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Abstract

This paper describes a general and powerful method for
dependence analysis in the presence of recursive data con-
structions. The particular analysis presented is for identi-
fying partially dead recursive data, but the general frame-
work for representing and manipulating recursive substruc-
tures applies to all dependence analyses. The method uses
projections based on general reqular tree grammars ex-
tended with notions of live and dead, and defines the analy-
sis as mutually recursive grammar transformers. To guar-
antee that the analysis terminates, we use carefully de-
signed approzimations. We describe how to approrimate
argument projections with grammars that can be computed
without iterating and how to approximate resulting projec-
tions with o widening operation. We design an approzi-
mation operation that combines two grammars to give the
most precise deterministic result possible. All grammar
operations used in the analysis have efficient algorithms.
The overall analysis yields significantly more precise re-
sults than other known methods.

1 Introduction

Dependence analysis is the basis of compiler optimiza-
tions and program manipulation. Examples include
liveness analysis for dead-code elimination [3], flow
analysis for storage allocation [38], binding-time anal-
ysis for partial evaluation [25], and strictness analysis
for optimizing lazy evaluation [1]. In particular, dead
code produces values that never get used. Such code
appears often as a result of program optimization,
modification, and reuse [}?8, 3]. There are also other
programming activities that do not explicitly involve
live or dead code but rely on similar notions. Exam-
ples are program slicing [54, 46], program specializa-
tion [46], and compile-time garbage collection [27, 41].
Analysis for identifying live or dead code, or code of
similar relevance, has been studied and used widely
[10, 9, 28, 39, 3, 27, 23, 15, 29, 34, 33, 50, 46]. It is es-
sentially backward dependence analysis that aims to
compute the minimum sufficient information needed
for producing certain results. We call this dead-code
analysis, bearing in mind that it may be used for many
other purposes.

In recent years, dependence analyses have been
made more precise so as to be effective in more com-
plicated computations [53, 30, 37, 16, 41], and this
is particularly true for dead-code analysis [23, 15, 29,
33, 46, 7]. Since recursive data constructions are used
increasingly widely in high-level languages, an impor-
tant problem is dependence analysis for recursive data.
The goal of dead-code analysis here is to identify par-
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tially dead recursive data, i.e., recursive data whose
dead parts form recursive substructures. It is difficult
because the structures of general recursive data can be
user-defined, and dead recursive substructures are in-
terleaved with other recursive substructures on which
the computations are live. Several methods have been
studied, but all have limitations [27, 23, 33, 46]. Simi-
lar limitations exist also in other analyses for recursive
data [53, 30, 37, 16, 41].

This paper describes a general and powerful method
for analyzing dependencies for recursive data. We rep-
resent partially dead recursive data using projections
based on general regular tree grammars extended with
notions of live and dead. The analysis is defined as
mutually recursive grammar transformers that cap-
ture exact backward dependencies. To guarantee that
the analysis terminates, we use carefully designed ap-
proximations. We describe how to approximate ar-
gument projections with grammars that can be com-
puted without iterating and how to approximate re-
sulting projections with a widening operation. We de-
sign an approximation operation that combines two
grammars to give the most precise deterministic re-
sult possible. All grammar operations used in the
analysis have efficient algorithms. The overall analy-
sis yields consistently more precise results than other
known methods.

The rest of the paper is organized as follows. Sec-
tion 2 describes a programming language with recur-
sive data constructions. Section 3 discusses how to
represent partially dead recursive data. Section 4 de-
fines the analysis as recursive grammar transform-
ers and proves its correctness. Sections 5 presents
three approximation operations that together make
the analysis precise and efficient. Section 6 discusses
applications, extensions, and efficient algorithms for
implementations. Section 7 compares with related
work and concludes.

2 Language

We use a simple first-order functional programming
language. The expressions of the language are:

en=v variable
| cleryen) constructor application
plel,....;en) primitive function application
fleiy...,en function application

| if e1 then e else e3
| letv=e;ines

conditional expression

binding expression

Each constructor ¢, primitive function p, and user-
defined function f has a fixed arity. If a constructor ¢
has arity 0, then we write ¢ instead of ¢(). New con-
structors can be declared, together with their arities.
When needed, we use ¢ to denote that ¢ has arity n.
For each constructor ¢ declared, there is a primitive
function ¢? that tests whether the argument is an ap-
plication of ¢; if n > 0, there is a primitive function



c; for each ¢ = 1..n that selects the ith component in
an application of ¢. A program is a set of mutually
recursive function definitions of the form:

f(vi,...,vn) =e (1)

together with a set of constructor declarations, and
a function fy that is to be evaluated with some in-
put £ = (x1,...,2,). Figure 1 gives some example
definitions, assuming constructors n4l® and cons? are
declared. For ease of reading, we write null for nil?,
car for consy, and cdr for cons; in programs.

odd(z) : return elements of z at odd positions
even(z) : return elements of x at even positions
odd(z) if null(z) then nil

else cons(car(z), even(cdr(z)))
even(z) = if null(z) then nil

else odd(cdr(z))

I

cut(n,l) : for n >0 and I longer than 2n + 1,
take 2n + 1 elements off the head of [,

then put n on the head

cut(n,l) = if n =0 then cons(0,cdr(l))
else cons(n, cdr(cdr(cut(n — 1,cdr(l)))))

Figure 1: Example function definitions

This language can have either call-by-value or call-
by-name semantics. Well-defined expressions evalu-
ate to constructed data, such as cons(3,nil). We use
L to denote the value of undefined (non-terminating)
expressions. Since a program can use data construc-
tions c¢(ey, ..., e,) in recursive function definitions, it
can build data structures of unbounded size.

