfl(“l:"-avvn) éCe|[€1]|§
program: C || ... =

Fn(V1y ey Un, ) = € Frn(V1y ey Vn) = €y (V1 oy Un, ) = Celeml;
variable reference: C, [v] = Charref
data construction: C.|[c(eq, ---, €,)] = add(C,,C.lei], ---, Celen))
primitive operation: Ce [peq, .., en)] = add(Cy, Cc[eq], -- C len])

conditional: Cclife; then eselse es] = add(Ciy,C.[ed], 1f e; then C, [eq] else C, [e3))
binding: Cellet v = e; in ey end] = add(Ciet, Ce [e1] , let v = €; in C, [eo] end)
function call: Celf (e, ..., en)] = add(Crau, Cele1], -, Celen] , cf (€1, ..., €r))

Applying this transformation to program least, we obtain function least as originally
given and cost function cleast below, where infix notation is used for additions, and un-
necessary parentheses are omitted. Note that various C’s are indeed arguments to the cost

function cleast; we omit them from argument positions for ease of reading.

cleast( ) - if + Cnull + Ccdr + Cvarref
+(if null(cdr(z)) then Ceyr + Cygrrer
else Ciet + Crayt + Cear + Coarres + cleast(cdr(z))
+(let s = least(cdr(z))
in Cif + CS + Ccar + Cvarref + Cvarref
+(if car(z) < s then Ceor + Cyarres €lse Cygrrer) €nd))

This transformation is similar to the local cost assignment [50], step-counting func-
tion [41], cost function [44], etc. in other work. Our transformation extends those methods
with bindings, and makes all primitive cost parameters explicit at the source-language level.
For example, each primitive operation p is given a different symbol C),, and each constructor
c is given a different symbol C.. Note that the cost function terminates with the appropriate
sum of primitive cost parameters if the original program terminates, and it runs forever to
sum to infinity if the original program does not terminate, which is the desired meaning of

a cost function.



3.2 Constructing cost-bound functions

Characterizing program inputs and capturing them in the cost function are difficult to auto-
mate [50, 26, 46]. However, partially known input structures provide a natural means [41].
A special value unknown represents unknown values. For example, to capture all input lists

of length n, the following partially known input structure can be used.

list(n) 2 if n = 0 then nil
else cons(unknown, list(n — 1))

Similar structures can be used to describe an array of n elements, a matrix of m-by-n
elements, a complete binary tree of height h, etc.

Since partially known input structures give incomplete knowledge about inputs, the orig-
inal functions need to be transformed to handle the special value unknown. In particular,
for each primitive function p, we define a new function f, such that f,(vi,...,v,) returns
unknown if any v; is unknown and returns p(vi,...,v,) as usual otherwise. For example,
f<(v1,v2) £ if v; = unknown V vy = unknown then unknown else v; < v,. We also
define a new function lub, denoting least upper bound, that takes two values and returns
the most precise partially known structure that both values conform with. For example, if

v1 = cons(3,nil) and vy = cons(4, nil), then lub(vy, ve) = cons(unknown, nil).

Tp(v1, ey vn) £ if v; = unknown lub(vi,vo) £ if vy is ¢y (w1, ..., x;) A
V..V Vg 15 €2 (Y1, s Yj) A
v, = unknown coL=¢Cc N i=]
then unknown then c; (lub(z1,y1), ..., lub(z;, ;)
else p(vy, ..., v,) else unknown

Also, the cost functions need to be transformed to compute an upper bound of the cost: if
the truth value of a conditional test is known, then the cost of the chosen branch is computed
normally, otherwise, the maximum of the costs of both branches is computed. Transforma-
tion B, given below, embodies these algorithms, where B, transforms an expression in the
original functions, and B, transforms an expression in the cost functions. We use uf to de-

note function f extended with the value unknown, and we use cbf to denote the cost-bound



function for f.

fi(vy, o, vpy) 2 e cfi(viy ey Uny) ée’l;

program: B
Fm (V15 ey Unp) Z €y Cfm(V1, oy V) = €l

uf1(v, .oy Uny) £ B, lel;  ebfi(ve, ..., vny) £ B. el;  folvr, .y vn) £ . as above

Ufm (V1 oy Unyy ) = Beleml; cbfm(v1, oy Un, ) 2 Belel ]; lub(vi,vz) £ ... as above

variable reference: B, [v] =

data construction: B.[c(e1, ... en)] = ¢(Bele], ---, Be len))
primitive operation: B.[p(e, .-, en)] = fp(Belei], ---, Belenl)
conditional: B.[if e; then e; else e;3] = let v = B, [e4]

in if v = unknown then lub(e, e})
else if v then ¢} else ¢; end
where e, = B, [es], € = Be[es]
c[let v = e;in e; end] = let v = B, [e1] in B, [es] end

e[f(er, e en)l = uf(Belei], -, Belen))

[C] =C
ladd(es, ..., e,)] = add(B.[ei], ---; Bc[en)])
[if e; then e, else e3] = let v = B, [e4]
in if v = unknown then max(é,, e})
else if v then ¢ else ¢; end
where e}, = B, [ey], €5 = B.[es]
binding: B.[let v = e; in ey end] = let v = B, [e1] in B.[eo] end
function call: B.lef(e1y - en)] = cbf(B.leil, ..., Belen])

binding:
function call:

summation:

B
B
primitive cost parameter: B
B
conditional: B

Applying this transformation on functions least and cleast yields functions uleast and
cbleast below, where function f, for each primitive operator p and function lub are as given

above. Shared code is presented with where-clauses when this makes the code smaller.

