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£�µ��m� Teichmüller�m

� S ´º���� 2�½�4­¡"

{S þ�V­(�} = {S þ��/(�} = {S þ��êq(�} =
S ���mM(S)

{S þ�Ä�+��P¹�V­(�} = Teich(S)

� Teich(S)¥ØÓ���éAuM(S)¥Ó�����§¬����

P¹V­(��­¡Ä�+þ�	gÓ�£SgÓ�éAu�Ý§3

½Â Teich(S)�®²�ûL�g¤"Ïd§���vkD�Ýþ�8Ü

�m§k±e'XµM(S) = Teich(S)/Out+(π1(S))"�¡¬w�§ù

�û�'X3V\þ TeichmüllerÝþ��E,¤á"
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½Â�PÒ

Sg : º�� g �½�4­¡

Homeo+(Sg )µ Sg ��½�gÓ�+

Homeo±(Sg )µ Sg �gÓ�+£�)�½���½�¤

Homeo0(Sg )µ Homeo+(Sg )¥ðÓN�¤3�ëÏ©|

MCG(Sg )µ ­¡N�a+ Homeo+(Sg )/Homeo0(Sg )

k��P¤Mod(Sg )!Modg

MCG±(Sg )µ *¿N�a+ Homeo±(Sg )/Homeo0(Sg )

­¡N�a+MCG(Sg )¥���´­¡�½�gÓ��ÓÔa"MCG

´ mapping class group� �"

½n (Dehn-Nielsen)

MCG(Sg ) ≈ Out+(π1(Sg ))§MCG±(Sg ) ≈ Out(π1(Sg ))
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­¡N�a+¥����~f

£mÃ¤DehnÛ=µ

Ú¡² Teichmüller�m��å+µ­¡N�a+ 4 / 24



£*¿¤­¡N�a+¥����~f

k���Ó�aµ
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£*¿¤­¡N�a+¥����~f

�¡þ� AnosovÓ�§pº�4­¡þI�V\ÛÉ:?U¤

�-Anosov£pseudo-Anosov¤Ó�µ

R2 ( 1 1
1 0 )−−−−→ R2
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^­¡N�a+)¤#�V­(�

� S ´ÿÀ�­¡§X ´ S þ�\þÝþ(����­¡§

f : S → S ´ÿÀ�Ó�§K f �±p�Ñ S þ#�Ýþ(�µ

df ∗X (p, q) = dX (f (p), f (q))

TÝþ(�¡� X 3 f �e�.£"

z��­¡Ó�§Ñ�±l­¡þ�Ù¥��Ýþ.£�,��

Ýþ"3z��Ýþ�ÓÔa¥k���V­�L�§TV­�

L���5�Ýþ�m�����ÓÔ"
­¡N�a+���

�Ð´­¡Ó��ÓÔa"Ïdé­¡N�a+�±û½ÂÑ+

¥z����.£�#�V­(�"
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­¡N�a+´ Teichmüller�m��å+

éu� Teich(S)¥��¤�L�+L« ρ : π1(S)→ Isom+(H2)§

�­¡Ó� f .£���+L«´ ρ ◦ f −1π : π1(S)→ Isom+(H2)

éu Teich(S)¥�ü�+L« ρ1, ρ2 : π1(S)→ Isom+(H2)§§

��m�ål´ H2/ρ1(π1(S))� H2/ρ2(π1(S))�m�N�ÓÔ

a¥��� û�e(."

éu Teich(S)¥�ü�+L« ρ1 ◦ f −1π , ρ2 ◦ f −1π §§��m�å

l´ H2/ρ1 ◦ f −1π (π1(S))� H2/ρ2 ◦ f −1π (π2(S))�m�N�ÓÔ

a¥��� û�e(."
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­¡N�a+��õêÆ+��éX