There can be values, which can be subparts of
constructed data, computed by a program that are
not needed in obtaining any outputs of the program.
To improve program efficiency, we can eliminate such
dead computations and use a special symbol _ as a
placeholder for the value of such a computation. A
constructor application might not evaluate to _ even
if some arguments evaluate to _. A primitive function
application (or a conditional expression) must evalu-
ate to _, or L, if any of its subexpressions (or the con-
dition, respectively) evaluates to _. Whether a func-
tion application (or a binding expression) evaluates
to _ depends on the values of the arguments (or the
bound variable, respectively) and how they are used
in the function definition (or the body, respectively).
If the language is call-by-value, then the resulting pro-
gram terminates with the correct value whenever the
original program does; if the language is call-by-name,
then the resulting program terminates with the correct
value exactly when the original program does.

3 Representing partially dead recur-
sive data

Projections. Domain projections [47, 20] can be
used to project out parts of data that are of interest
L53, 30, 37, 46], in our case, the live parts. Let X

e the domain of all possible values computed by our
programs, including | and values containing _. For

all values z in X, L C z; for two values z; and z-
other than L,

r1 Cxe if xp=_, or 1 =2, or
z1 = c(T11, ., T1n), T2 = c(T21,---yT2n), (2)

and z1; C x9; for ¢ = 1..n.

A projection is a function 7 : X — X such that 7(z) C
z and 7w(n(z)) = «w(z) for all z € X. Two special
projections are ID and AB. ID is the identity function:
ID(z) = z. AB is the absence function: AB(z) = _
for all z # 1, and AB(L) = L. To project out parts
of a constructed data ¢™(z1, ..., 2, ), we use projections
denoted Tin(71, ..., 7)), and we define:

T (170 (&) = {i"(ﬂl(zl),---mn(wn)) if 2= ¢ (a1...2n)
(3)

If a constructor ¢ has arity 0, then we use 7. in place
of T(). For example,

Teons(AB, Teons(ID, AB))(cons(0, cons(1, cons(2,nil))))
= cons(—, cons(l,_

To summarize, a projection is a function; when applied
to constructed data, it returns the data with the dead
parts, i.e., parts corresponding to AB, replaced by _.

Grammar-based projections. Regular tree
grammars have been used to describe recursive sub-
structures and other data flow information [26, 36,
37, 5, 48, 14, 46]. We describe partially dead recur-
sive data using projections that are represented using
regular tree grammars. A regular-tree-grammar-based
projection G, called regular tree grammars for short, is
a quadruple (7, N, P, S), where 7 is a set of terminal
symbols including ID, AB, and T, for all constructors
¢, N is a set of nonterminal symbols N, P is a set of
production rules of the forms:

N=1ID, N = AB, or N = Tin(Ni,..,N,), (4)

and S is a start symbol. The language Lg generated

by G is the set {r € 7*|S =g 7} of sentences. The
projection function that G represents is:

G(z) =U{n(z)|r € La}- (5)

where L is the least upper bound operation for C. It’s
easy to see that G(z) is well-defined for z € X. We
overload ID to denote the grammar that contains a
single production § = ID, and overload AB to de-
note the grammar that contains a single production
S = AB. For ease of presentation, when no confusion
arises, we use the start symbol, with associated pro-
ductions when necessary, possibly in compact forms,
to denote a grammar-based projection. For example,
{8 = T | Toons(AB, S)}, which is a grammar with one
production in compact form, projects out a list with
only its spine but not any elements.

For convenience, we extend regular tree grammars
to allow productions of the forms:

N=N' or N=TA(N"), (6)

where terminal symbols 7;- are for selectors c;, and we
define:

Tefm) =

T if 1 =Tn(m1,y .0, ) (7)

ID if r =ID
AB  otherwise



Given such an extended regular tree grammar G that
contains productions of the forms in (4) and (6), we

can define a relation = to shortcut productions of the
forms in (6):

N = R iff N = Ris of a form in (4), or
N = N'and N' 2 R, or
N = LAN'"),N' % Tn(Ni,..., Np), and N; = R.
(8)
Then, we can construct a regular tree grammar G’ that
contains only productions of the forms in (4) such that
Lg = Lgr. The construction and proof are similar to
when only the selector form is used [26]. Hereafter,
we simply call an extended regular tree grammar a
regular tree grammar.

Grammar abstract domains. Program analy-
sis associates abstract values, such as grammar-based
projections, with particular indices, such as functions,
parameters, and subexpressions. A projection associ-
ated with an index indicates how much of the value
computed at that index is live.

Let 7 be the set of indices, and G be the set of
regular tree grammars. Define an abstract domain
D =171 — G. To compare two regular-tree-grammar-
based projections G1 and G2, we define:

G1 <Gy iff Vm € Lg,, 3w € Lg,, m1 < T2, (9)

where for two sentences m; and w2, we define (over-
loading <):
m1 <my iff mp= AB, or mp = ID, or
1= (M1, T1n), T2 = T{M2150.5,720), (10)
and 71; < mo; for i = 1..n.

This ordering is decidable because, given G and G,
we can construct G and G such that G < Gy iff
Lg; C Lgy, and the latter is decidable [19, 4]. The
construction of G(for i = 1,2) from G; and G2 has
three steps; assuming nonterminals are renamed so
that those in GG; are distinct from those in Ga:

1. Let G}, = G;.

2.If N = ID € P;, then add to P} the pro-
duction N = AB and the productlons N =
Ten(N1, ..., Ny) for all terminals T;» and nonter-
minals Ny, ...,Nn used in P; or Ps.

3. If N = Tin(Ny,...,N,) € P; for any terminal Tox
and nonterminals Ny, ..., N,,, then add to P] the
production N = AB.

It is easy to see that
if G1 < G2, then Vz(G1(z) C Ga(x)). (11)
The converse is not true, e.g.,

G1 {S = Tc'onséID,ID)}y and
G S = Teons(ID, AB) ‘ T:ons(ABa ID)}

form a counterexample.