uleast(z) = let v = fru(fear(2))
in if v = unknown then [ub(eq, ey)
else if v then e; else e, end
where e; = feor ()
es = let s = uleast(fear(2))
in let v = f<(fear (), s)
in if v = unknown then lub(f..r (), s)
else if v then f. () else s end end

10



CbleaSt(x) = sz + Cnull + Ccdr + Cva'r'ref

+(1et v = fnull(fcd'r(x))
in if v = unknown then max (e, es)

else if v then e; else e; end)
where e; = Ceqr + Cvarref
€ = Clet + CVcall + Ccdr + Cva'r'ref + CbleaSt(fcdr (l'))
+(let s = uleast(fear(x))
in Cif + CS + Ccar + Cva'r'ref + Cva'r'ref
+(let v = fo(fear(2), 5)

in if v = unknown then maz(Ceor + Coarrefs Coarref)
else if v then Cyy + Cygrres €lse Cyeprer end) end)

The resulting cost-bound function takes as arguments partially known input structures,
such as list(n), which take as arguments input size parameters, such as n. Therefore, we
can obtain a resulting function that takes as arguments input size parameters and primitive
cost parameters and computes the most accurate cost bound possible.

Both transformations C and B take linear time in terms of the size of the program, so
they are extremely efficient, as also seen in our prototype system ALPA. Note that the
resulting cost-bound function might not terminate, but this occurs only if the recursive
structure of the original program depends on unknown parts in the partially known input
structure. As a trivial example, if partially known input structure given is unknown, then the
corresponding cost-bound function for any recursive function does not terminate, since the
original program does cost infinite resource in the worst case. We can modify the analysis
to detect nontermination in many cases, as for example in [27]. For the example of giving
unknown to a recursive cost-bound function, nontermination is trivial to detect, since the

arguments to recursive calls would remain unknown.

4 Optimizing cost-bound functions

This section describes symbolic evaluation and optimizations that make computation of cost
bounds more efficient. The transformations consist of partial evaluation, realized as global
inlining, and incremental computation, realized as local optimization.

We first point out that cost-bound functions might be extremely inefficient to evaluate
given values for their parameters. In fact, in the worst case, the evaluation takes exponential
time in terms of the input size parameters, since it essentially searches for the worst-case

execution path for all inputs satisfying the partially known input structures.

11



4.1 Partial evaluation of cost-bound functions

In practice, values of input size parameters are given for almost all applications. This is
why time-analysis techniques used in systems can require loop bounds from the user before
time bounds are computed. While in general it is not possible to obtain explicit loop bounds
automatically and accurately, we can implicitly achieve the desired effect by evaluating the
cost-bound function symbolically in terms of primitive cost parameters given specific values
of input size parameters.

The evaluation simply follows the structures of cost-bound functions. Specifically, the
control structures determine conditional branches and make recursive function calls as usual,
and the only primitive operations are sums of primitive cost parameters and maximums
among alternative sums, which can easily be done symbolically. Thus, the transformation
inlines all function calls, sums all primitive cost parameters symbolically, determines con-
ditional branches if it can, and takes maximum sums among all possible branches if it can
not.

The symbolic evaluation £ defined below performs the transformations. It takes as ar-
guments an expression e and an environment p of variable bindings (where each variable
is mapped to its value) and returns as result a symbolic value that contains the primitive
cost parameters. The evaluation starts with the application of the cost-bound function to
a partially unknown input structure, e.g., cbleast(list(100)), and it starts with an empty
environment. We assume that add, is a function that symbolically sums its arguments, and

maz, is a function that symbolically takes the maximum of its arguments.

variable reference: Evlp = p(v)
look up binding of v in environment
primitive cost parameter: £ [C] p =C
data construction: Elelery ...,en)]p = c(Eled] p, -, Een) p)
primitive operation: Epler,....en)]p = p(€led] p, ---, € [en] p)
summation: Eladd(eq, ..., en)] p = adds(&[ei] p, .-, € [en] p)
maximum: Emazx(ey,...,e,)]p = mazs(€[ed] p, ---, € [en] p)
conditional: Elife; then egelse es]p = Efex] p  if Eler] p = true
Eleslp if Eler] p = false
binding: Ellet v =e;in ey end]p = E[eo] plv— € [e1] p]
bind v to value of e; in environment
function calls: Elf(er, .., en)]p = Ele] plvy — Eled] p, ..., vn = Een) Pl

where f is defined by f(vy,...,v,) = e

As an example, applying symbolic evaluation to cbleast on a list of size 100, we obtain

12



the following result:

cbleast(list(100)) £ 497 * Cyarres + 100 % Cryyy + 199 % Cor + 199 % Clgy
+ 99 % CS + 199 % Cz'f + 99 % Clet + 99 x Ccall

This symbolic evaluation is exactly a specialized partial evaluation. It is fully automatic
and computes the most accurate cost bound possible with respect to the given program
structure. It always terminates as long as the cost-bound function terminates.

The symbolic evaluation given only values of input size parameters is inefficient compared
to direct evaluation given values of both input size parameters and particular primitive cost
parameters, even though the resulting function takes virtually constant time given any values
of primitive cost parameters. For example, directly evaluating a quadratic-time reverse func-
tion (that uses append operation) on input of size 20 takes about 0.96 milliseconds, whereas
the symbolic evaluation takes 670 milliseconds, hundreds of times slower. We propose further

optimizations below that greatly speed up the symbolic evaluation.

