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Exterior Differential J
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The homology of a manifold is the difference between the closed loops and
the boundary loops.

The cohomology of a manifold is the difference between the curl free
vector fields and the gradient vector fields.
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Consider a planar vector field defined on C\ {0},

_ s X
V(X7y)_ <X2+y2’X2+y2)

direct computation V x v(x,y) = 0.

0 0

ox dy _
Yy _x | 0.
X2+y2 X2+y2

But choose the unit circle

fw:j{d tan‘lX:27r
¥ ¥ X

therefore v is not a gradient field. Namely, d@ locally is integrable, globally
not.
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Smooth Manifold

@ LD

Figure: A manifold.
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Smooth Manifold

Definition (Manifold)

A manifold is a topological space M covered by a set of open sets {U,}.
A homeomorphism ¢, : U, — R"” maps U, to the Euclidean space R".
(Uas ¢o) is called a coordinate chart of M. The set of all charts

{(Ua, ¢a)} form the atlas of M. Suppose U, N Uz # 0, then

$as = $30 b5 : da(Ua N Us) = ¢p(Us N Up)

is a transition map.

If all transition maps ¢ € C*°(R") are smooth, then the manifold is a
differential manifold or a smooth manifold.
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Tangent Space

Definition (Tangent Vector)

A tangent vector £ at the point p is an association to every coordinate
chart (x!,x2,--- ,x") at p an n-tuple (£1,€2,---,£") of real numbers,
such that if (51,52, e ,E”) is associated with another coordinate system
(%1, %2,--- ,%"), then it satisfies the transition rule
noo
=i aX’ g
§' = ' W(P)SJ-
j=1

A smooth vector field £ assigns a tangent vector for each point of M, it
has local representation
’ 0
1.2 Z 1.2
f(X7X"”7Xn):i_1£i(x,X,"',Xn)a)(i.

{%} represents the vector fields of the velocities of iso-parametric curves

on M. They form a basis of all vector fields.
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Push forward

Definition (Push-forward)

Suppose ¢ : M — N is a differential map from M to N, v : (—€,¢) — M is
a curve, ¥(0) = p, 7/(0) =v € T,M, then ¢ o~ is a curve on N,

¢ 0y(0) = ¢(p), we define the tangent vector

P+ (v) = (¢ 07)'(0) € Typ)N,

as the push-forward tangent vector of v induced by ¢.
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differential forms

Definition (Differential 1-form)

The tangent space T,M is an n-dimensional vector space, its dual space
T, M is called the cotangent space of M at p. Suppose w € T, M, then
w: TpM — R is a linear function defined on T,M, w is called a
differential 1-form at p.

A differential 1-form field has the local representation
n
wixt, X%, x") = Zw;(xl,xz, <o xM)dx;,
i=1
where {dx;} are the differential forms dual to {%}, such that
J

0 0
<dX,‘, 87XI> = dX,' <8XJ> = (5,J
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High order exterior forms

Definition (Tensor)

A tensor © of type (m, n) on a manifold M is a correspondence that
associates to each point p € M a multi-linear map

Op: TpM X TyM x--- X T;M--- x T/M — R,

where the tangent space T,M appears m times and cotangent space T, M
appears n times.

4

Definition (exterior m-form)

An exterior m-form is a tensor w of type (m,0), which is skew symmetric
in its arguments, namely

wp(o(1):€o(2)s "+ +€o(m)) = (=1)7wp(&1, €2, -+ 1 Em)

for any tangent vectors 1,2, -+ ,&m € Tp,M and any permutation
o € S, where S, is the permutation group.
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Differential Form

o
=h
-
D
S
=t
L
—
e}
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n

The local representation of w in (x!,x2,--- , x™M) is

W= E Wiyipeig X A dXx2 A oo A dx'™ = wydx!,
1<ih<ih<-<im<n

wy is a function of the reference point p, w is said to be differentiable, if
each wy is differentiable.
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Wedge product

Definition (Wedge product)

A coordinate free representation of wedge product of m;-form w; and
my-form wo is defined as (w1 A w2)(§1,82,** , Emy+m,) €quals

(-1)7
D it (G Eotm) €2 (Somisn)s o Eomirma)
OESmy+my
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Wedge product

Give k differential 1-forms, their exterior wedge product is given by:

wi(vi) wi(wve) ... wi(w)

CU2(V1) w2(V2) e wz(vk)
wi Awp - wi(ve, v, e, V) = . . .

wk(vl) wk(VQ) . wk(vk)

Exterior is anti-symmetric, suppose o € Sy is a permutation, then

Wo(1) N We(2) N - AWg(k) = (=1)%w1 Awa A -+ A wg.
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Pull back

Definition (Pull back)

Suppose ¢ : M — N is a differentiable map from M to N, w is an m-form
on N, then the pull-back ¢*w is an m-form on M defined by

(¢*w)p(€1s- -+ €m) = w¢(p)(¢*§17 o ulm),p €M

for 1,82, ,&m € TpM, where ¢.§; € Ty(,)N is the push forward of
& € TpM.
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Integration