We can compute the least upper bound G V Gs
of two grammars G; = Tl,/\/p P1,51) and Gy =
(75, /N2, Ps, Ss); assuming nonterminals are renamed
so that those in G are distinct from those in G2, and
S is a nonterminal not used in G or Go:

G1VG2e = (7-1 U7s, NlUNQU{S}, 'P1UP2U{5351,S$52}, S)
(12)

We say two grammars G1 and G2 are equivalent iff
G1 < G2 and G2 < G1. We reason about grammar
orderings modulo this equivalence.

The ordering (9) can be extended in a pointwise
fashion (with respect to elements of 7) to the domain
D. Note that this (pointwise) ordering does not form
a complete partial order.

We use CON to denote the grammar with produc-

n

-~ ——
tions S = Tn( N,...,N) for all possible constructors
c¢" and N = AB. Given a grammar G = (7, N, P, S),
we use G.: to denote the part of G restricted to the
ith component of a ¢" structure (¢ < n); assuming S;
is a nonterminal not in used in G:

GC,T = (Ta NU {Sl}’ PU {Sz = 121—(5)}, Sz) (13)

and we use G, to denote using G as the ith component

of a ¢ structure (i < n); assuming Sy is a nonterminal
not used in G:

Ge; = (T, NU{So},
i—1 n—i (14)
—_—— ——
PU {Soé En(N,...,N,S, N,...,N), N:}AB}, So)

For example, if nil and cons are all possible construc-
tors in values computed in a program, as we assume
for functions odd and even, then

CON = {S = Tt | Lons(AB, AB)}.
If G = ID, then
Gcons— = Gconsf =1ID

1
Gcon31 = is = Tc'onsng,ABgl
consy — S = Teons ABle

4 Analyzing partially dead recursive
data

We develop a backward analysis that, given how much
of the value of a function f is live, computes how much
of each parameter of f is live. The analysis is based
on projection transformers.

Transformers for grammar-based projec-
tions. We use f? to denote a projection transformer
that takes a projection associated with the result of f
and returns a projection associated with the ith pa-
rameter; f° must satisfy the sufficiency condition: if
G; = f{(G), then

G(f(01y V5, ooy Un)) E f(01, ey Gi(v5), -y 0n) (15)

for all values of vy, ...,v,. Similarly, we use €’ to de-
note a projection transformer that takes a projection
associated with e and returns a projection associated
with every instance of v in e; a similar sufficiency con-
dition must be satisfied: if G' = ¢?(G), then

G(e) C €[G'(v) /] (16)

for all values of the variables in e.

For a function definition f(vy,...,v,) = e, how
much of the ith parameter is live in computing the
value of f is just how much of v; is live in computing
the value of e. So, we define f*(G) = €% (G) for each
f and 4, and define e¥ based on the structure of e,



possibly referring to the f%’s, thus forming recursive
definitions. We define:

e?(AB) = AB. (17)

For G # AB, we define €?(G) in Figure 2. Rules (3)-
(5) handle data constructions; as a special case of (3),
for a constructor ¢ of arity 0, the right hand side is AB.
Rule (6) applies to all primitive functions other than
selectors and testers. Rule (7) is the recursive defini-
tion using f¥’s. Rule (8) follows from the semantics
of conditionals. Rule (9) follows from the semantics
of bindings, assuming u # v after renaming. We

(1) v(G) =G

(2) u?(G) =AB ifu#vw

(3) (c(e1, s en))"(G) =e"(Gep) V. Ven” (Gey)
(4) (c;(e)*(@) =e"(Ge;)

(5) (c?(e))*(@) = ¢"(CON)

(6) (q(e1, - €n))*(G) =e"(ID)V ... Ven " (ID)

(7) (f(e1, s €0))"(G) = e’ (f{G) V... V e’ (FY(G))
(8) (if e1 then ez else €3)"(G) = e1(ID) V e2¥(G) V e3¥(Q)
(9) (let u=e1 in €2)*(G) = e1’(e2%(Q)) Ve2?(Q)

Figure 2: Definition of ¢?(G) for G # AB

can easily show by induction that each transformer is
non-decreasing.

Theorem 4.1 Transformers fi and e satisfy the suf-
ficiency conditions (15) and (16), respectively.

Proof: Each rule guarantees sufficient information,
and thus the sufficiency conditions are satisfied by in-
duction. As an example, we show this for rule (3).
First, we show that

Gleler, ren)) C e(Ges (@), Ge (en).  (18)

By definition of G in (5), we only need to show
Vi € Lg, 7(c(e1, - en)) B c(Ges(e1), ., Gz (€n))-
We show this in each of the three possible cases below.
Let 7 € Lg.
1. If 7 = ID, then by definitions of G, in (13) and
T;-in (7), we have ID € Lg,_. Then,
7r(c(el,. en)) =cler,...,en) = C(Gci (e1),...,Ge; (en))-
2. If 7 = Tm1, ..., ™), then by definitions of G in
(13) and T; in (7), we have m; € Lgci_. Then,

T(clersen)) "XV elrler) mnen) © Gy €1),sGey on)-
3. For other T, r(c(el,...,en))by(3)

Now, we show the induction for the case of rule (3),

e, if (i) G} = €;"(G.;) and (i) G' = V., G}, then
G(c(e1, ... en)) E c(e1, ...,en)[G'(v)/v], as requlred by
(16). We have

Ge; (€i) T ei[Gi(v)/v] T &[G (v) /v, (19)

1 |: C(Gc (81), ,Gc ( n))

where the first ordering is by (i) and induction hy-
pothesis, and the second ordering is by (ii) and
implication (11). Combining (18) and (19) yields
G(C(ela "'7en)) C C(eb .._,en)[GI(U)/@]. O

Example 4.1 For the functions odd, even, and cut in
Figure 1, we obtain the following definitions:

odd! (G) = CON Vv (GconsT)consl \ (evenl(Gconsi))consz
even!(G) = CON V (0dd' (G))consy
CUt2(G) = (Gcons,‘;)consg \ (CUt2(((Gcon35)consg)consg))consg

For example, odd'(ID) computes how much of the
(first) argument of odd is live, cut?(ID) computes
how much of the second argument of cut is live, and

cut®({S = Toons(AB, AB)}) computes how much of the
second argument of cut'is needed to return a cons
structure.