4.2 Avoiding repeated summations over recursions

The symbolic evaluation above is a global optimization over all cost-bound functions in-
volved. During the evaluation, summations of symbolic primitive cost parameters within
each function definition are performed repeatedly while the computation recurses. Thus, we
can speed up the symbolic evaluation by first performing such summations in a preprocessing
step. Specifically, we create a vector and let each element correspond to a primitive cost
parameter. The transformation &, given below, performs this optimization. We use vcbf to
denote the transformed cost-bound function of f that operates on vectors. We use function
add, to compute component-wise sum of the argument vectors, and we use function maz,

to compute component-wise maximum of the argument vectors.

” chfi(vi, ..., Uny) = €1; -|-| vebfi(vi, ..y Uny) = Selen];

program: S | ... = ..
H bem(vla e Unm) = €m; JJ Ubem(Ula e Unm) =S, I[em];
primitive cost parameter: S.[C] = create a vector of 0’s except with the
component corresponding to C' set to 1
summation: Scledd(eq, ...,e,)] = add,(Sc[ei], .-, Sclen])
maximum: Sc[max(ey,...,e,)] = mazx,(S.le], ..., Sc[exn))
all others: Sclel = e

13



Let V' be the following vector of primitive cost parameters:
<Cvarrefa Cnila Cconsa Cnulla Ccara Ccdra Cg, Cz'fa Cleta C'ca,ll>

Applying the above transformation on function cbleast yields function vcbleast, where com-
ponents of the vectors correspond to the components of V', and infix notation 4+, is used for

vector addition.

vebleast(z) & < 1,0,0,1,0,1,0,1,0,0 >
+v(let v = fnull(fcdr(x))

in if v = unknown then max,(e;,es)
else if v then e, else e; end)
where e; = < 1,0,0,0,1,0,0,0,0,0 >
er = <1,0,0,0,0,1,0,0,1,1 > +,vcbleast(cdr(x))
+,(let s = uleast(fear(x))
in <2,0,0,0,1,0,1,1,0,0 >
+v(1et v = fﬁ(fcar(x); 5)
in if v = unknown then < 1,0,0,0,1,0,0,0,0,0 >
else if v then < 1,0,0,0,1,0,0,0,0,0 >
else <1,0,0,0,0,0,0,0,0,0> end) end)

The cost-bound function cbleast(x) is simply the dot product of vebleast(x) and V.

This transformation incrementalizes the computation over recursions to avoid repeated
summation. Again, this is fully automatic and takes time linear in terms of the size of the
cost-bound function.

The result of this optimization is drastic speedup of the evaluation. For example, opti-
mized symbolic evaluation of the same quadratic-time reverse on input of size 20 takes only
2.55 milliseconds, while direct evaluation takes 0.96 milliseconds, resulting in less than 3
times slow-down; it is over 260 times faster than symbolic evaluation without this optimiza-

tion.

5 Making cost-bound functions accurate

While loops and recursions affect cost bounds most, the accuracy of the cost bounds cal-
culated also depends on the handling of the conditionals in the original program, which is
reflected in the cost-bound function. For conditionals whose test results are known to be

true or false at the symbolic-evaluation time, the appropriate branch is chosen; so other
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branches, which may even take longer, are not considered for the worst-case cost. This is a
major source of accuracy for our worst-case bound.

For conditionals whose test results are not known at symbolic-evaluation cost, we need to
take the maximum cost among all alternatives. The only case in which this would produce
inaccurate cost bound is when the test in a conditional in one subcomputation implies the
test in a conditional in another subcomputation. For example, consider a variable v whose

value is unknown and

e; = if v then 1 else Fibonacci(1000)
e; = if v then Fibonacci(2000) else 2

If we compute the cost bound for e; + es directly, the result is at least cFibonacci(1000) +
cFibonacci(2000). However, if we consider only the two realizable execution paths, we know
that the worst case is c¢Fibonacci(2000) plus some small constants. This is known as the
false-path elimination problem [3].

Two transformations, lifting conditions and simplifying conditionals, applied on the source
program before constructing the cost-bound function, allow us to achieve the accurate anal-
ysis results. In each function definition, the former lifts conditions to the outermost scope
that the test does not depend on, and the latter simplifies conditionals according to the lifted

condition. For e; + ey in the above example, lifting the condition for e;, we obtain
if v then 1+ e, else Fibonacci(1000) + es.

Simplifying the conditionals in the two occurrences of ey to Fibonaccis(2000) and 2, respec-

tively, we obtain
if v then 1 + Fibonacci(2000) else Fibonacci(1000) + 2.

To facilitate these transformations, we inline all function calls where the function is not
defined recursively.

The power of these transformations depends on reasonings used in simplifying the condi-
tionals, as have been studied in many program transformation methods [51, 45, 47, 18, 32].
At least syntactic equality can be used, which identifies the most obvious source of inac-
curacy. These optimizations also speed up the symbolic evaluation, since now obviously

infeasible execution paths are not searched.
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These transformations have been implemented and applied on many test programs. Even
though the resulting programs can be analyzed more accurately and more efficiently, we have
not performed separate measurements. The major reason is that our example programs do
not contain conditional tests that are implied by other conditional tests. These simple trans-
formations are just examples of many powerful program optimization techniques, especially
on functional programs, that can be used to make cost-bound function more accurate as well
as more efficient. We plan to explore more of these optimizations and measure their effects
as we experiment with more programs.

