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Abstract

A systematic approach is given for symbolically caching in-
termediate results useful for deriving incremental programs
from non-incremental programs. Our method can be ap-
plied straightforwardly to provide a systematic approach to
program improvement via caching.

1 Introduction

Incremental programs take advantage of repeated computa-
tions on inputs that differ only slightly from one another,
making use of the old output in computing a new output
rather than computing from scratch. Methods of incre-
mental computation have widespread application, e.g., op-
timizing compilers [2, 9, 11], transformational programming
[30, 33, 43], interactive editing systems [4, 39], etc.

Deriving incremental programs. Given a pro-
gram f and an input change @, a program f’ that computes
the result of f(z @ y) efficiently by making use of the value
of f(z) is called an incremental version of f under .

Liu and Teitelbaum [27] give a systematic transforma-
tional approach for deriving an incremental program f’from
a given program f and an input change @. The basic idea is
to identify in the computation of f(z @ y) those subcompu-
tations that are also performed in the computation of f(z)
and whose values can be retrieved from the cached result r
of f(z). The computation of f(z & y) is transformed sym-
bolically to avoid re-performing these subcomputations by
replacing them with corresponding retrievals. This efficient
way of computing f(z @ y) is captured in the definition of

f/(za Y, T).

Caching intermediate results. The above approach
has a limitation. The derived program f'(z,y,r) avoids only
subcomputations that are performed by f(z) and whose
values can be retrieved from the cached result r of f(z).
There may be subcomputations of f'(z,y,r) that are also
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performed by f(z) but whose values can not be retrieved
from r. If the values of these computations are also cached
and returned, then after the input change @, we can avoid
recomputing them by retrieving their values from the ex-
tended return value of the old computation. We call the
values of these computations intermediate results useful for
computing f incrementally under ®.

Examples where intermediate results are needed for in-
cremental computation include incremental parsing [16] and
incremental attribute evaluation [24, 40, 50]. An incremen-
tal parser may cache, in addition to the derived parse tree,
the LR(0) state corresponding to each shift and reduction.
An attribute evaluator may only return some designated
synthesized attribute of the root [18], but the correspond-
ing incremental attribute evaluator may cache the whole at-
tributed tree.

Program improvement via caching. Deriving
incremental programs and caching intermediate results pro-
vide a principled approach for program improvement using
caching. In essence, every program computes by fixed point
iteration, which is why loop optimizations are so important.
A straightforward idea then is to compute the result of each
iteration incrementally using the stored result of the previ-
ous iteration, which is why strength reduction [3] and related
techniques [32] are crucial for performance. Observe that,
most of the time, not only the result, but also the inter-
mediate results computed in one iteration can be useful for
efficiently computing the result of the next iteration. Thus,
these intermediate results need to be identified, used, and
maintained as well.

We can regard a loop body as a program f, and a loop
increment as a change @. Then the goal of computing loops
incrementally corresponds to transforming f into f’, an in-
cremental version of f under @, and the problem of identi-
fying intermediate results that can be used from iteration to
iteration corresponds to deciding which intermediate results
are useful for computing f incrementally under &. Once
these intermediate results have been determined and the
program f has been extended to a program f that returns
them as well, a program f’ can be derived that incrementally
computes these intermediate results as well as the value of

1.

This paper. We present a clean three-stage method,
called cache-and-prune, for caching intermediate results use-
ful for computing f incrementally under &. The basic idea
is to (I) extend the program f to a program f that returns



all intermediate results, (II) incrementalize the program f
under @ to obtain an incremental version f', and (ITI) us-
ing the dependencies in f’, prune the extended program f
to a program f that returns only the useful intermediate re-
sults. Additionally, we also prune the program f' to directly
obtain a programf' that incrementally maintains only the
useful intermediate results. The contributions of this paper
are as follows.

1. We give a systematic approach for caching interme-
diates results useful for computing f incrementally under
@, and for constructing a corresponding program that in-
crementally maintains these intermediate results. Previ-
ous work on this relies on a fixed set of rules [3, 32], ap-
plies only to programs with certain properties or schemas
[5, 10, 34, 35], or requires program annotations [14, 19, 44].

2. Our cache-and-prune method consists of three inde-
pendent stages, and thus is modular. It has certain nice
properties. Stage | gives us maximality by providing all the
intermediate results possibly used by Stage II. Stage IT uses
these intermediate results for the exclusive purpose of in-
crementalization. Stage III gives us a kind of minimality
by preserving only the intermediate results actually used by
Stage II. Therefore, the whole method is optimal with re-
spect to the incremental techniques of Stage II (for which
we use [27]). Stages I and III are simple, clean, and fully-
automatable.

3. We develop in Stage 11l a backward dependency anal-
ysis that uses domain projections to specify sufficient in-
formation, which is a natural application of the techniques
previously used for other analyses [22, 46]. Our projections
specify specific components of compound values, rather than
just heads or tails of list values, and thus provide more accu-
rate information. The technique may also be used to assist
general program optimizations in context, like tuple elimi-
nation [45].

4. Our result can be applied straightforwardly and sys-
tematically to program improvement via caching. The clas-
sical example of the Fibonacci function, which can be im-
proved dramatically by various caching techniques, is shown
in Section 7. A comprehensive comparison with work in pro-
gram improvement via caching is given in Section 8.

This paper is organized as follows: Section 2 defines the
problem of caching intermediate results. Section 3 outlines
the cache-and-prune method and its correctness. Sections 4,
5, and 6 describe caching, incrementalization, and pruning,
respectively. Several examples are given in Section 7. Fi-
nally, we discuss related work and conclude in Section 8. For
more details of some transformations, examples, and related
work, see the extended version of this paper [25].

2 Defining the problem

We use a simple first-order functional programming lan-
guage. The expressions of our language are given by the
following grammar:

if e; then e: else ez conditional expression
let v = €1 In eo

€ =0 variable
| cler,...,en) constructor application
| pler,...,en) primitive function application
| fle1,...,en) function application
|

binding expression

Each constructor ¢, primitive function p, and user-defined
function f has a fixed arity. A program is a set F' of mutually

recursive function definitions of the form

flui, ... on) =€ (1)
and a function fo that is to be evaluated with some input
¢ = (z1,...,2n). The semantics of the language is strict.