Ï� Teich(Sg )üëÏ¿�M(Sg ) = Teich(Sg )/MCG(Sg )§

¤±­¡N�a+MCG(Sg )Ó�u��mM(Sg )�Ä�+

3[�å�e§MCG(Sg )�AÛ�N
 Teich(Sg )�AÛ

n�6/w¤�>¬�ÊÜ§û½ÊÜ(J�§´>.­¡

þ�ÊÜ�ª§�=­¡N�a+¥���£~X�ü�¢

%�÷>.ÊÜ�§�¡þ�N�a�Ñ�«ßº�m¤

�p���me�k­¡m(��§.�mÄ�+�­¡N

�a+�Ó��Ýa��û½
m(�£Nõ�ê­¡þk

­¡m(�¤
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ESµ+Ly

+Ly£group presentation¤µG = 〈S
∣∣ R〉 = 〈s1, s2, · · · ∣∣ r1, r2, · · · 〉§

éz� i§ri = s
εk1
j1

s
εk2
j2
· · · s

εkli
jli
§Ù¥z� εks = ±1

~µπ1(�¡) = 〈a, b
∣∣ [a, b]〉§Ù¥ [a, b] = aba−1b−1

~µπ1(Sg ) = 〈a1, b1, · · · , ag , bg
∣∣ r〉§Ù¥ r = [a1, b1] · · · [ag , bg ]

z� si ¡�)¤�£generator¤§z� ri ¡�'Xf£relator¤"

e G �3�kk��)¤��+Ly§K¡ G ´k�)¤�¶

e G �3�kk��)¤�±9k��'Xf�+Ly§K¡

G ´k�Ly�"
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ÿÀ�m�+��péA

ÿÀ�m X + G
¦Ä�+

º

l��mµ¦ÿÀ�m�Ä�+"

lm��µ�+ G ���Ly"éz�)¤�§�E�^4�

´"�ù
�´��:¿"éz��'Xf§�E�����

n§rT�n>�Êb�÷X'Xf¥��)¤�éA�4�´

Uì^Së¤��´þ"�ª��E/�Ä�+�Ð´ G"

+ G k�Ly⇐⇒^±þ�ªé G �E�E/�kk���n
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MCG(Sg)�k�)¤5

MCG(Sg )�)¤�8 �5

2g(g − 1)� DehnÛ=. Dehn, 1938 g ≥ 2

3g − 1� DehnÛ=. Lickorish, 1964 g ≥ 1

2g + 1� DehnÛ=. Humphries, 1979 DehnÛ=�ê��

ü���. Wajnryb, 1996 )¤��ê��
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|^§¢�+�^y²��+k�)¤��{

�+ G §¢�^38Ü X þ"�y² G �df8 S )¤§�I

�k3 X ¥�½���� x§

(1) y² x �­½f+ Stab(x) ⊂ G �d S )¤¶

(2) y²éu X þ?¿���� y§Ñ�3 S ¥���k�¦

È§r x x� y"

8I´y²é G ¥?¿��� g§g Ñ�±�¤ S ¥���k�

¦È"g o¬r x x�,��� y"d (2)§éu y§�3 S ¥�

��k�¦È ur x x� y"Ïd g · u−1Ò¬�½4 x§Ïd

g · u−1áu Stab(x)"u±9 Stab(x)¥���Ñ�±�¤ S ¥

���k�¦È§�y
 g ���¤ S ¥���k�¦È"
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MCG(Sg)�^�E/

|^+MCG(Sg )§¢�^3,�8Ü X þ��{5y²

MCG(Sg )k�)¤"X �¤ {­¡þ�{ü4­� }"

Stab(x)��ur Sg ÷X{ü4­� x �m�­¡þ�N�a

+2V\þp�ü��m#>.�N�a"�m�­¡º�êü

$ 1§Ïd�±éº��8B5y²MCG(Sg )�k�)¤5"
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�^ü�k����)¤

Korkmaz, 2004 D., 2019

MCG(Sg ) ü�)¤��ê MCG±(Sg ) ü�)¤��ê

g = 1 〈4, 6〉 g = 1 Ø�U

g = 2 〈6, 10〉 g = 2 �)û

g ≥ 3 〈4g + 2, 4g + 2〉 g ≥ 3 〈2, 4g + 2〉

3þ¡�L�¥§〈m1,m2〉¿�X�±^ü��ê©O� m1�

m2���)¤��+"
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MCG(S1) = 〈σ1, σ2〉

�¡�±w¤´�8>/é>ÊÜ�(J"

σ1µr�8>/^= π/3

σ2µ�m¤ü�o>/§/C¤��/§z�^= π/2§2�N

^= π§ù
ö��±�>ÊÜ�ª
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MCG±(Sg) = 〈σ, τ ◦ Tb〉 (g ≥ 3)