Note that these transformations on the source program are aimed at making the cost-
bound function more accurate and more efficient, not at optimizing the source program.
Even though making the source program faster also makes the corresponding cost-bound
function faster, these two goals are different. Optimizing the source program is meant to
produce a different program that has a smaller cost. Cost analysis is meant to analyze
accurately the cost of a given program.

To make use of all the techniques for making cost-bound analysis efficient and accurate,
we perform an overall cost-bound analysis by applying the following transformations in order
to the source program: lifting conditions and simplifying conditionals (as in Section 5), con-
structing cost functions and then cost-bound functions (as in Section 3), and precomputing

repeated local summations and then performing global symbolic evaluation (as in Section 4).

6 Implementation and experimentation

We have implemented the analysis approach in a prototype system, ALPA (Automatic
Language-based Performance Analyzer). We performed a large number of experiments and

obtained encouraging good results.

6.1 Implementation and experimental results

The implementation is for a subset of Scheme [2, 11, 1]. An editor for the source programs is
implemented using the Synthesizer Generator [40], and thus we can easily change the syntax
for the source programs. For example, the current implementation supports both the syntax
used in this paper and Scheme syntax. Construction of cost-bound functions is written in

SSL, a simple functional language used in the Synthesizer Generator. Lifting conditions,
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simplifying conditionals, and inlining nonrecursive calls are also implemented in SSL. The
symbolic evaluation and optimizations are written in Scheme.

Figure 1 gives the results of symbolic evaluation of the cost-bound functions for six
example programs on inputs of sizes 10 to 2000. For example, the second row of the figure

means that for insertion sort on inputs of size 10, the cost-bound function is

A

chinsertionsort(list(10)) = 321 % Cyapres + 11 % Crip + 55 % Crons + 66 * Cry
4+ 100 * Crgr + 55 % Crgp + 45 % CS + 111 % Cif + 65 x Cuon

The last column lists the sums for every rows. For the set union example, we used inputs
where both arguments were of the given sizes. These numbers in the figure characterize
various aspects of the examples; they contribute to the actual time and space bounds dis-
cussed below. We verified that all numbers are also exact worst-case counts. For example,
for insertion sort on inputs of size 10, indeed 65 function calls are made during a worst-case
execution. The worst-case counts are verified by using a modified evaluator. These experi-
ments show that our cost-bound functions can give accurate cost bounds in terms of counts
of different operations performed.

Figure 2 compares the times of direct evaluation of cost-bound functions, with each prim-
itive cost parameter set to 1, and the times of optimized symbolic evaluation, obtaining the
exact symbolic counts as in Figure 1. These measurements are taken on a Sun Ultra 1 with
167MHz CPU and 64MB main memory. They include garbage-collection time. The times
without garbage-collection times are all about 1% faster, so they are not shown here. These
experiments show that our optimizations of cost-bound functions allow symbolic evaluation
to be only a few times slower than direct evaluation rather than hundreds of times slower.

For merge sort, the cost-bound function constructed using the algorithms in this paper
takes several days to evaluate on inputs of size 50 or larger. Special but simple optimizations
were done to obtain the numbers in Figure 1, namely, letting the cost-bound function for
merge avoid base cases as long as possible and using sizes of lists in place of lists of unknowns;
the resulting symbolic evaluation takes only seconds. Such optimizations are yet to be
implemented to be performed automatically. For all other examples, it takes at most 2.7
hours to evaluate the cost-bound functions.

Note that, on small inputs, symbolic evaluation takes relatively much more time than
direct evaluation, due to the relatively large overhead of vector setup; as inputs get larger,

symbolic evaluation is almost as fast as direct evaluation for most examples. Again, after

17



example | size varref | nil cons null car cdr < if let call total
insertion 10 321 11 55 66 100 55 45 111 0 65 829
sort 20 1241 21 210 231 400 210 190 421 0 230 3154
50 7601 51 1275 1326 2500 1275 1225 2551 0 1325 19129

100 30201 | 101 5050 5151 10000 5050 4950 10101 0 5150 75754

200 120401 | 201 20100 20301 40000| 20100 19900 | 40201 0| 20300 301504

300 270601 | 301 45150 45451 90000 45150 44850 90301 0 45450 677254

500 751001 | 501 | 125250 | 125751 | 250000 | 125250 | 124750 | 250501 0| 125750| 1878754

1000 || 3002001 | 1001 | 500500 | 501501 | 1000000 | 500500 | 499500 | 1001001 0| 501500| 7507504

2000 || 12004001 | 2001 | 2001000 | 2003001 | 4000000 | 2001000 | 1999000 | 4002001 02003000 | 30015004

selection 10 576 11 55 121 190 200 90 211 55 120 1629
sort 20 2251 21 210 441 780 800 380 821 210 440 6354
50 13876 | 51 1275 2601 4950 5000 2450 5051 1275 2600 39129

100 55251 | 101 5050 10201 19900| 20000 9900 | 20101 5050 10200 155754

200 220501 | 201 20100 40401 79800 80000 39800 80201 20100 40400 621504

300 495751 | 301 45150 90601 | 179700| 180000| 89700| 180301 | 45150 90600 | 1397254

500 || 1376251 | 501 | 125250 | 251001 | 499500| 500000 | 249500 | 500501 | 125250 | 251000 | 3878754

1000 || 5502501 | 1001 | 500500 | 1002001 | 1999000 | 2000000 | 999000 | 2001001 | 500500 | 1002000 | 15507504

2000 || 22005001 | 2001 | 2001000 | 4004001 | 7998000 | 8000000 | 3998000 | 8002001 | 2001000 | 4004000 | 62015004

merge 10 456 | 28 69 192 119 112 25 217 0 138 1356
sort 20 1154 | 58 177 468 315 284 69 537 0 340 3402
50 3680 | 148 573 1440 1047 908 237 1677 0 1054 10764