Integration in Euclidean space

Suppose that U C R" is an open set,

w=f(x)dx* Adx®> A A dx",

/w:/ f(x)dxtdx?- - - dx™.
) U

then
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Integration

Suppose U C M is an open set of a manifold M, a chart ¢ : U — Q C R",

then
Jo= [
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Integration

(1, 70) (PR )

Integration is independent of the choice of the charts. Let ¢ : U — ¢(U)
be another chart, with local coordinates (u1, ua,- - , up), then

/ f(x)dxldxz---dx”:/ f(x(u))det(a )du du? - - du".
() W(U) 0
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Integration

Integration on Manifolds

consider a covering of M by coordinate charts {(U,, ¢o)} and choose a
partition of unity {f;}, i € /, such that fi(p) > 0,

> fi(p)=1,Ype M.

Then w; = fiw is an n-form on M with compact support in some U,, we

can set the integration as
w = Wwij.
he=2),
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Exterior Derivative

Exterior Derivative of a Function

Suppose f : M — R is a differentiable function, then the exterior
derivative of f is a 1-form,

df = Z g—;dxi.

v

Exterior Derivative of Differential Forms

The exterior derivative of an m-form on M is an (m + 1)-form on M
defined in local coordinates by

dw = d(wydx') = (dw;) A dx!,

where dwy is the differential of the function wy.
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Exterior Derivative

The exterior derivative of a differential 1-form is given by:

dwj  Ow;
d (Y wid) = (aﬁf - ai-) dx; A dx,

iy

that of a differential k-form

d(wl ANwo - /\wk) = Z(—l)iilwl A Awim1 Adwi Awjgr A -+ A wg.
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Stokes Theorem

Theorem (Stokes)

let M be an n-manifold with boundary OM and w be a differentialble
(n — 1)-form with compact support on M, then

/ w:/ dw.
oM M
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Stokes Theorem

Suppose ¥ is a differential manifold, then we have

d*od ! =0. )

Proof.
Assume w is a k — 1 differential form, D is a k + 1 chain, from Stokes

theorem, we have

/ d¥odtw = / d"tw = / w =0,
D oD Ok—100)

since Ox_1 0 Ok.
.
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de Rham Cohomology

Let Q%(X) be the sapce of all differential k-forms, d* : Q¥(X) — QFF1(%)
be exterior differential operator.

Definition (Closed form)
k-form w € QK(X) is called a closed form, if d“w = 0, namely w € Kerd*.

Definition (Exact Form)

k-differential form w € QK(X) is called exact form, if there is a
7 € Qk1(X), such that w = d*~17, namely w € Imgd*—1.

Since d¥ o dk~1 = 0, exact forms are closed, Img d¥~1 C Ker d*.
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de Rham Cohomology

Definition (de Rham Cohomology)

Assume X is a differntial manifold, then de Rham complex is

Q(z,R) & 1z, R) & 02(x, R) £ 03(5,R) L .

Ker dk

Har(ZR) = k1

v

Theorem

The de Rham cohomology group HJ(M) is isomorphic to the cohomology
group H™(M,R)

HIR(M) = H™(M,R).
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Hodge Operator )
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Hodge Star Operator - First Definition

Suppose M is a Riemannian manifold, we can locally find oriented
orthonormal basis of vector fields, and choose parameterization, such that

o9 9 9
Ox1’ Oxa’ 7 Ox,

form an oriented orthonormal basis. let
{dx1, dxa, -+, dxp}

be the dual 1-form basis.
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Hodge star operator

Definition (Hodge Star Operator)

The Hodge star opeartor * : QK(M) — Q"=k(M) is a linear operator

(dxy Adxo A -+ Adxg) = dxgp1 A dxggo A+ A dxp.

Hodge Star Operator

Let 0 = (i1, /2, - ,in) be a permutation, then the hoedge star operator

* (dxy Adxy, Ao Adxg) = (=1)7dx;,, Adxy,, A Adx,.
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Definition

Let n, ¢ € QK(M) are two k-forms on M, then the norm is defined as

(n,C)Z/Mn/\*C-

Qk(M) is a Hilbert space.
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Hodge Star Operator - Second Equivalent Definition

Given a Riemannian manifold (M, g), g = (gj;), which gives the inner
product in the tangent space T,(M),

gij = (0i9))g-

its inverse matrix is (g¥), satisfies

n .
> e =i
j=1
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Riemannian metric

Definition (Dual Inner Product)

Given a n dimensional Riemannian manifold (M, g), the dual inner product
(g: Tp(M) x TH(M) = R, Vw,n € TH(M), w= > widx',

n =" mnidx!, then

n
(w,mg =Y glwm;.
ij=1
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Riemannian metric

Orthonormal Basis

Let {61,602, -+ ,60,} is a set of orthonormal basis

<0ia '9J>g = 5{

Basis of Q%(M)

We use {6;} to construct the basis of Q*(M),

Qk(M) = Span{@,-l /\9,‘2 AN /\0,‘k|i1 <h<--< ik}.