Computing transformer applications. To
compute f&°(Gy) for some fi° and Gy, if the definition
of fg“ does not involve recursion, then we can compute
directly using its definition. If the definition involves
recursion, then we can start at the bottom element for
every fi, i.e., fi(0) = \G.AB, and iteratively compute
fik+1)g ysing the values of f¥(¥)’s until all involved
values stabilize. Here, fi(k+1) is the approximation
in iteration k + 1 to the value of f. However, this
iteration may not terminate, for two reasons.

First, computing certain fi*(*1)(G) may involve
computing fi1(9(Gy) for a new Ga, and fi'(Gs)
must stabilize before fi'(G;) can, but then simi-
larly we may need to first stabilize fi*(G3), fi*(G4),
and so on, and this may never terminate. For
example, to compute cut?(ID), we need to com-
pute cut?({S = Toons(AB, Toons(AB, ID))}), cut?({S =
Teons(AB, Teons(AB, Toons(AB, ID)))), and so on, even
though we can see that the result seems to stabilize
at {S = Toons(AB, lD)} In the table below, each col-
umn contains successive approximations to the result

of applying cut? to the projection at the top of the
column.

cut?[ID {5 = Toons(AB, [{S = Teons(AB,
Teons(AB,ID))} Teons(AB,
Teons(AB,ID)))}
©) [[AB AB AB

O {S = Tons(AB, ID)}/{S = Téons(AB, |...
Teons(AB,ID))}
@) {S=Teons(AB, ID)}|...

Also, to compute cut?({S = Toons(AB, AB)}), we need
to compute cut?({S = Tons(AB, Tions(AB, AB))}),

cut?({S = Toons(AB, Toons(AB, T ons( AB, AB)))), and so
on; the result does not even stabilize:

Second, even if f;* needs to be computed on a finite
number of arguments, the resulting approximations
of, say, fi*(G1) may be a strictly increasing chain of
grammars with no limit. For example, the resulting



approximations of odd! (ID) and even! (ID) are strictly
increasing:

[ [ledd™(ID) [[even' (ID) |

O AB AB

WN{S = Tyt | Teons(ID, AB)} [[{S = Tnit | Toons(AB, AB)}

S = Tyt | Teons(ID, N), [[{S = Tit | Teons(AB, M),
N= I;m'l ‘Tc'ons(ABvAB)} M= ];Lil ‘Tc'ons(ID;AB)}

There are three standard ways to guarantee termi-
nation of the iteration: using finite abstract domains,
using finite transformers, or using approximation op-
erations. Appropriate finite abstract domains can of-
ten be obtained for various applications of the analy-
sis, and they can provide sufliciently precise analysis
results on a per-program basis. We have studied this
method and applied it to caching intermediate results
for program improvement [33]. Finite transformers
can be obtained by restricting them to be written in a
specific meta-language [14]. This meta-language cor-
responds to a restricted class of regular tree grammars
extended with selectors [26, 14] and can be rewritten
as a set of constraints [21, 22, 14]. This is essentially
a masking of the explicit use of an approximation op-
eration, called widening, when defining transformers
[14]‘. Approximation operations provide a more gen-
eral solution and make the analysis framework more
modular and flexible. We describe three efficient ap-
proximation operations that together allow our analy-
sis to give more precise results than previous methods.

5 Approximation operations

Approximating argument projections. The
goal is to guarantee that computing a transformer
application f¢{(G) does not make f! run into in-
finitely many new arguments. We compute fi°(Gy)
in an on-demand fashion, i.e., we demand to compute
fi0)(Gy), fio()(Gy), and so on, one in each iteration,
and if, during the computation of £i°(*)(Gy), the value
of fi*(k1)(@,) is needed but is not computed yet, then

we recursively demand to compute the latter. We use
two data structures:

1. For each transformer f?, we keep a list of all ar-
guments on which it has been called.
2. For each k, we keep a stack of all transformer

applications needed in computing fg'°<'~‘> (Go).

If, while some f{*(¥1)(G,) is in the stack, we need to
recursively call f{*(°)(Gs) for a new argument G» to
1", then we will make sure that evaluating f;* k1)(Gy)
does not make f;! run into infinitely many new ar-
uments. As a safe case, if size(G2) < size(G1)
or a given well-founded measure size, then we con-
tinue normal on-demand evaluation. Each regular tree
grammar corresponds to a finite tree automata, which
can be minimized [19], so we can use the number of
states as the measure.
If size(G2) £ size(Gy), then we obtain, symboli-
cally, from G; and the definitions of the transform-
ers currently on the stack starting from f*(¥1)(Gy),

a grammar G that is a sufficient approximation of
G1, G2, and possible future arguments following this
cyclic path of recursive calls in the call graph, and
we use f{*(F)(G)) in place of f{*¥)(G,) for all k. We
construct G as follows.

1. Follow the calls from f{*(*1)(Gy) to f{*(9)(Gs)
on the stack. List the definitions of all f%’s
called, each definition being of the form fi(G) =
o f'T(G")...., where calls to fi and f" are consec-
utive on the stack; the first definition in the list
is that of fi*, and the last definition contains the
corresponding recursive call to ffl.

2. Let S denote the start symbol of G in the first
definition f*(G) = ..., and let S’ denote the
start symbol of G’ in the last definition ... =
o J1H(G").... Represent S' symbolically in terms
of S by following syntactically the definitions of
the f’s and obtain {S'= ..., ..., ...=...5...}.