Figure 1 gives some example definitions.

An input change & to a function fo combines an old
input z = (z1,...,z,) and a change y = {y1, ..., Ym) to form
a new input =’ = (z1,...,z,,) = z Dy, where each z| is some
function of z;’s and yi’s. For example, an input change @1
to the function foo or fib in Figure 1 can be defined by
' =2@y=2+1, and an input change @2 to sort can be
' =13 @2y = cons(y,z).

We need cost models to discuss efficient computation and
program improvement. In this paper, we use an asymptotic
time model, and write

t(f(v1,..,0n)) (2)

to denote the asymptotic time of computing f(v1,...,vn).
Since only asymptotic time is of concern, it is sufficient to
consider only the values of function applications as candi-
date intermediate results to be cached. Of course, caching
intermediate results takes extra space, which reflects the
well-known principle of trading space for speed. We as-
sume that we have unlimited space to be used for achieving
the least asymptotic time possible. The pruning saves time
as well as space for computing and maintaining intermedi-
ate results that are not useful for incremental computation.
There are standard constructions for mechanical time anal-
ysis [41, 48], but automatic space analysis and the trade-off
between time and space are problems open for study.

Given a program fy and an input change @, we can use
the approach in [27] to derive a program fj, an incremen-
tal version of fo under @, such that, if fo(z) = r, then
whenever fo(z @ y) returns a value, fj(z,y,r) returns the
same value and is asymptotically at least as fast.! Instead
of trivially defining f5(z,y,7) to be fo(z @ y), we attempt
to make fi(z,y,r) as efficient as possible by having it use
the cached result r of fo(z) as much as possible. A number
of examples like outer product and selection sort are given
n [27]. For the function foo in Figure 1 and input change
@1 y =2z + 1, the function foo' given in Figure 2 can be
derived. Unfortunately, computing foo'(z,r) is not much
faster than computing foo(z + 1) from scratch.

This foo example illustrates that there are cases where
we can compute the value of fo(z @ y) more quickly by
caching and using, in addition to the value of fy(z), the
intermediate results computed in fo(z). For example, the
value of foo(z — 1) 4+ foo(z — 2), which could be used in
computing foo'(z,r), is also computed by foo(z) but can
not be retrieved from r. Thus, we can cache this interme-
diate value and use it in computing the value of foo(z + 1)
faster.

We need consistent notations for the mechanical trans-
formation that caches intermediate results. We use <> to
denote a tuple constructed by the transformation that bun-
dles intermediate results with the original return value, with
1st returning the first element, which is always the original
value, and rst returning a tuple of the remaining elements,

TWhile fqo (z) abbreviates fo(z1,...,25), and fo(z & y) ab-
breviates fo({z1,...,7x) & {(¥1,.-,¥m)), Jo(x,y,v) abbreviates
fo(®1, ..., ®n, Y1, -, ¥m, 7). Note that some of the parameters of f
may be dead and eliminated [27].



foo(z) : sum three preceding “foo” numbers

foo(z) = if £ <2 then 1
else boo(z) + foo(z — 3)

boo(z) = foo(z — 1)+ foo(z — 2)

fib(z) : compute the z-th Fibonacci number

fib(z) = if £ <1 then 1
else fib(z — 1) + fib(z — 2)

sort(z)

odd(z)
even(z) = if null(z) then nil else odd(cdr(z))

sort(z) : sort a list z using merge sort

= if null(z) then nil
else if null(cdr(z)) then z
else merge(sort(odd(z)), sort(even(z)))

= if null(z) then nil else cons(car(z), even(cdr(z)))

merge(z,y) = if null(z) then y

else if null(y) then z

else if car(z) < car(y) then
cons(car(z), merge(cdr(z), y))

else cons(car(y), merge(z, cdr(y)))

Figure 1: Example function definitions

which are the corresponding intermediate results. We use
nth to get the nth element of such a tuple, and we use an
infix operation @ to concatenate two such tuples.

For typographical convenience, we shall always use z to
refer to the previous input to fo, r the cached result of fo(z),
y the change parameter to the input z, =’ the new input
z @y, and f an incremental version of fo under @. We use
fo to refer to the extended function that returns all interme-
diate results of fy, 7 the cached result of fo(z), and fo' an
incremental version of fy under @. Similarly, we use on to
refer to the pruned function that returns only the interme-
diate results of fo useful for incremental computation, 7 the
cached result of fo(z), and fo' a function that incrementally
maintains only the useful intermediate results.

We use the function foo in Figure 1 as a running exam-

— o~ 1
ple. At the end, we obtain the functions foo, boo, and foo
as shown in Figure 2. Rather than computing foo or foo

) o~
from scratch using O(3™) time, foo computes incrementally
using only O(1) time.

3 Approach

The cache-and-prune method consists of three stages.
Stage I constructs a program fo, an extended version of
fo, such that fo(z) returns the values of all function calls
made in computing fo(z). Basically, fo(z) returns a tuple
containing both the intermediate results and the value of

fo(z), such that

1st(fo(z)) = fo(z) and t(fo(x)) < t(fo(x)).  (3)
_ Stage II derives a function fd', an incremental version of
fo under @, using the approach in [27], such that if fy(z) =
7, then we have if fo(z @ y) = 7, then

fo(z,y,r) =7 and t(fo(z,y,7) <t(fo(zDy)) (4)

and thus, together with (3), we have

1st(fo (z,y,7)) = 1st(fo(z D y)) = fo(z D y). (5)

Stage III generates a function fo, a pruned version of

fo, such that fo(z) returns II(r), where 7 is the return
value of fo(z), and II(7) projects out the first and other

components of ¥ on which 1st(fo(z,y,7)) transitively de-
pends. The dependency is transitive in the sense that if
1st(fd'(z,y,7)) depends on IIi(7), and II:1(fd(z,y,7)) de-
pends on II2(7), then 1st(fo'(z,y, 7)) depends also on II2(7).
This transitivity is caused by the need to maintaininterme-
diate results corresponding to those that are used for com-
puting 1s¢(fo'(z,y,7)). In other words, this stage eliminates
those intermediate results cached in 7 that are not tran-
sitively needed in incrementally computing 1st(fd'(z,y, 7)),
the value of fo(z @ y).2 In particular, if fo(z) = r, then

lst(fo(z)) =r and t(fo(r)) < t(fo(z)). (6)