100 8562 | 298 1345 3284 2491 2116 573 3857 0 2412 24938

200 19526 | 598 3089 7372 5779 4832 1345 8717 0 5428 56686

300 31354 | 898 4977 11748 9355 7764 2189 13937 0 8660 90882

500 56354 | 1498 8977 | 20948 16955 13964 3989 | 24937 0 15460 163082

1000 124710 | 2998 19953 | 45900 37907 | 30928 8977 | 54877 0| 33924| 360174

2000 273422 | 5998 | 43905 99804 | 83811 67856 19953 | 119757 0| 73852 788358

set 10 582 10 10 121 120 110 100 231 10 120 1414
union 20 2162 20 20 441 440 420 400 861 20 440 5224
50 12902 50 50 2601 2600 2550 2500 5151 50 2600 31054

100 50802 | 100 100 10201 10200 10100 10000 | 20301 100 10200 122104

200 201602 | 200 200 | 40401 40400| 40200| 40000| 80601 200 40400| 484204

300 452402 | 300 300 90601 90600 | 90300| 90000| 180901 300 90600| 1086304

500 || 1254002 | 500 500 | 251001 | 251000| 250500 | 250000| 501501 500 | 251000 | 3010504

1000 || 5008002 | 1000 1000 | 1002001 | 1002000 | 1001000 | 1000000 | 2003001 1000 | 1002000 | 12021004

2000 || 20016002 | 2000 2000 | 4004001 | 4004000 | 4002000 | 4000000 | 8006001 2000 | 4004000 | 48042004

list 10 43 1 10 11 10 10 0 11 0 11 107
reversal 20 83 1 20 21 20 20 0 21 0 21 207
50 203 1 50 51 50 50 0 51 0 51 507

100 403 1 100 101 100 100 0 101 0 101 1007

200 803 1 200 201 200 200 0 201 0 201 2007

300 1203 1 300 301 300 300 0 301 0 301 3007

500 2003 1 500 501 500 500 0 501 0 501 5007

1000 4003 1 1000 1001 1000 1000 0 1001 0 1001 10007

2000 8003 1 2000 2001 2000 2000 0 2001 0 2001 20007

reversal 10 231 11 55 66 55 55 0 66 0 65 604
w/append | 20 861 21 210 231 210 210 0 231 0 230 2204
50 5151 51 1275 1326 1275 1275 0 1326 0 1325 13004

100 20301 | 101 5050 5151 5050 5050 0 5151 0 5150 51004

200 80601 | 201 20100 20301 20100| 20100 0| 20301 0| 20300 202004

300 180901 | 301 45150 | 45451 45150 | 45150 0| 45451 0| 45450| 453004

500 501501 | 501 | 125250 | 125751 | 125250| 125250 0| 125751 0| 125750| 1255004

1000 || 2003001 | 1001 | 500500 | 501501 | 500500 | 500500 0| 501501 0| 501500| 5010004

2000 || 8006001 | 2001 | 2001000 | 2003001 | 2001000 | 2001000 02003001 0{2003000 | 20020004

Figure 1: Results of symbolic evaluation of cost-bound functions.
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the symbolic evaluation, cost bounds can be computed in virtually no time given values of

primitive cost parameters.

insertion sort selection sort merge sort set union list reversal reversal w/app.
size|| direct |symbolic|| direct |symbolic|| direct [symbolic|| direct [symbolic|| direct [symbolic|| direct [symbolic
10{/0.49328 | 1.89057 || 0.71550 | 3.04985 ||1.43136| 14.6666 || 1.44601 | 4.28571 |{0.01136] 0.13916 || 0.25637 | 1.32877
20((1.93942 | 4.79452 || 3.89051 | 14.2352 ||605.714| 8500.00 (| 5.02935| 10.6274 ||0.02113| 0.26492 || 0.96215 | 2.55132
50| 56.6666 | 87.4193 || 46.6666 | 106.451 || xxxxxx| xxxxxX || 134.516| 192.666 ||0.04989| 0.64224 || 23.2283 | 44.1269
100 451.428 | 557.142 || 338.571 | 571.428 ||xxxxxx| xxxxxx || 1026.66 | 1176.66 (|0.09735| 1.26038 || 178.000 | 231.333
500(| 58240.0| 58080.0 [[39480.0 | 46050.0 ||xxxxxx| xxxxxX (| 125910.| 117240. ||0.50305| 6.24266 || 21540.0 | 22180.0
2000(|4024730| 4039860 ||2666290| 2761410 || xxxxxx | xxxxxx |[9205680| 9690370 ||3.60703| 27.4015 (|1810280( 1711650

Figure 2: Times of direct evaluation vs. optimized symbolic evaluation (in milliseconds).

Among over twenty programs we have analyzed using ALPA, two of them did not termi-
nate. One is quicksort, and the other is a contrived variation of sorting; both diverge because
the recursive structure for splitting a list depends on the values of unknown list elements.
This is similar to nontermination caused by merging paths in other methods [33, 34], but
nontermination happens much less often in our method, since we essentially avoid merging
paths as much as possible. We have found a different symbolic-evaluation strategy that uses
a kind of incremental path selection, and the evaluation would terminate for both examples,
as well as all other examples, giving accurate worst-case bounds. That evaluation algorithm
is not yet implemented. A future work is to exploit results from static analysis for identify-
ing sources of nontermination [27] to make cost-bound analysis terminate more often. For
practical use of a cost-bound analyzer that might not terminate on certain inputs, we can
modify the evaluator so that if it is stopped at any time, it outputs the cost bound calculated

till that point. This means that a longer-running analysis might yield a higher bound.