3. Let S; denote the start symbol of Gy, and define

1 ={S = 851, S = S'}, where the productions

for S are as in G and the productions for S’ are
as obtained from Step 2.

This construction takes at most linear time in the size
of the program since it follows the function definitions
syntactically and visits each piece of code at most
once.

We have G1 < . Since the transformers are non-

decreasing, we have fi*()(G,) < fi*®)(GY) for all k.
Therefore, using G} is a conservative approximation
of using G1, so the sufficiency conditions still hold.
Also, in computing fi*¥1)(G"), the recursive call cor-

responding to fi*(?)(G3) will have the same argument

!, and thus there will not be growth of argument pro-
jections following this cyclic path in the call graph. In
particular, if G1, G2, and possible future arguments
form an increasing chain, then G} is the least upper
bound; if Gy, G2, and possible future arguments form
a decreasing chain, then G is a conservative approx-
imation that equals Gy but is greater than the rest.
Since, in the call graph, there are a finite number of
simple cycles starting at any transformer (regardless
of the argument), the above approximation prevents

the evaluation of fi*(*1)(@;) from making f{* run into
infinitely many new arguments.

Example 5.1 Consider the transformer cut? in Ex-
ample 4.1. Let S be the start symbol for G, and S’ be
the start symbol for G = ((Gcons;)conss )conss, then

S, :>180’I’LS(-AB!M)’ Mé%ons(ABsN)a Ninonsi(s)-

In computing cut?(ID), the stack contains cut*(") (ID)
and cut®©) ({S = Toons(AB, Toons(AB, ID))}). We have
G1 = ID; we obtain G} = {S = ID, S = S'} = ID.
We see that cut?(G') reaches a fixed point after two
iterations:
[Leut® [[ D [ Gy |

© 1 AB same as left
M {S = Tions(AB,ID)} | same as left
[©) {S = Teons(AB,ID)} | same as left




In computing cut?’({S =
G1 = {S = T.ons(AB, AB)}; we obtain Gf = {S =
Iéons(ABaAB); S = Sl} = {S = Téons(AB;ABH
Tons(AB, S)}. We see that cut?(G}) reaches a fixed
point {S = Tons(AB, AB) | Toons(AB, S)} after three it-
erations.

Toons(AB, AB)}), we have

Approximating resulting projections after
each iteration. To guarantee that all needed

fY(G)’s stabilize after a finite number of iterations, we
use a widening operation. The idea of widening Was
first proposed by Cousot and Cousot [12]. A widening
operation G; V Gy of two grammars G; and Gy has
two properties:

1. G1 <G1 VG and Gy < G1 V Go.

2. For all increasing chains G, ..., G®) G(k+1),
in the abstract domain, the chain GV =GO, |
GV =gV (k) g G-+1) | eventually stabilizes.

To compute féo (Go), we compute

ZO Y ©) (GO) AB, and 20
fzov(k+1)(G )_ lov(k)(G )vfzo(k+1)( ), ( )
where f°y o (k+1) (Go) is computed in an on-demand fash-

ion in the same way as fi(*+1)(Gy) except using the
values of fi'(®)’s rather than fi(®)’s, until all needed

fi'(G)’s stabilize. This approximates the possibly
non-existing fixed point, forcing the iteration to termi-
nate while guaranteeing that the sufficiency conditions
are satisfied.
Widening operations have been defined implicitly
4, 48] or explicitly [14] for regular tree grammars.
he idea is to enforce the use of deterministic regular
tree grammars, é.e., grammars that do not produce
N 2 c*(Ny, ...,Nn) and N & ¢*(Nj,...,N!) with
N} # N; for some i. For grammars with productions
only of the forms in (4), this means that the gram-
mars do not have two different productions of the form
N = ¢*(Ni,...,Np) and N = ¢*(Ny,...,N/}). Find-
ing an appropnate widening operation is difficult. For
example, while trying to use the intended widening op-
eration proposed by Cousot and Cousot [14], we found
that it does not satisfy the second property above. We
describe below an appropriate widening operation that
we have developed.

To facilitate widening, for every f*(G) used in the
iteration, we associate a unique tag with its initial
value AB. Also, after each iteration, we turn the re-
sulting projection into an equivalent grammar with
productions only of the forms in (4).

The algorithm for computing G V G2 consists of
repeatedly applying to G = G1 V G2 the following
three steps:

1. Replace productions N = T{N;1, ..., Ni,) for
i = 1.m where m > 1 with productlon N =
T(Nl, .,Np) and productions N; = N;; for
i = 1..m and j = 1..n, where Ny, ...,Nn are non-
terminals not used in G.

2. For each Njj;, then replace all its occurrences in
all productions by N;. If N; = AB;,g, replace all
occurrences of ABy,, in all productions by N;.

3. Simplify the resulting grammar, i.e., eliminate
useless productions such as M = M or M; = M,
where M; is not reachable from the start sym-
bol. Note that an untagged AB may be simplified
away, but an AB,,, is a special terminal that can
not be simplified away, e.g., N = AByq, | T5i can
not be simplified to N = T,;.

Each iteration makes one nonterminal N in G7 and G2
occur on the left hand side of one production of the
form N = T,(Ny, ..., N,). Therefore, at most O(N7 +
N>) iterations are needed.

When the overall calculation terminates, simply re-
move the tag on any remaining tagged AB

Example 5.2 For the odd and even example, we
compute

oddlv(k"‘l)(ID) = odd" ¥ *)(ID) ¥V odd* ¥ +1 (D),

even!” *+1)(ID) = evenlv(k)(ID) v evenl(k+1)(ID)
They stabilize after four iterations. The widenings for
computing odd"* k+1) (ID) are given in detail.