Additionally, we obtain a function fo', a pruned version of
fdo', such that if fo/(z,y,7) returns 7', then fol(:c, y,7), where
7 is TI(¥) as above, returns II(7'). This pruning is possible
because II(7') depends only on TI(7), which can be easily
shown using the transitivity above. With the relationship
between fo and fo, together with (3) and (4), we can prove
that if fo(z) = r, then we have if fo(x:) =7 and fo(zPy) =

r', then

fo(z,y,7) = fo(z®y) and t(fd(z,y,7)) < t(fo(z®y)) (7)
and thus, together with (6), we have

15t(f0/($ay’ f)) = 15t(f0($ @D y)) =r. (8)

Thus, fo'(z, y, ) incrementally computes the desired output
and the corresponding intermediate results and is asymptot-
ically at least as fast as computing the desired output from
scratch. Therefore, we do not have to conduct a derivation
on fo and @ to obtain such an incremental function.

At the end, putting (6), (7), and (8) together, we have
if fo(z)=r, then

lst(fo(:c)) =r and t(fo(x')') < t(fo(z)) (9)
and if fo(z @ y) =7’ and fo(z) = #, then
15t(f0’(l‘,y,’f‘)) :T’a fol(z,y, f) :fo(z@y)a
)=, I (10)
and t(fd(z,y,7)) < t(folz ®y)).
?Note that this is different from the partial dead code elimination

in [20], where partial dead code refers to code that is dead on some
but not all computation paths.




If foo(z) returns r, then foo'(z,r) computes foo(z + 1).
For z of length n, foo'(z,r) takes time O(3");
foo(z + 1) takes time O(3"™).

foo(z) = lst(f/o\o(:c)).
For z of length n, foo(z) takes time O(3");
foo(z) takes time O(3™).

If f/\oo(:n) returns 7, then f/o\o/(:c,f) computes f/\oo(:c +1).
—— ]

For z of length n, foo (z,#) takes time O(1);
foo(z + 1) takes time O(3"™).

foo'(z,r) = if £ <1 then 1

else if z = 2 then 3

else r + foo(z — 1) + foo(z — 2)
f/o\o(:c) = if z <2then <1>

else let v; = boo(z) in

< 1st(v1)+ foo(z — 3), v1 >

boo(z) = let vy = foo(z — 1) in

< vitfoo(z —2), <vy >>
f/o\o,(a:,f) = ifz <1then <1>

else if z =2 then < 3,<2,<1>>>
else <1st(Ff)+1st(2nd()),
< 1st(F)+1st(2nd(2nd(F))), <1st(f)>>>

Figure 2: Resulting “foo” function definitions

i.e, the functions fo and fy preserve the semantics and com-
pute asymptotically at least as fast. Note, however, that
fo(z) may terminate more often than fo(z) and fol(z, y,T)
may terminate more often than fo(z @ y) due to the trans-
formations used in Stages II and III.

4 Stage I: Caching all intermediate results

Stage I transforms the program for fo to embed all interme-
diate results in the final return value.

We first perform a local and structure-preserving trans-
formation called extension. For each function definition
f(v1,...,vn) = €, we construct a function definition

flor, ..., vn) = Extfe] (11)

where £rtfe] extends an expression e to return the values
of all function calls made in computing e, i.e., it considers
subexpressions of e in applicative and left-to-right order,
introduces bindings that name the results of function calls,
builds up tuples of these values together with the values of
the original subexpressions, and passes these values from
subcomputations to enclosing computations.

The definition of &£zt is given in Figure 3. We assume that
each binding introduced uses a fresh variable name. For
transforming a conditional expression, the transformation
Gus[e] generates a tuple of _’s of length equal to the num-
ber of the function applications in e, where _ is a dummy
constant that just occupies a spot. The lengths of the tuples
generated by Gus[ez] and Gus[es] can easily be determined
statically. Actually, they are just the lengths of rst(vz) and
rst(vs), respectively. This mechanism assures that the ex-
tended function returns a uniform tuple no matter what the
value of the Boolean expression is, which makes the pruning
stage simpler.

f(v1,...,vs) and f(v1, ..., v,) perform essentially the same
computation, and thus take the same asymptotic time. In
particular, they have the same termination behavior, and, if
they terminate,

Lst(f(v1,.yon)) = f(v1, ... (12)

We then perform administrative simplifications to the re-
sulting function definitions: simplifying operations on tuples

,Un).

that are built up for passing intermediate results, unwinding
binding expressions that become unnecessary as a result of
simplifying their subexpressions, and lifting bindings out of
enclosing expressions.

The result of this stage is a set of extended function
definitions that embed the values of all function calls in the
return values.

For the functions foo and boo in Figure 1, after the exten-
sion transformation and the administrative simplifications,
we obtain the functions foo and boo as follows:

foo(z)= if z <2then <1,_,_ >
else let u; = boo(z) in

let us = foo(z — 3) in
< lst(u1)+1st(uz), ur, uz >

(13)

boo(z) = let ug = E(z —1)in
let uz; = foo(z — 2) in

< 1st(ug)+1st(uz), ur, uz >

An obvious optimization can be incorporated into the ex-
tension transformation, i.e, we introduce bindings only for
subexpressions that contain function applications. Thus,
there would be fewer tuple operations for passing interme-
diate results and fewer bindings to be unwound or lifted,
leaving less work for the administrative simplifications.

We could also make certain improvements to caching all
intermediate results. First, we can omit caching values of
function applications that are embedded in the values of
their enclosing applications, since these omitted values can
be retrieved from the results of the enclosing computations.
Also, we can omit making an extended version for a function
that does not contain function applications, and reference its
return value directly rather than having to refer to the first
component of the extended version.