6.2 Further experiments

We also estimated approximate bounds on the actual running times by measuring primitive
cost parameters for running times using control loops, and calculated accurate bounds on the
heap space allocated for constructors in the programs based on the number of bytes allocated
for each constructor by the compiler. For time-bound analysis, we performed two sets of
experiments: the first for a machine with cache enabled, and the second for a machine with
cache disabled. The first gives tight bounds in most cases but has a few underestimations
for inputs that are very small or very large, which we attribute to the cache effects. The

second gives conservative and tight bounds for all inputs. We first describe experiments for
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time-bound analysis with cache enabled and for analysis of heap space allocation bound, and
then analyze the cache effects and show results for time-bound analysis with cache disabled.

The measurements and analyses for time-bounds are performed for source programs com-
piled with Chez Scheme compiler [8]. The source program does not use any library; in partic-
ular, no numbers are large enough to trigger the bignum implementation of Chez Scheme. We
tried to avoid compiler optimizations by setting the optimization level to 0; we view necessary
optimizations as having already been applied to the program. To handle garbage-collection
time, we performed separate sets of experiments: those that exclude garbage-collection times
in both calculations and measurements, and those that include garbage-collection time in
both.2 Our current analysis does not handle the effects of cache memory or instruction
pipelining; we approximated cache effects by taking operands circularly from a cycle of 2000
elements when measuring primitive cost parameters, as discussed further below. For time-
bound analysis with cache enabled, the particular numbers reported are taken on a Sun
Ultra 1 with 167MHz CPU and 64MB main memory; we have also performed the analysis
for several other kinds of SPARC stations, and the results are similar.

Since the minimum running time of a program construct is about 0.1 microseconds, and
the precision of the timing function is 10 milliseconds, we use control/test loops that iterate
10,000,000 times, keeping measurement error under 0.001 microseconds, i.e., 1%. Such a loop
is repeated 100 times, and the average value is taken to compute the primitive cost parameter
for the tested construct (the variance is less than 10% in most cases). The calculation of the
time bound is done by plugging these measured parameters into the optimized time-bound
function. We then run each example program an appropriate number of times to measure
its running time with less than 1% error.

Figure 3 shows the estimated and measured worst-case times for six example programs
on inputs of sizes 10 to 2000. These times do not include garbage-collection times. The item
me/ca is the measured time expressed as a percentage of the calculated time. In general, all
measured times are closely bounded by the calculated times (with about 90-95% accuracy)
except when inputs are very small (20, in 1 case) or very large (2000, in 3 cases), which
is analyzed and addressed below. The measurements including garbage-collection times are

similar except with a few more cases of underestimation. Figure 4 depicts the numbers in

2We had originally tried to avoid garbage collection by writing loops instead of recursions as much as
possible and tried to exclude garbage-collection times completely. The idea of including garbage-collection
times comes from an earlier experiment, where we mistakenly used a timing function of Chez Scheme that
included garbage-collection time.
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insertion sort selection sort merge sort
size|icalculated |measured |me/ca||calculated |measured|me/ca| calculated |measured |me/ca
10| 0.06751| 0.06500| 96.3| 0.13517| 0.12551| 92.9| 0.11584| 0.11013| 95.1
20{ 0.25653| 0.25726| 100.3|| 0.52945| 0.47750| 90.2|| 0.29186| 0.27546| 94.4
50{ 1.55379| 1.48250| 95.4| 3.26815| 3.01125| 92.1)| 0.92702| 0.85700| 92.4
100|| 6.14990| 5.86500| 95.4| 13.0187| 11.9650| 91.9|| 2.15224| 1.98812| 92.4
200|| 24.4696| 24.3187| 99.4| 51.9678| 47.4750| 91.4| 4.90017| 4.57200| 93.3
300|| 54.9593| 53.8714| 98.0| 116.847| 107.250| 91.8|| 7.86231| 7.55600| 96.1
500|| 152.448| 147.562| 96.8| 324.398| 304.250| 93.8|| 14.1198| 12.9800| 91.9
1000( 609.146| 606.000| 99.5| 1297.06/ 1177.50| 90.8|| 31.2153| 28.5781| 91.6
2000|| 2435.29| 3081.25| 126.5|| 5187.17| 5482.75| 105.7|| 68.3816| 65.3750| 95.6

set union list reversal reversal w/append
size|calculated |measured |me/cal|calculated| measured|me/ca| calculated [measured|me/ca
10| 0.10302| 0.09812] 95.2| 0.00918| 0.00908| 98.8| 0.05232| 0.04779| 91.3
20| 0.38196| 0.36156| 94.7|| 0.01798| 0.01661| 92.4| 0.19240| 0.17250| 89.7
50{ 2.27555| 2.11500| 92.9|| 0.04436| 0.04193| 94.5|| 1.14035| 1.01050| 88.6
100|| 8.95400| 8.33250| 93.1|| 0.08834| 0.08106| 91.8|| 4.47924| 3.93600| 87.9
200|| 35.5201| 33.4330| 94.1| 0.17629| 0.16368| 92.9| 17.7531| 15.8458| 89.3
300|| 79.6987| 75.1000| 94.2| 0.26424| 0.24437| 92.5|| 39.8220| 35.6328| 89.5
500|| 220.892| 208.305| 94.3|| 0.44013| 0.40720| 92.5|| 110.344| 102.775| 93.1
1000|| 882.094| 839.780| 95.2| 0.87988| 0.82280| 93.5|| 440.561| 399.700| 90.7
2000|| 3525.42| 3385.31| 96.0|| 1.75937| 1.65700| 94.2|| 1760.61| 2235.75| 127.0

Figure 3: Calculated and measured worst-case times (in milliseconds) with cache enabled.