[ llodd'y (D) [leverty )| 0da* ¥ (1D) [leverVan)]
© AB, AB,
O[S = Toa| S = Ta| [[[{S = ABo Tt | Teoma(ID,AB) Y| {S => AB..|
Teons(ID, || Teons(AB, Tnit |
e o Teons(ID,
o
@S = T.u||{S= T.ul|||combine productions for S: [[{S=AB.|
Teons(ID, || Tions(AB,|||{S = AB, ‘Tml‘Tmns(ID Ny), T |
s M), Ny = AB. | N Teons(AB,
N=AB, || M=aB || V= AB.|Tit | Teons(AB,AB,) Y| M),
Tt | Tnat | replace AB. and N by Ni: || M1=T,;|
Teons(AB|| Teons(ID,||[{S = ABo| Tnit | Teons(ID,N1),|| Teons(ID,
ABO)} AB. N1 :>'1;“'1|'1;(,"5(AB,ABC)} ABe)
@ll{s =T, | |{S= T.u||[|combine productions for S: [[{S= Tl
Teons(ID, || Teons(AB,|||{S = ABo|Thit|Teons(ID,N3), || Tions(AB,
o R |
No > AB.||| My=AB, | N1 2 fit Tend AR 8B0): || aty |
Tt | Toit | 2= AB., nzllcans( ) Teome( ID
nil nil M=T il (ID )} cons 3
Teons(AB,|| Tions(ID, mil | Teons S)}
s s regv)laczé\’l 7;2.nd711\12 b}’DNj%f.
M= T ||| N = Tha {N3:>:> Tmz‘ |"ﬁ(‘m§€“( 3)s
Teons(1D, %ﬁnsQfo N3 =AB,|T,; |nons(AB M)
b e M = T | Teons(ID, AB.)}
combine productions for Nj:
{S = AB,|T,s1| Teons(ID,N3),
N3 =AB.|T,u IT:OM(AB M),
M1 = AB, |
M = Tha \ﬂons(lD AB.)}
replace AB, and M by Mq:
{s :>M11|7;L11|720ns(ID7N3),
N3 =AB.|Thi1| Teons(AB,Mu),
Mll :>’Tnil "Iéons(IDa ABe)}
combine productions for S:
{S = Tha \Eans(lD Ny),
N4y = N3 |
N3 =AB.|T,a |Tcons(AB My),
M :>'1;nt\Tcans(ID AB.)}
replace N3 and AB. by Ny:
{S = Thal "I::ons(IDa N4)7
Ny = Tnir | Teons(AB, M11),
M1 = Tha | Teons(ID, Na)}
simplify:
{S = T’nil "I::ons(IDa N4g7
Ny = Tni | Teons(AB, S) }
@l... {S = Thi | Teons(ID, Na), same as
Na = Tha | nons(AB, S } above




This widening operation leads to iterations that al-
ways terminate, for two reasons. First, by Step 1,
the number of productions for a nonterminal is finite,
since the number of constructors in a given program
is finite; also, each production has a finite right hand
side. Second, by Step 2, the number of nonterminals
is bounded, because more nonterminals are introduced
only when the resulting projections grow as a result
of recursive calls, but the replacements in Step 2 force
the values of recursive calls to be approximated using
existing nonterminals.

In particular, if the definition of f;°(Gy) forms
recursive equations that involve only a finite set
of fi*(G1)’s, then the corresponding grammar G’,
formed from these recursive equations by associating
with each fi*(G1) a unique nonterminal, is the least
fixed point of the equations. For example, the defini-
tions of odd' (ID) and even! (ID) form recursive equa-
tions using only themselves. If we associate N; with
odd' (ID) and N, with even!(ID), then we obtain:

Oddl SID) = {Nl = I;u'l |Eons(ID;N2)y N2 = q;w'l ugons(ABy Nl)}
even (ID) = {NQ =T ugons(AB;Nl); Ni=Thy uzons(ID’ N2) }

To prove this, assume G” is the least fixed point. No-
tice that any sentence generated by G' must be gen-
erated by G". Thus, by definition, G' < G", i.e., G’
must be the least fixed point. This result allows us
to obtain the least fixed point without the iterative
computation. Our widening operation gives precisely
this least fixed point too.

Approximating resulting projections within
each iteration. To make the analysis more pre-
cise, we developed another approximation operation
G1V Gs for two deterministic grammars G; and Gs.
G1V Gy is the most precise deterministic grammar
above G; and Gs, i.e, G; < G1V Gy and Gy <
G1V G5 and, for all deterministic G such that G; < G
andGQSG G1V Gy <.

The algorithm for computing G1 V G2 consists of
repeatedly applying to G = G1 V G2 the following
three steps:

1. Replace productions N = Z for all Z with pro-
ductions N = R for all R such that N = R.
Replace productions N = Ty(N;,..., Ny,) for
i = 1,2 with production N = T(Ny, ..., N,) and
productions N; = N;; for i = 1,2 and j = 1..n,
where Ny, ..., N, are nonterminals not used in G.

2. For each Nj, if there is a nonterminal N; not in
G1 or G such that NJ = N;; for i = 1,2, then
replace all occurrences of N; by Nj.

3. Simplify the resulting grammar, i.e., eliminate
useless productions such as M = M or M; = M>
where M; is not reachable from the start sym-

bol. Note that AB’s may be simplified away, e.g.,
N = AB|T,; may be simplified to N = T,,;.

Each N;; involved is a nonterminal in G; or Gbs.
Therefore, at most O(N1N3) iterations are needed.
Note that this is also the order for the size of the
resulting grammar. So, this algorithm is optimal in
this sense.