The transformation &zt is similar to the construction of
call-by-value complete recursive programs by Cartwright [6].
However, a call-by-value computation sequence returned by
such a program is a flat list of all intermediate results, while
our extended function returns a computation tree, a struc-
ture that mirrors the hierarchy of function calls. The trans-
formations in this stage also mimic the CPS transformations
in some aspects [36, 23]: sequencing subexpressions, nam-
ing intermediate results, passing the collected information,



Ext[v] = <v>

&rtfg(er,...,en)] where gis corp = let vi=&rtfes] in ... let v, =Exitfen] in
< g(1st(v1), ..., 1st(vn)) > Qrst(v1)Q...Qrst(vy,)
&t f(er, ..., en)] = let vi=&rtfes] in ... let v, =Ertfen] in

let v=f(1st(v1),...,1st(vy)) in
< 1st(v) > Qrst(v1)@...Qrst(v,)@ < v >

Ert[if e1 then e, else es] = let v1 =&xtfe1] in
if 1st(v1) then let vo =~&zt[e2] in

< 1st(v2) > Qrst(v1)@Qrst(vz)QGus[es]
else let vz =£&rtfes] in
< 1st(vs) > Qrst(v1)@QGusex]@rst(vs)

Eriflet v=e; in e3] = let vi=&xtfe1] in
let v=1st(v1) in let vy =&xtfe:] in

< 1st(v2) > @rst(v1)@rst(vz)

Figure 3: Definition of &zt

and performing administrative reductions on the resulting
program. However, they are simpler than the CPS transfor-
mations since the collected intermediate results are passed
directly to the return values, rather than to continuation
functions.

5 Stage II: Incrementalization

Stage II derives a function f¢, an incremental version of fo
under @. Basically, one may identify subcomputations in
the expanded fo(z @ y) whose values can be retrieved from
the cached result 7 of fo(z), replace them by corresponding
retrievals, and capture the resulting way of computing fo(z®
y) in the incremental version fo(z,y,7). Such a derivation
method is given in [27], and, depending on the power one
expects from the derivation, the method can be made semi-
automatic or fully-automatic.

This stage is not the subject of this paper. We give
only the result of incrementalization using [27], namely, a

R . . -— . \
function foo, an incremental version of foo in (13) under

@1, such that, if foo(z) =7, then m/(z,f) = foo(z +1).

oo (z,7)
= if z <1then <1,_,_>
else if z = 2 then
<3, <2,<1,_,_>,<1,_,_>> <1,_,_>>

else <1st(F)+1st(2nd(r)),
<1st(r)+1st(2nd(2nd(7))), 7, 2nd(2rd(r))>,
3rd(2nd(F)) >
(14)
Clearly, m/(.’ﬂ, 7) computes foo(z 4 1) in only O(1) time.

6 Stage III: Pruning

Stage 111 mainly analyzes the function fy' to determine the
components of 7 that 1st(fo'(z,y,7)) transitively depends
on, as discussed in Section 3. We first depict the transitive
dependencies and address a cost issue. Then we give an algo-
rithm that computes the needed components based on a de-

pendency analysis using domain projections [42, 12]. With
this result, we prune the function fo to return only the inter-
mediate results that are useful for computing 1st(fo(z, y,7)).
In addition, we prune the function fy' to incrementally main-
tain only the useful intermediate results.

6.1 Maintaining intermediate results: tran-
sitive dependency and cost

Transitive dependency. Figure 4illustrates the tran-

sitive dependencies for the example foo under change @;.

By definitions of foo and boo and associativity of ‘+’°, we
have

foo(z+1) = boo(z+1) + foo(z—2)
(foo(:n)—l—foo(:c—l)) + foo(z—2)
= foo(z)+ (foo(¢—1)+foo(z—2))
= foo(z)+ boo(z)

Thus, to compute the value v{ of foo(z+1), m, uses the
value vy of foo(z) and the intermediate result vz of boo(z)
returned by m(x) Therefore, the corresponding value v}
of foo(z+1) and the intermediate result v} of boo(z+1) need
to be maintained. The value v of foo(z+1) has just been
considered. To compute the intermediate result v5 of boo(z+
1), m/ uses the value v; of foo(z) and the intermediate
result vz of foo(z—1) returned by foo(z). Therefore, the
corresponding value v; of foo(z+1) and the intermediate
result v5 of foo(z) also need to be maintained. Again, the
value v; of foo(z+1) has just been considered. To compute
the value vg of foo(z), m/ just uses the value v of foo(z)
returned by foo(z).

Thus, to summarize, the value vi of foo(z +1) transi-
tively depends on the components of intermediate results
corresponding to w1, vz, and vz, which are maintained as
v] = vy + v, v5 = v; + va, and v, = vy, respectively.
Other components of intermediate results are not needed
and therefore do not need to be computed or maintained;
they can be be pruned out.



foo(x):

boo(x):
+ foo(x-2) |+ foo(x-3)

<
=
<
N
<
w

foo(x+1):
boo(x+1):
+ foo(x-1)| + foo(x-2)

O
S ——

Figure 4: Dependencies for the function foo

Cost. Isit always true that the time spent in maintaining
intermediate results will not surpass that saved by using
them?

First, we consider the problem in general. Given a way
of computing a function f, let g be a function that computes
some intermediate results of f in the way f does, and let f =
{f,g). Suppose f'(z,y,r) computes f(z®y) given r = f(z),
and f’(z,y,r) computes f(:c @ y) given 7 = f(:c) Then in
general, it is not true that t(f'(:c, y,7)) < t(f'(z,y,7)). This
is mainly because f, and thus g, could be arbitrary.

But, consider the particular functions f’ and f’ derived
using the derivation approach. Suppose we compute f(:c DY)

using the cached result 7 of f(z:), and suppose computing

1st(f(z D y)), ie., f(z By), uses any common subcomputa-
tion, say g(z), of f(z @ y) and f(z), and the value of g(z)
can be retrieved from 7 but not r. Then, on the one hand,
the value of g(z@®y) needs to be maintained by f’(z, y,7); on
the other hand, if we compute f(z@y) using only the cached
result r of f(z), then f'(z,y,r) has the cost of recomputing
g(z).