Figure 3 for inputs of sizes up to 1000. Examples such as sorting are classified as complex
examples in previous study [37, 28], where calculated time is as much as 67% higher than
measured time, and where only the result for one sorting program on a single input (of size
10 [37] or 20 [28]) is reported in each experiment.

Using the cost bounds computed, we can also calculate, accurately instead of approx-
imately, bounds on the heap space dynamically allocated for constructors in the source
programs. The number of bytes allocated for each constructor can be obtained precisely
based on the language implementation. For example, Chez Scheme allocates 8 bytes for a
cons-cell on the heap; this information can also be obtained easily using its statistics utili-
ties. Based on results in Figure 1, by setting C.,,s to 8 and other primitive cost parameters
to 0, we obtain exact bounds on the heap space dynamically allocated for constructors in
the programs, as shown in Figure 5.

Consider the accuracy of the time-bound analysis with cache enabled. We found that
when inputs are very small (20), the measured time is occasionally above the calculated

time for some examples. Also, when inputs are very large (1000 for measurements including
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Figure 4: Comparison of calculated and measured worst-case times with cache enabled.
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size || insertion sort | selection sort | merge sort | set union | list reversal | reversal w/app.
10 440 440 552 80 80 440
20 1680 1680 1416 160 160 1680
50 10200 10200 4584 400 400 10200
100 40400 40400 10760 800 800 40400
200 160800 160800 24712 1600 1600 160800
300 361200 361200 39816 2400 2400 361200
500 1002000 1002000 71816 4000 4000 1002000
1000 4004000 4004000 159624 8000 8000 4004000
2000 16008000 16008000 351240 16000 16000 16008000

Figure 5: Bounds of heap space allocated for constructors (in bytes).

garbage-collection time, or 2000 excluding garbage-collection time), the measured times for
some examples are above the calculated time. We attribute these to cache memory effects,
for the following reasons. First, the initial cache misses are more likely to show up on small
inputs. Second, underestimation for inputs of size 2000 in Figure 3 happens exactly for the
3 examples whose allocated heap space is very large in Figure 5, and recall that we used a
cycled data structure of size 2000 when measuring primitive cost parameters. Furthermore,
for programs that use less space, our calculated bounds are accuracy for even larger input
sizes, and for programs that use extremely large amount of space even on small inputs, we
have much worse underestimation. For example, for Cartesian product, underestimation
occurs for small input sizes (50 to 200); as an example, on input of size 200, the measured
time is 65% higher than the calculated time.

We performed a second set of experiments for time-bound analysis for a machine with
cache disabled. The machine used is a Sun Ultra 10 with 333MHz CPU and 256MB main
memory. Figure 6 shows the estimated and measured worst-case times for the same six
programs on inputs of sizes 10 to 2000. These times do not include garbage-collection times.
We can see that all measured times are closely bounded by the calculated times, with no
underestimation. Figure 7 depicts the numbers in Figure 6.

To accommodate cache effect in time-bound analysis with cache enabled, we could adjust
our measurements of primitive cost parameters on data structures of appropriate size. The
appropriate size can be determined based on a precise space usage analysis. Heap-space
allocation is only one less direct aspect. More directly, we can incorporate precise knowledge
about compiler-generated machine instructions into our analysis method. We leave this as a

future work. Our current method can be used for approximate time-bound estimation in the
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insertion sort selection sort merge sort
size|icalculated |measured |me/ca||calculated |measured|me/ca| calculated |measured |me/ca
10(| 0.15222| 0.14228| 93.5| 0.29483| 0.25866| 87.7|| 0.24955| 0.23774| 95.3
20{ 0.58026| 0.53773| 92.7|| 1.15757| 1.00954| 87.2|| 0.63029| 0.60380| 95.8
50{ 3.52196| 3.22160| 91.5|| 7.15578| 6.22520| 87.0|| 2.00717| 1.91025| 95.2
100|| 13.9499| 12.6945| 91.0| 28.5194| 24.4070| 85.6|| 4.66697| 4.38690| 94.0
200|| 55.5253| 50.5195| 91.0|| 113.871| 97.5660| 85.7| 10.6383| 9.94885| 93.5
300|| 124.726| 113.551| 91.0|| 256.057| 219.080| 85.6|| 17.0790| 15.9820| 93.6
500|| 346.007| 315.220| 91.1|| 710.928| 610.595| 85.9|| 30.6905| 28.5640| 93.1
1000| 1382.66| 1255.81| 90.8| 2842.68 2438.77| 85.8|| 67.8999| 63.3030| 93.2
2000|| 5527.91| 5053.00) 91.4| 11368.7| 9794.00| 86.1|| 148.836| 138.786| 93.2