Example 5.3 Suppose grammar G1 projects every
second (2nth) element in a list, and grammar G
projects every third (3nth) element:

Gi= {Sl Thit A=Thy, }
Sl :>720ns(AB A) A:>Téons(ID; Sl) ’

Goe {S = Tnits A1=Thg, Az =T, }
2= 52 = Tc'ons(AB Al) A1:> %O’I’LS(ABy AZ); A2 = Ecns(ID; 52)
G never uses the 2n+1th elements, and G5 never uses
the 3n 4 1th and the 3n 4 2th elements. Combining
them as below (where index 45 indicate iteration ¢ and

step j, we obtain G = GG1 V (3, which never uses the
6n + 1th and the 6n + 5th elements.

[ij][combine obtain |

S= 51 =T S= 51 :>1::m AB A) [S=T.u, B=A,
S=S2=>Th0’ S= Sy :>Tcom AB A S :>Tmm(AB B),B =A;

B=>A=T,y B=>A=T..n(ID,S1) =51,
B=A1 =T’ B=>A1 = Tions(AB, A») B :>TCOM(ID o), C :>A2

C =81 =T C =51 =Tons(AB, A) {c =T,

11

21]

D=
Bl C =45 ST C S Az STopmo(ID, S2) {C =>Teons(ID, D), D:>s2

D=>A=T,y D=>A=Tons(ID,S1) [JD=>T;, E=51,
D=8 5Thit? D=>S5 5 Tmo( AB, A1) \D >Toons(ID, E),E >A1

51| E=S1 = Tha E =51 5 Lons(AB A) |E =T, F=A,
E=A1 5T’ E=>A1 = Tons(AB, A2) | E = Tions(AB, F),E —An

F=3A=T,y F=A=T.n(ID,S1) JF=>T,, G =51,
F=As =T F=Ay 5Teons(ID, S2) | F =Teons(ID, G), G:>52,

62 replace all occurrences of G by S, i.e.,
replace F = Toons(ID, G) by F = Tions(ID, S).

41

61

Simplifications at each step are straightforward and
thus are not shown explicitly. We obtain:

G = S = Tn, B = Ty, C= Ty,
S = Teons(AB, B), B = Ig,ms(ID C), C=> Jzom(ID D),
D = Tpy, E= Ty, F= T,
D = Tions(ID, E), E=> Tions(AB, F), F = Tions(ID, S)

We can now use V in place of V everywhere in our
analysis. Since G1 V G2 < G1V G2, the sufficiency
conditions still hold. Moreover, even though G V G,
may be a less precise grammar than G; V G when
used within one iteration, when combined with the
widening operation after each iteration, which gives
a much less precise deterministic grammar, the over-
all analysis result is more precise than not using the
G1V G operation. To see this, suppose we compute
a transformer application and start with AB. If we ob-
tain G = G1 V G4 from the first iteration, where G
and G2 are as in Example 5.3 above, then widening
ABV G returns G. If, on the other hand, we obtain
G' = Gy V G2 as defined in Section 3, then widen-
ing ABV G' returns {S = Ty |Toons(AB,N),N =
Tnil Téons(lDa N)}

hese approximation operations are designed for
fully general regular-tree-grammar-based projections.
Applying them allows us to approximate the possibly
non-existing fixed points and at the same time obtain
very precise analysis results. The resulting grammars
are not from any fixed abstract domain; they are based
on the argument projections and the program struc-
tures.

6 Discussions

Our analysis framework for recursive data is general
and powerful. The analysis has many applications and
can be extended to handle other language features. It
can be implemented using efficient algorithms.



Applications and extensions. Typing. Our
analysis infers a kind of type information that helps
understand and check programs. If a projection G is
associated with a variable, then that much of the data
is possibly needed. In any particular run, less than G
could actually be needed, but otherwise the data must
be consistent with G. This information also indicates
dead data whose type is not of interest. In the pres-
ence of recursive data types, it determines partially
dead recursive types.

Slicing. Starting at a particular index in the pro-
gram, not necessarily the final result of the entire pro-
gram, the analysis helps slice out data and computa-
tions that are possibly needed for that index. This is
called backward slicing ][54], and it helps debug and
reuse program pieces. It can also be regarded as a
kind of program specialization with respect to pro-
gram output [46].

Dead-code elimination [3] is a straightforward appli-
cation of our work. Based on how much of the return
value of a function f is live, we can analyze not only
how much of each parameter of f is live, as described
in Section 4, but also how much of each subexpression
in the definition of f is live, in a similar way. Then
dead-code elimination can simply replace all subex-
pressions that are completely dead with _.

Deforestation and fusion [52, 8] combine function
applications to avoid building large intermediate re-
sults. To guarantee that the optimization can be done
effectively, the functions and subexpressions must sat-
isfy certain conditions, e.g., be in blazed treeless form
[52]. Our analysis helps identify and eliminate func-
tions and subexpressions that do not satisfy these con-
ditti)i)ns, thus making deforestation more widely appli-
cable.

Incrementalization, finite differencing, and strength
reduction [9, 39, 34, 32| focus on replacing subcompu-
tations whose values can be retrieved from the result
of a previous computation; they can achieve asymp-
totic speedup. Dead-code elimination is used as the
last step to remove computations whose values were
used only in the replaced subcomputations. This is
crucial for the speedup.

Static caching [33] caches all intermediate results
in a loop body, uses them from one iteration to the
next, and prunes out those that are not useful. Our
analysis is needed for pruning and is crucial for re-
ducing the space consumption. We have used this
cache-and-prune method in deriving a collection of dy-
namic programming programs found in standard texts
[2, 43, 11].

Memory allocation and compile-time garbage collec-
tion. In high-level languages with automatic memory
management, an important compiler optimization is
to reduce run-time overhead by reducing the memory
allocated and collected. Such optimization heavily de-
pends on analyzing various dependencies on program
data, especially recursive data [26, 27, 41, 44, 17, 6].
Our analysis and framework can be used for these
analyses.