Now, for intermediate results of f like the value of ¢
above, if (a) the size of y is bounded, (b) when the size of y
is bounded, the time of computing z®y is bounded, and (c) g
is at most linear-power exponentialtime, i.e., g is polynomial
time or exponential time but with linear exponent, then we

have )
t(f' (2,9, 7)) < HSf'(,y,7)). (15)

It is easy to see that the three conditions are true for all
practical and feasible incremental applications, and there-
fore, we assume that they are satisfied. To prove (15), we
notice that

t(f/(z‘,y,r)) .

< t(f'(z,y,7)) + t(zDy) + t(g9(z’)) by def.of f’ and derivation
<t(f'(z,y,r)) + t(g(x)) by conditions on y, @, and g
<t(f'(z,y,7)) + t(f(z,y,7)) by g being subcomp.of f’
<t(f'(zy,7)) by definition of ¢

We conclude that, with the conditions above, using and
maintaining intermediate results is always asymptotically at
least as fast. Therefore, in order to achieve as fast incremen-
tal computation as possible, we should compute the closure
of the transitive dependencies for maintaining intermediate
results.

6.2 Dependency analysis using projections

We first describe our use of projections to represent compo-
nents of the tuple values constructed in Stage I and manip-
ulated by Stage II. Then, we give a backward dependency
analysis that determines which components of 7 are needed
for computing certain components of fo'(z,y, 7). Finally, we
present an algorithm that computes the closure of the tran-
sitive dependencies for maintaining intermediate results.

Projections. Our domain of interest D contains L, in-
dicating a computation diverges, values d returned by func-
tions in the original program for fo, and constructed tuples
<di,...,dn >, where each d; is (recursively) an element of
D (other than L1). The length of a constructed tuple is
statically bounded, but the depth of tuple nesting may not
be bounded, since it is dynamically determined. Intuitively,
any components of a constructed tuple value can be replaced
by the dummy constant _, introduced in Stage I, if we do
not care about the values of those components. If a subcom-
putation involves _, then the result of that subcomputation
is _, but the result of the parent computation need not be
_. For any value d in domain D, L C d. For two values d;

and d2 other than L’sin D, di C dy iff

d1 = d1 = d2, or
d1 = <di1,...,d1n >, d2 = <da21,...,d2n>,
and di; C do; for i1=1..n.

A projection over the domain D is a function II : D —
D such that II(II(d)) = II(d) C d for any d € D. Three
important projections are ID, ABS, and BOI'. ID is the
identity function ID(d) = d. ABS is the function ABS(d) =
_ for any d # L. BOT is the function BOT'(d) = L.

A non-bottom projection II of interest here can be rep-
resented as a set of selection functions 7, each of which is a
sequence of 1%, 2@ .. n'™ The null sequence is denoted «.
Intuitively, if II contains a sequence ith ikﬁ{‘...ifh, then the
1xth element of the 7;1th element of the . -- of the 7;th ele-
ment of [I’s argument is selected, and if II contains €, then
all components of II’s argument are selected. A projection
II replaces those components of its argument that are not
selected with the constant _. For example {1%}, {1, 12},

and {1912 ¢} are projections, and

{1%, 1“2”[1}(< dy, <<dz11,d212 >, d22 >>)
= <di,<<d211,d212>, - >>



For convenience of presentation, we use II(;) to denote the set

{m|=i"" € I}, ie., Il; is the part of II that considers the
1th component. With the set representation, a projection
M=1D iff e €Il or Il(;y = ID for ¢ = 1..n for arguments of
I of length n. A projection Il = ABS iff I = . For II ¢
{ID,ABS}, (< di,...,dn >) = < y(d1), ..., Ly (dn) >.
For any two projections II; and IIz other than BOI"s, II; C
11, iff

II, = ABS, Il. =1ID, or
Mgy E My for e =1..n
for arguments of II; and 2 of length n.

For any projection II, BOI' C II.

Dependency analysis. To compute which compo-
nents of ¥ are needed for computing certain components of
fo(z,y,7), we apply a backward dependency analysis to the
program for fy.

Following the style of [46], for each function f of n pa-
rameters, and each 7 from 1 to n, we define f* to be a depen-
dency transformer that takes a projection that is applied to
the result of f and returns a projection that is sufficient to
be applied to the ith parameter. The sufficiency condition
that f* must satisfy is: if II; = f*II then

O(f(v1, .y iy ey o)) E fo1, .o, i(05), ...y vn) (16)

Similarly, we define €’ to be a dependency transformer that
takes a projection that is applied to e and returns a pro-
jection that is sufficient to be applied to every instance of
v in e. A similar sufficiency condition must be satisfied: if
I’ = "Il then

11(e) C efIl'(v) /0] (a7)

For a function f whose definition is f(v1,...,on) = e, we
define f'II = e”’II. The definition of e” may in turn refer
to f*, thus the definitions may be mutually recursive. We

define

e’ BOI' = BOT' and e’ ABS = ABS. (18)
For II # BOT', ABS, we give the definition of ¢”Il in Figure 5.
We can easily show that each rule guarantees sufficient in-
formation. Thus, the sufficiency conditions are satisfied by
recursion induction.

Let iz be the index of 7 in the parameters of fol. With
the above definitions, we know that fo'"II computes how
much of 7 is needed when II of fi'(z,y,7) is needed.

To compute f°'II for some f* and II, if the definition of f*
does not involve recursion, then we can compute directly us-
ing the definition. If the definition of f* involves recursion,
then the argument projections and resulting projections of
some dependency transformers may contain selection func-
tions of unbounded depth. To approximate the result, we
restrict the selection functions of the projections to be of
bounded depth d, namely, if a projection contains a selec-
tion function 15" ix . i1 but k > d, then we truncate it to
idhdh it A simple choice for the depth bound would be 1.
A more prudent choice could be the length of the longest cy-
cle that contains f in the call graph. This limits the domain
of projections to be finite. Now, to solve the recursive defi-
nitions of these dependency transformers, we just compute
the limits of the ascending chains by starting at f'II = ABS
for every f* and II and iterating using the definitions. This
always terminates since the ascending chains are finite.