*¿N�a+dü�k����|¤�)¤�8µ

σµr� 4g + 2>/^= π/(2g + 1)

τµr� 4g + 2>/÷Xé¡¶��

Tbµ÷Xã¥� τ �½4�­� b� DehnÛ=
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MCG(Sg)�k�Ly5

McCool, 1975
Aut(Fn)k�Ly§�{X�ê§

ØU�Ñwª�k�Ly

Hatcher-Thurston, �EÑMCG(Sg )�^3þ¡�E/§

1980 y²MCG(Sg )�3wª�k�Ly

Wajnryb, 1983
^ Humphries� 2g + 1� DehnÛ=

)¤��Ñwª�k�+Ly
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y²��+k�Ly��{

eá�ÜS�

1 // K
φ // G

ψ // H // 1

¥ K k�)¤!H k�Ly§K G k�Ly"

y²g´µ

K ,H þk�)¤§u´ G k�)¤"H ¥�k��'XJ,�

G ¥§�Ñ G ¥�k��'X§'X�ª�mà´ H �'X¥

�)¤�J,� G ¥���¦È§�à´ K ¥�)¤�i\�

G ¥���¦È"ù
'X�Ñ G ¥��Ü'X"
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�mþ�å�^�²£�Ý

� f ´Ýþ�m (X , d)þ��åC�§P

τ(f ) = inf
x∈X
{d(x , f (x))}

τ(f )¡� f �²£�Ý£translation length¤"

5µe(.Ø�½U� X þ�: x ��"
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©a½n£���µ+3�mþ�å�^��¤

� G �å/�^3Ýþ�m (X , d)þ§K+ G ��� f �©¤naµ

(1) τ(f )ØU� X þ?¿:��¶

(2) τ(f )U� X þ,�:��¿� τ(f ) = 0¶

(3) τ(f )U� X þ,�:��¿� τ(f ) > 0"

Nielsen-Thurston½n� Bersy²§Ò´4 G Ú X ©O�¤MCG(Sg )

Ú Teich(Sg )§2� Teich(Sg )þ� TeichmüllerÝþ§�âþ¡��/

�Ñ��©a§¿�?�Ú�xÑ±þna+����^��õAÛ

5�"
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©a½n£���µN�a+����¤

½n£Nielsen-Thurston¤µ� f áuMCG(Sg )§K f �±©¤naµ

(1) £��¤�3­¡þ��dk�^*dØ���{ü4­�Óè

a|¤�8Ü C§f �½4 C£8Ü¿Âe��½§#N�� C

¥���¤§¿� f ��êÃ�"

(2) £±Ï¤f ´MCG(Sg )¥�k����"

(3) £�-Anosov¤f ¬�½4 Teich(Sg )¥��^ÿ/�£8Ü¿Âe

��½¤§f ��3ù^ÿ/�þ��^´z�:Ñ²£
 τ(f )"

d��3ÿÀ­¡þ�ü|�pî�¿��î�ÿÝ��G(�

(Fu, µu)!(F s , µs)§�3 λ > 1§¿�3 f �Óèa¥�3��

N� φ§¦� φ(Fu, µu) = (Fu, λµu)§φ(F s , µs) = (F s , 1
λ · µs)"
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�MöbiusC�©a�a'

+ G£MCG(Sg )!PSL(2,R)¤�å/�^3�m X£Teich(Sg )!

H2¤þ�§é G ¥��� g �©aµ

MCG(Sg ) PSL(2,R) AÛ5�

�� �Ô. �½4 X Ã¡�>.þ�:

±Ï ý�. �3 X SÜ�: x ¦ g · x = x

�-Anosov V­. g ÷X X ¥�^ÿ/��cí

Ú¡² Teichmüller�m��å+µ­¡N�a+ 23 / 24



ØÄ:�AÛ¿Â

MCG(Sg )�å/�^3 Teich(Sg )� Thurston;zþ§

��a. ØÄ:�AÛ¿Â

�� òz�E(�§Deligne-Mumford;z

±Ï �3,«é¡�E(�

�-Anosov òz�E(�§�X�g�©��G(�

Ú¡² Teichmüller�m��å+µ­¡N�a+ 24 / 24