Efficient implementation of lazy functional lan-
guages. Strictness analysis identifies arguments of
functions that are necessarily evaluated so that we can
evaluate them immediately rather than building data
structures to be evaluated later [24, 51, 53]. While

dead-code analysis looks for the minimum sufficient
information for producing an output, strictness analy-
sis looks for the maximum necessary information. Our
analysis framework can be applied to strictness anal-
ysis by using the dual, in particular, using A instead
of v for combining resulting projections from different
branches.

Partial evaluation. Binding-time analysis identifies
computations that depend only on the static part of
the input. It is a forward analysis that is equivalent
to strictness analysis [31]. Analyzing partially static
recursive data is important [30, 37, 16]. Again, our
analysis framework can be applied.

Extensions. Our method is described here for an
untyped language, but they apply to typed languages
as well. For a typed language, possible values are re-
stricted also by type information, so the overall analy-
sis results can be more precise, e.g., type information
about the value of an expression e can help restrict
the set CON in computing e’ (CON) for some variable
v. In a typed language, we may also obtain a finite
grammar abstract domain directly from the data type
information and use it to guarantee the termination
of the analysis. We can also extend the analysis to
handle higher-order functions, similar to extensions of
other analyses to higher-order functions [13]. Finally,
theuanalysis can be extended to handle side effects as
well.

Efficient algorithms for implementations.
We have shown that the three approximation opera-
tions can be performed efficiently to give very precise
analysis results.

The major problem remaining is: how expensive is
the ordering test used after each iteration to deter-
mine whether further iterations are needed? We have
shown in Section 3 that this is decidable by reducing
it to an inclusion test for regular tree grammars, since
we know that inclusion test for general regular tree ex-

ressions is decidable, in particular, EXPTIME-hard

]. In fact, inclusion test for regular tree grammars
is exponential. In particular, it is at least PSPACE-
complete, since inclusion test for regular string gram-
mars is [49, 40]. Nevertheless, for deterministic regular
tree grammars, a quadratic-time inclusion test exists
[35]. Recall from Section 5 that applying widening op-
eration after each iteration results in a deterministic
grammar. Therefore, we can indeed perform gram-
mar ordering test using the quadratic-time algorithm.
Moreover, using deterministic grammars also within
each iteration actually produces overall more precise
analysis results.

These algorithms are being implemented using the
Synthesizer Generator [45]. The last question left is:
how many iterations are needed in the fixed-point
computation? We do not have an exact characteri-
zation yet, but our experience with small examples
so far is that the number is small. We suspect that
it is linear in terms of the size of the program, but
this needs to be verified by carefully analyzing all the
grammar operations involved.

7 Related work and conclusion

Our backward dependence analysis uses domain pro-
jections to specify sufficient information. Wadler and



Hughes use projections for strictness analysis [53].
Their analysis is also backward but seeks necessary
rather than sufficient information, and it uses a fixed
finite abstract domain for all programs. Launchbury
uses projections for binding-time analysis of partially
static data structures in partial evaluation [30]. It is a
forward analysis equivalent to strictness analysis and
uses a fixed finite abstract domain as well [31]. Mo-
gensen, DeNiel, and others also use projections, based
on grammars in particular, for binding-time analy-
sis and program bifurcation, but they use only a re-
stricted class of regular tree grammars [37, 16]. An-
other kind of analysis for recursive data is escape anal-
ysis [41, 17], but existing methods can not express as
precise information as our method.

Several analyses are in the same spirit as ours, even
though some do not use the name projection. The
necessity interpretation by Jones and Le Métayer [27]
uses necessity patterns that correspond to projections.
Necessity patterns specify only heads and tails of list
values. The absence analysis by Hughes [23] uses the
name context in place of projection. Even if it is ex-
tended for recursive data types, it handles only a finite
domain of list contexts where every head context and
every tail context is the same. The analysis for prun-
ing by Liu and Teitelbaum [33] uses projections to
specify specific components of tuple values and thus
provide more accurate information. However, meth-
ods used there for handling unbounded growth of such
projections are crude.

The idea of using regular tree grammars for pro-
gram flow analysis is due to Jones and Muchnick [26],
where it is used mainly for shape analysis and hence
for improving storage allocation. It is later used to de-
scribe other data flow information such as types and
binding times [36, 37, 5, 16, 48, 46]. In particular, the
analysis for backward slicing by Reps and Turnidge
[46] explicitly adopts regular tree grammars to rep-
resent projections. It is closest in goal and scope to
our analysis. However, it uses only a limited class of
regular tree grammars, in which each nonterminal ap-
pears on the left hand side of one production, and each
right hand side is one of five forms, corresponding to
ID, AB, atom, pair, and atom |pair. Qur work uses
general regular tree grammars extended with ID and
AB. We also use additional production forms, such as
the selector form, to make the framework more flexi-
ble. Compared with that work, we also handle more
program constructs, namely, binding expressions and
user-defined constructors of arbitrary arity.

We believe that our treatment is also more rigorous,
since we adopt the view that regular-tree-grammar-
based program analysis is also abstract interpreta-
tion [14]. We extend the grammars and handle ID
and AB specially in grammar ordering, equivalence,
and approximation operations. We combine care-
fully designed approximation operations to produce
significantly more precise analysis results than previ-
ous methods. Such operations are difficult to design.
While regular-tree-grammar-based program analysis
can be reformulated as set-constraint-based analysis
[21, 22, 14], we do not know any work that treats
precise and efficient dependence analysis for recursive
data as we do.

The overall goal is to analyze dead data and elim-

inate computations on them across recursions and
loops, possibly interleaved with wrappers like classes
in object oriented programming styles. This paper
discusses techniques for recursion. The basic ideas
should extend to loops. A recent work has just started
this direction; it extends slicing to symbolically cap-
ture particular iterations in a loop [42]. Object-
oriented programming style is used widely, but cross-
class optimization heavily depends on inlining, which
often causes code blow-up. Grammar-based analysis
and transformation can be applied to methods across
classes without inlining.
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