Our backward dependency analysis uses domain projec-
tions to specify sufficient information, which is natural and
thus simple. Other uses of projections include the strict-
ness analysis by Wadler and Hughes [46], where necessary
information needs to be specified and thus accounts for some
complications, and the binding time analysis by Launchbury
[21], which is a forward analysis and is proved equivalent
to strictness analysis [22]. The necessity interpretation by
Jones and Le Métayer [17] is in the same spirit of our anal-
ysis, where their notion of necessity patterns correspond to
our notion of projections. While necessity patterns specify
heads and tails of list values, our projections specify specific
components of tuple values and thus provide more accurate
information.

Computing the closure of the transitive de-
pendencies. To compute the components of ¥ on which
1st(fd'(z,y, 7)) transitively depends, we start with I being
{1¥} and compute the smallest projection IT of # on which
I(fd(z,y,7)) depends, i.e., the smallest projection II such
that

{1*}C 1 and T(f(z,y,7)) C fo'(z,, (7). (19)

Of course, the projection Il = ID is always a solution to

(19). But our goal is to make II as small as possible, and

thus to avoid as much unnecessary caching as possible.
Since fo' "I computes the components of 7 on which

I(fo(z,y, 7)) depends, we define

oo = {1}
i+ o u fEne (20)

and compute the least fixed point of II. In other words, II is
the least projection that satisfies {1} C IT and fo'* 11 C TI.
We call this projection the closure projection. Note that the
above computation always terminates since folifﬂ(i) termi-
nates and returns only sets of selection functions of bounded

depth.

The time complexity of the closure computation depends
on the required size of the projection domain and the com-
plexity of the dependency analysis. Suppose d is the maxi-
mum depth of selection functions we consider, and [ is the
maximum length of the constructed tuples, i.e., the largest
number of function applications in a function definition in
the program for fo. Then the maximum number ¢ of dis-
joint components in these projections is at most {¢, which
characterizes the maximum size of the projection domain.

We estimate the complexity of the dependency analysis
in the simplest manner. Consider the program for fo'. Let
n be the number of function definitions, and a be the maxi-
mum number of parameters in any of these definitions. Then
there are at most na dependency transformers. Since an ar-
gument projection may contain any of ¢ components, there
are at most 2° argument projections to each transformer.
Thus, the number of projections f*II to be computed is at
most na2°. Now, let sf be the maximum number of trans-
formers used in a transformer definition, i.e., the number of
function applications in a function definition. Being careful,
we can recompute each f'II only when any computed projec-
tions used by f'Il changes, where each can change at most
¢ times. Thus, the total number of computations of f*II us-
ing its immediate definition is at most na2°csy. Each such
computation takes at most sc time, where s is the maximum



v?1l = 1II

w1l = ABS ifv#u

(< €e1y.eyen >)"11 = ey U .. U eplliyy

(it (e)) I = e{ri"|x e}

(g(e1,...,en))" 10 = e/ ID U.. U epID if ¢ is ¢ or p but not <> or ith
(f(e1,-..,en)) I = €J(f'I) U ... U en(f M)

(if €1 then e else e3)"Il = €] ID Uejll U e}

(let u=e; in e3)"11 = ej(esll) U eIl

Figure 5: Definition of eIl for II # BOT', ABS

size of a function definition, i.e., the number of subexpres-
sions in the defining expression, and c¢ is the time needed
to compute operations, such as union, on two projections.
Therefore, the total time is at most na2°c*ss;.

If we limit depth of selection functions to be independent
of the number of function definitions, then a, ¢, s, and sy
are all constant factors determined by the size of a function
definition. Thus the total time is linear in the number of
function definitions, although the constant factors could be
very big.

Now that the above estimate includes the computations
of all f'Il, computing the dependency closure takes at most
¢ projection unions, each taking at most ¢ time. Thus, the
total time of closure computation can be no worse than the
above bound.

Example. Applying the dependency analysis to the func-
tion m/ in (14), we get

Foo' Tl
= (z<1)"ID U(<l,_,_>)TTU
(z=2)"ID U
(<3,<2,<1, -, >,<1,, - >>,<1,,_>>)'TT U
(<1st(r)+1st(2nd(r)),
<1st(r)+1st(2rd(2nd(r))), 7, 2nd(2rd(r)) >,
3rd(2nd(r))>)"TI
= (1st(r)+1st(2nd(r )))fH
(1st(F)+1st(2nd(2nd(F)))) T(2)1) U
(1) T2)2) U (2nd(2n ( ...TH(2)(3) U

(3rd(2nd(r))) (s
For this example, since the definition of foo’2 is not recur-

. — . . .
sive, we can compute fool IT for a given II directly without
iteration and approximation. For example,

Joo” {1} = {2
Z’z{lstzwd} — {lst’ lst Z'rdznd}
Joo {rzdy?}y = {17}

which illustrates the dependencies depicted in Figure 4. Now,
we compute the closure projection:

nm = 1® u Foo 1 (1%, 14
o® = o y m’QH(l) {1St715t27d’1st2nd2rd}
o® = u® y E&H@) {1St715t27d’1st2nd2nd}

We obtain the projection {1%, 1%2™ 19 ond},

6.3 Pruning under the closure projection

We have obtained a closure projection II such that 1% € II
and II(fd(z,y,7)) C fo'(z,y,11(7)). Now, we prune the ex-
tended function fo to get a function fo such that H(fo(a:)) C
fo(:n), and prune the incremental function fo' to get a func-
tion f such that 0(fd(z,y,7)) C fol(z,y, II(7)). Setting fo
to be fo and fol to be fo would always work, but we want
to make fo(z) as close to II(fo(z)), and fol(z,y,ﬂ(f)) as
close to II(fo'(z, y, 7)) as possible, and thereby avoid caching
and maintaining unnecessary intermediate results as much
as possible.

To do this, for each expression e that defines a function
f(v1,...vn), we associate a projection with each subexpres-
sion of e indicating how much of the subexpression is needed
assuming 11 of fo (respectively fo)is needed. The definition
and computation of the associated projections can be done
in a fashion similar to the dependency analysis. For the pro-
gram for fo’ and the closure projection II, the final projection
computed associated with each variable will be the same as
computed for the variable using dependency analysis.