set union list reversal reversal w/append
size|calculated |measured |me/cal|calculated| measured|me/ca| calculated [measured|me/ca
10| 0.21630| 0.21299| 98.5| 0.02065| 0.02014| 97.5| 0.11724| 0.10644| 90.8
20{ 0.79790| 0.77961| 97.7|| 0.04051| 0.03789| 93.5|| 0.43258| 0.38470| 88.9
50| 4.73684| 4.60915| 97.3|| 0.10007| 0.09114| 91.1|| 2.56979| 2.24415| 87.3
100|| 18.6155| 18.0889| 97.2| 0.19933| 0.17976| 90.2|| 10.1024| 8.75360| 86.6
200( 73.7997| 71.7215| 97.2|| 0.39786| 0.35615| 89.5| 40.0575| 34.6355| 86.5
300( 165.552| 161.145| 97.3| 0.59639| 0.53297, 89.4| 89.8657| 77.8655| 86.6
500|| 458.766| 446.670| 97.4| 0.99345| 0.88594| 89.2|| 249.041| 216.280| 86.8
1000| 1831.75| 1784.91| 97.4| 1.98611| 1.76579| 88.9|| 994.409| 859.320| 86.4
2000|| 7320.41| 7133.00) 97.4| 3.97142| 3.52055| 88.6|| 3974.12| 3469.58 87.3

Figure 6: Calculated and measured worst-case times (in milliseconds) with cache disabled.

presence of low-level effects or precise analysis in their absence, and can be used for more

accurate space-bound analysis that helps addressing memory issues.

7 Related work and conclusion

A preliminary version of this work appeared in [30]. An overview of comparison with related
work in cost analysis appears in Section 2. Certain detailed comparisons have also been dis-
cussed while presenting our method. This section summarizes them, compares with analyses
for loop bounds and execution paths in more detail, and concludes.

Compared to work in algorithm analysis and program complexity analysis [26, 44, 53, 7],
this work consistently pushes through symbolic primitive cost parameters, so it allows us
to calculate actual cost bounds and validate the results with experimental measurements.
There is also work on analyzing average-case complexity [17], which has a different goal
than worst-case bounds. Compared to work in systems [46, 37, 36, 28|, this work explores
program analysis and transformation techniques to make the analysis automatic, efficient,

and accurate, overcoming the difficulties caused by the inability to obtain loop bounds,
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recursion depths, or execution paths automatically and precisely. There is also work for
measuring primitive cost parameters for the purpose of general performance prediction [43,
42]. In that work, information about execution paths was obtained by running the programs
on a number of inputs; for programs such as insertion sort whose best-case and worst-case
execution times differ greatly, the predicted time using this method could be very inaccurate.

A number of techniques have been studied for obtaining loop bounds or execution paths
for time analysis [36, 3, 13, 19, 21]. Manual annotations [36, 28] are inconvenient and error-
prone [3]. Automatic analysis of such information has two main problems. First, even when
a precise loop bound can be obtained by symbolic evaluation of the program [13], separating
the loop and path information from the rest of the analysis is in general less accurate than an
integrated analysis [34]. Second, approximations for merging paths from loops, or recursions,
very often lead to nontermination of the time analysis, not just looser bounds [13, 19, 34].
Some newer methods, while powerful, apply only to certain classes of programs [21]. In
contrast, our method allows recursions, or loops, to be considered naturally in the overall
cost analysis based on partially known input structures. In addition, our method does not
merge paths from recursions, or loops; this may cause exponential time complexity of the
analysis in the worst case, but our experiments on test programs show that the analysis is
still feasible for inputs of sizes in the thousands. We have also studied simple but powerful
optimizations to speed up the analysis dramatically.

In the analysis for cache behavior [14, 15], loops are transformed into recursive calls,
and a predefined callstring level determines how many times the fixed-point analysis iterates
and thus how the analysis results are approximated. Our method allows the analysis to
perform the exact number of recursions, or iterations, for the given partially known input data
structures. The work by Lundqvist and Stenstrom [33, 34] is based on similar ideas as ours.
They apply the ideas at machine instruction level and can more accurately take into account
the effects of instruction pipelining and data caching, but they can not handle dynamically
allocated data structures as we can, and their method for merging paths for loops would
lead to nonterminating analysis for many more programs than our method. We apply the
ideas at the source level, and our experiments show that we can calculate more accurate cost
bound and for many more programs than merging paths, and the calculation is still efficient.
There are also methods for time analysis based on program flow graphs [39, 6]. Unlike our

method, these methods do not exploit given input sizes, and they require programmers to
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give precise path information.

The idea of using partially known input structures originates from Rosendahl [41]. We
have extended it to manipulate primitive cost parameters. We also handle binding constructs,
which is simple but necessary for efficient computation. An innovation in our method is
to optimize the cost-bound function using partial evaluation, incremental computation, and
transformations of conditionals to make the analysis more efficient and more accurate. Partial
evaluation [5, 24, 23], incremental computation [32, 31, 29|, and other transformations have
been studied intensively in programming languages. Their applications in our cost-bound
analysis are particularly simple and clean; the resulting transformations are fully automatic
and efficient.

We have started to explore a suite of new language-based techniques for cost analysis,
in particular, analyses and optimizations for further speeding up the evaluation of the cost-
bound function. We have also applied our general approach to analyze stack space and live
heap space [48], which can further help predict garbage-collection and caching behavior. We
can also analyze lower bounds using a symmetric method, namely by replacing maximum
with minimum at all conditional points. A future work is to accommodate more lower-
level dynamic factors for timing at the source-language level [28, 14|, by examining the
corresponding compiler generated code, where cache and pipelining effects are explicit.

In conclusion, the approach we propose is based entirely on high-level programming
languages. The methods and techniques are intuitive; together they produce automatic
tools for analyzing cost bounds efficiently and accurately and can be used to accurately or

approximately analyze time and space bounds.
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