\

Dual Inner Product
We define dual inner product (, )g : QX(M) x QK(M) as follows:

Oy A A ) = 80

iyt

<9,’1/\~"/\9

ik

v
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Riemannian Volume Element

Riemannian volume Element

Let G = det(gj;), then in the local coordinates, the Riemannian volume
element is defined as

We = VGdXE AdXE A -+ A dx".
g

v

Definition (Hodge Star Operator)

L QK(M) — Q7K(M),

wA*n=(w,T)gwg.

Therefore
(1) =wg, ‘wg=1.
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Inner Product

Definition (Inner Product)

Let (M, g) be a n dimensional Riemannian manifold, ¢ and 7 are
differential k-forms, 0 < k < n, then ( and 7 inner product is defined as

@i [ cntn= [ gy
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Hodge Star Operator on Surface - Type |

Suppose (S, g) is a surface with a Riemannian metric, with isothermal
coordinates (u, v), the metric is

g = eZA(u,v)(du2 + dV2),

Then 5 9 5 5
e o BaC ov
And
dx; = eAdu, dxo = eMdv.
Hodge Star

*dxy = dxo, *du=dv
*dxo = —dxy, “dv = —du

*(1) = dxg A dxo = €%du A dv,*(dxy A dxo) = 1.
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Hodge Star Operator on Surface - Type |l

Suppose (S, g) is a surface with a Riemannian metric, with isothermal
coordinates (u, v), the metric is

g = e2>‘(“"’)(du2 + dv?),
surface area element is
wg = M) gy A d.
Given 1-forms w = widu+ wodv and 7 = 11 du + o dv, its wedge product is
wAT = (w1T2 — woT1)du A dv.

Inner product is
(w, T>g = e—2)\(u,v)(w17_1 + WQTz).
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Hodge Star Operator on Surface

widu + wadv) A *du = (w, du)gwg = e Pwie® du A dv,
( gWg

This shows *du = dv, similarly *dv = —du.
*(widu + wadv) = widv — wodu.

Hence **w = —w.
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Electronic Field

Figure: Hodge star operator.
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Hodge Decompoaosition )
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Codifferential operator

The codifferential operator & : QX(M) — QK=1(M) is defined as

5 = (_1)kn+n+1*d*’

where d is the exterior derivative.

Lemma

The codifferential is the adjoint of the exterior derivative, in that

(6¢,m) = (¢, dn).
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Laplace Operator

Definition (Laplace Operator)

The Laplace operator A : QK(M) — QK(M),

A =dd+dd.

The Laplace operator is symmetric

(A¢,m) = (¢, An)
and non-negative
(An,m) = 0.

(A¢,n) = (d¢, dn) + (¢, 0m).

L]
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Harmonic Forms

Definition (Harmonic forms)

Suppose w € QK(M), then w is called a k-harmonic form, if

Aw = 0.

v
Lemma

w Is a harmonic form, if and only if

dw=0,6w = 0.

A\

Proof.
0 = (Aw,w) = (dw, dw) + (0w, dw).

Ol

v
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Hodge Decomposition

Definition (Harmonic form group)

All harmoic k-forms form a group, denoted as HX (M).

v

Theorem (Hodge Decomposition)

Qy = imgd*~1 @ imgok+l @ HX(M).

David Gu (Stony Brook University)

HY
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Img d*!
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Hodge Decomposition

Proof.

(imgd*—1)t = {w € QK(M)|(w, dn) = 0,¥n € Q"1(M)}, because
(w, dn) = (bw,n), so (imgd 1)+ = kerd. similarly,

(imgé*k+t1)L = kerd®. Because imgd“~! C kerd®, imgs**+t C kers*,
therefore imgd“—1 Limgd*+t,

QF = imgd* ! @ imgd* ! @ (imgd* ! @ imgs*t1)t

(imgd*=t @ imgs 1)t = (imgd*=1)t N (imgs* 1)+ = kerdk N kerd* =
HY. O

v

David Gu (Stony Brook University) Computational Conformal Geometry July 18, 2020 43 /49



Hodge Decomposition

suppose w € kerd”, then w_Limgd**!, then w = o + B, a € imgd*~1,
B € HK(M), define project h : kerdk — HK (M),

Suppose w is a closed form, its harmonic component is h(w), then the
map:

h: H5:(M) — HA(M).

is isomorphic.

Each cohomologous class has a unique harmonic form.
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Dual Mesh

Delaunay triangulation T and Voronoi diagram D, every prime edge e

corresponds to an dual edge €. w is a one-form on T. *w is a one-form on

D.
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Discrete Hodge Operator

Discrete Hodge star operator,

w(e) _ *w(é) *w(é) — @w(e) = %(a + ﬁ)w(e)

e & - el
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Discrete Harmonic One-form

w is closed,
dw = 0.
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Discrete Harmonic One-form

w is coclosed,
dw="d"w =
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