When the computation reaches the limit of the ascending
chain of projections, subexpressions associated with ID are
left unchanged in the resulting function, and subexpressions
associated with ABS are replaced by _. If a variable whose
value is a constructed tuple is associated with a projection
IT other than ID or ABS, then we construct a tuple with
the components selected by II filled with the correspond-
ing selections and the rest filled with _. For example, if a
variable v is associated with a projection {1%, ng"d}, and v
represents a tuple of length three whose second component
is a tuple of length two, then v is replaced by < 1st(v), <
1st(2nd(v)), - >, — >. ~

As the result of such replacements, we have II(fo(z)) C

fo (z), but not fo(z) = TI(fo(z)) as anticipated in Section 3.



Nevertheless, the resulting fo is still good enough to guaran-
tee (9). We can just project II(7) out of the return value of

fo(z). But we do have fol(z, y, I(7)) = T( fo (z,y,7)). Thus,
assuming 7 = II(7), we have (10). As a matter of fact, we in-
tend to use the function fo only once to get the initial value,
and then use the function fol repeatedly to compute all suc-

cessive values. Recall that fol incrementally computes the
desired output and the corresponding intermediate results,
as shown in (10).

Consider the functions foo and boo in (13) and m/ in
(14). After the replacements as above, we obtain
f/o\ol(:c) = ifz<2then <1,_,_ >
else let uy = booy(z) in
let uz = foo,(z —3) in

<lst(u1)+1st(uz),
<lst(u1), <1st(2nd(u1)),—,_>, —>,
>
booy (z) = let uy = f/o\ol(:n —1)in
let u; = foo,(z —2) in
<lst(u1)+1st(uz), <lst(u1),_,_>, _>
and
1 .
fooy(z, 1)
= ifz<1then <1,_,_ >
else if z = 2 then
<3, <2,<1,_,_>, <, _,_>> <_,_,_>>

else <1st(71)+1st(2nd(i1)),
<lIst(F1)+1st(2nd(2nd(1))), <Ist(i1), -, —>, _>,
_>

such that, if foo,(z) = 1, then foo; (z,71) = foo,(z +1).

A number of simplifications can be made to the resulting
functions: (a) unfolding a let expression if a binding variable
occurs at most once in the body due to some replacements
by _’s, (b) combining unnecessarily split components result-
ing from some replacements for variables whose values are
constructed tuples, (c) lifting common selection computa-
tions to avoid unnecessarily computing a compound value
and using only part of it, and (d) replacing occurrences of
lst(f(el, ...;€n)) by occurrences of f(e1,...,€xn).

Furthermore, we can eliminate _ components. But we
must be careful if such a component precedes a non-_ com-
ponent in a tuple. In particular, if £ of the components
preceding a component ¢ are eliminated from a tuple, we
must replace all uses of the selector i¢th for the tuple with
(i—k)th. This elimination needs to be done consistently for
fo and fol

These simplifications and eliminations can be fully auto—
mated. At the end, we obtain the final functions foo boo

and foo given in Figure 2.

7 Examples

Fibonacci function. We can apply the cache-and-

prune method to the definition of the Fibonacci function

fib given in Figure 1 and input change @1. The derivation

is similar but much simpler than in the case of foo, yielding

fib(z) = if z <1 then <1> ‘

else let u; = fib(z — 1) in (21)
< wur + fib(z —2), ug >

Fib (2,7) = if <0 then <1>
else if z =1 then < 2,1 > (22)
else < 1st(7)+ 2nd(7), 1st(F) >

Clearly, f/i\b/(z, 7) takes only O(1) time. Note that fib(z) =
1st(fib(z)) and, if fib(z) = 7, then fib (z,7) = fib(z + 1).
Using the definition of f/z\b above in this last equation, we

obtain a new definition for f/z\b

fib(z+1)= ifz <0then <1 >
else if z =1 then < 2,1 >
else let # = fib(z) in
< 1st(F)+2nd(F), 1st(F) >

Letting v =z + 1, we get

Fib(v)= if v <1then <1>
else if v =2 then < 2,1 >
else let # = fib(v — 1) in
< 1st(F)+2nd(+), 1st(F) >

(23)

Finally, we define fib(v) = lst(f/i\b(v)) using the definition
of fibin (23). Clearly, this computes the Fibonacci function
in linear time, as desired.

Merge sort. The definition of the merge sort function
sort is as given in Figure 1. We consider the input change
T @2y = cons(y, ).

Stage I. We cache all intermediate results of sort and
obtain

sort(z) = if null(z) then

<mil,_,_,_,_,_ >
else if null(cdr(z)) then
<1:’_’_’_’_’_ >
else let v11 = m(z) in (24)

let u; = sort(lst(vn)) in

let v2; = even(z) in

let ux = sori(1st(v21)) in

let v = merge(1st(u1), 1st(uz)) in
< lst('u), V11, U1, V21, U2,V >

where the definitions of odd, even, and merge are straight-
forward, become irrelevant, and are thus omitted here.
Stage II. We incrementalize sort under &2 and obtain

m/(y,f)
= if null(1st(r)) then
<cons(y,nil), _,_,_,_,_>
else if null(cdr(1st(7))) then
let v11 = <cons(y,nil), <nil, <nil >>> in
let vo1 = <1st(7), <1st(r), <nil >>> in
let v = merge(cons(y,nil), 1st(r)) in
<1st(v), v11, <cons(y, nil) >, va1, <1st(r) >, v>
else let v; = 4th(r) in
let vi1 = < cons(y, 1st(v1)),v1 > in (25)
let u1 = sort (y 5th(r)) in
let v2 = 2nd(7) in
let v21 = < 1st(v2),v2 > in
let uz = 3rd(r) in
let v = merge(1st(u1), 1st(uz)) in
< lst(v), V11, U1, U21, U2, U >



Stage II1. First, using dependency analysis, for II # ABS,
we have

WQH:

(null(1st(7)))" ID U ABS U

(null(cdf(lst(F))));ID U (lst(F))F(mergg{lSt}) u

(4th(m))" ((1st(v1)) " T(2y(1) U Tl(ay(2)) U
(5“1(17))7(W'Q((lst(m))”(mergel((lst(v)) 1)U Tgy)) U Tz))) U
(2nd(7))"((1st(v2))" 2H(4)(1) U Tligy(2)) Y
(3rd(7))"((1st(uz)) "2 (Merge” ((1st(v)) i1y U Ti(g))) U ()

which is recursively defined, and can be simplified for 1% €
11, yielding
—'rt/2(0) o

30'rt/2“+1)ﬂ

= ABS

={1"}u
(4th(f))T((15t(”1))”Hm(l) U Iz)2)) U
(5th(r))" (sort >V ({17} U Tl(ay)) U
(2nd(r))"((1st(v2))"*Miay1y U Hayz)) U
(3rd(r))"({1"} U T())

Limiting the depth of selection functions to 1, we compute
and obtain
o —
H(l) _ {lst 3rd 5th}
(2) {IL 3rd 5th}

Thus, we get the closure projection {1%,3™,5"}. Then, we

prune the functions sort and sorl and obtain

sorty(z) = if null(z) then

<nil,_,_,_,_,_ >
else if null(cdr(z)} then
<$’_’_’_’_’_ >

else let uy = sort(odd(z)) in
let uz = sort(even(z)) in
<merge(1st(ur), 1st(uz)), -, u1, —, uz, — >

soriy(y,71) = if null(1st(71)) then
<cons(y,nil), _,_,_,_,_>
else if null(cdr(1st(i1))) then
<merge(cons(y, nil), 1st(f1)),
< cons(y, nil) >, _, <1st(i) >, _>
else let u; = sort (y, 5th(f1)) in
let U2 = 3Td(1:1) iIl
<merge(1st(u1), Ist(u2)), —, u1, —, uz, _>

Finally, we eliminate _ components, adjust the indexing,

and obtain
sort(z) = if null(z) then < nil >

else if null(cdr(z)) then < z >

else let u; = sort(odd(z)) in (26)

let uy = @(even(z)) in

<merge(1st(u1), 1st(uz)), w1, us >

@I(y,f) = if null(1st(7)) then < cons(y,nil) >
else if null(cdr(1st(7))) then
<merge(cons(y, nil), 1st(7)),
< cons(y,nil) >, < 1st(F) >>
else let u; = sort (y, 3rd( 7)) in
let u; = 2nd(7) in
<merge(1st(ur), 1st(uz)), u1, us >

(27)
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For z of length n, merge sort sort takes O(nlogn) time.

Incremental merge sort sort takes only O(n) time, although
it uses O(nlogn) space to store the intermediate results of
the previous sort.

Attribute evaluation. Given an attribute grammar,
a set of recursive functions can be constructed to evaluate
the attribute values for any derivation tree of the grammar
[18]. Basically, each function evaluates a synthesized at-
tribute of a non-terminal, and the value of a synthesized
attribute of the root symbol is the final return value of in-
terest. Thus, for the given grammar, the set of recursive
functions takes a derivation tree of the grammar as input,
and returns the value of a synthesized attribute at the root
as output.

We consider subtree replacement as the input change,
given by a new subtree and a path from the root of the
whole tree to the root of the subtree to be replaced.

First, caching all intermediate results leads to a set of
extended recursive functions that returns an attributed tree
instead of just the value of an synthesized attribute at the
root. Then, incrementalizing the set of extended functions
under a subtree replacement is just composing a new at-
tributed tree from the old one, evaluating only attributes
whose values are affected by the subtree replacement, yield-
ing a set of incremental recursive functions.

Suppose a given batch attribute evaluation program eval-
uates each attribute only once, then the derived incremental
program computes in O(|PATH|+|AFFECTED|) time, where
PATH is the path from the root of the whole tree to the root
of the new subtree, and AFFECTED is the set of attributes
whose values are different in the new tree than in the old
after the subtree replacement [40].

8 Related work and conclusion

Caching has been the basis of many techniques for develop-
ing efficient programs and optimizing programs. Bird [5] and
Cohen [10] provide nice overviews. Most of the techniques
fall into one of the following three classes.

In the first class, a global cache separate from a subject
program is employed to record values of subcomputations
that may be needed later, and certain strategies are chosen
for using and managing the cache [28]. Work in recent years
includes [15, 29, 37]. Two trends seem obvious: studying
specialized cache strategies for classes of problems [38], and
adding annotations or certain specifications to subject pro-
grams [14, 19, 44]. A drawback of these methods is that
they are based on dynamic methods, which are fundamen-
tally interpretive and are hard to be simultaneously both
general and powerful.

The above drawback can be overcome by transforming
subject programs to integrate caching into the transformed
programs. In particular, some techniques apply transfor-
mations based on special properties and schemas of subject
programs, and they form the second class. Typical examples
of these techniques are dynamic programming [1], schemas
of redundancies [10], and tupling [7, 8, 34, 35]. A drawback
of these techniques is their lack of generality.

The third class analyzes and transforms programs under
general principles. Often, a set of rules are derived from
such principles and are used to transform programs. Ex-
amples are the conventional strength reduction technique



[3] and finite differencing technique [32] used in the APTS
system [30, 31]. Seeking more flexibility and broader appli-
cability, KIDS [43] and CIP [33] propose certain high-level
strategies, but leave the choice of which intermediate results
to maintain to manual decisions. Recently, certain princi-
ples that can directly guide program transformations have
been proposed [13, 47], but implementations based on these
principles employ heavy inference engines that are compu-
tationally exorbitant.

Our approach to the problem of program improvement
via caching is a principled approach that integrates caching
in the transformed programs. The approach is a crucial
complement to any incremental computation technique for
achieving the goal of program improvement. Among principle-
based integrated caching methods, our approach is not lim-
ited to using a fixed set of rules for program analysis and
transformations. On the contrary, we can even use our ap-
proach to derive such rules when necessary. Compared to
the general approaches advocated by KIDS or CIP, our ap-
proach is more algorithmic and automatable. A prototype
system CACHET based on our approach is under develop-
ment.

Although we present the approach in a first-order func-
tional language, the underlying principle is general and can
be applied to other languages as well, e.g., higher-oder func-
tional languages, functional languages with lazy semantics,
and especially imperative languages with complex data struc-
tures and side effects. We have given an example [26] where
the principle is applied to improve imperative programs with
arrays for the local neighborhood problems in image process-
ing [49, 51]. Further application of our principles to language
with these features is a subject for future study.
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