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Gentzen Style Proof Systems

Hilbert style systems are easy to define and admit different
proofs of Completeness Theorem
They are difficult to use by humans, not mentioning computer

Their emphasis is on logical axioms, keeping the rules of
inference, with obligatory Modus Ponens, at a minimum

Gentzen style proof systems reverse this situation by
emphasizing the importance of inference rules, reducing the
role of logical axioms to an absolute minimum



Gentzen Style Proof Systems

The Gentzen type systems may be less intuitive then

the Hilbert systems but they allow us to define effective
automatic procedures for proof search, what was impossible
in a case of the Hilbert systems

For this reason they are called automated proof systems

They serve as formal models of computing systems that
automate the reasoning process



Gentzen Style Proof Systems

The Gentzen formalizations, as they are also called, were
invented by Gerald Gentzen in 1934, hence the name

Gentzen proof systems for classical and intuitionistic
predicate logics introduced special expressions built out
of formulas and called sequents

This is why the Gentzen style systems using sequents
as basic expressions are often called Gentzen sequent
formalizations



Gentzen Style Proof Systems

We present in Slides Set 2 our own Gentzen sequent
systems GL and G and prove their completeness

We also present a propositional version of Gentzen
original system LK and discuss the original proof of
Hauptsatz Theorem

Hauptsatz Theorem is literally rendered as the Main
Theorem and is known as Cut-elimination Theorem

We prove the equivalency of the cut-free propositional
LK system and the complete proof system G



Gentzen Style Proof Systems

A propositional version of the historical Gentzen
original formalization LI for intuitionistic logic is presented
and discussed in Chapter 7

The original classical and intuitionistic predicate systems
LK and LI are discussed in Chapter 9



Gentzen Style Proof Systems

The other historically important automated proof systems
RS and QRS are due to Rasiowa and Sikorski (1960)

Rasiowa and Sikorski proof systems for classical
propositional and predicate logic use as basic expressions
sequences of formulas that are less complicated then

the original Gentzen sequents

Rasiowa and Sikorski proof systems are simpler

and are easier to understand then the Gentzen sequent
systems

This is why the Rasiowa and Sikorski proof systems are the
first to be presented here



Gentzen Style Proof Systems

Historical importance and lasting influence of

Rasiowa and Sikorski work lays in the fact that they were
the first to use the proof searching capacity of their proof
system to define a constructive method of proving the
completeness theorem for both propositional and predicate
classical logic

We introduce and explain in detail their constructive
method and use it prove the completeness of
the RS system and the systems RS1 and RS2



Gentzen Style Proof Systems

We also generalize the constructive method developed by
Rasiowa and Sikorski to the Gentzen sequent systems
and prove the completeness of GL and G

The completeness proof for classical predicate logic
system RSQ is presented in Chapter 9



RS Proof System



RS Proof System

Components of RS
Language

Li-=un)
Expressions

We adopt as the set of expressions & the set 7 of all finite
sequences of formulas

E=T"

Notation

Elements of & are finite sequences of formulas and we
denote them by
LAY, ..

with indices if necessary.



RS Proof System

Semantic Link

The the intuitive meaning of a sequence I’ € ¥* s that the
truth assignment v makes it true if and only if it makes the
formula of the form of the disjunction of all formulas of [ true

For any sequence [ € ¥~
M=A1, A, . A,

we denote
or=AiUAU..UA,

We define as the next step a formal semantics for RS



Formal Semantics for RS
Formal Semantics

Let v: VAR — {T,F} be atruth assignment and
v* its classical semantics extension to the set of formulas ¥

We formally extend v to the set 7" of all finite sequences of
F as follows

vi(M) = v*(6r) = v (A1) UV (A2) U...UV*(Ap)



Formal Semantics for RS

Model

The sequence I is said to be satisfiable if there is a truth
assignment v : VAR — {T,F} suchthatv*(l') =T

We write it as

veET

and call v a model for I

Counter- Model

The sequence I is said to be falsifiable if there is a truth
assignment v, such that v*(I') = F

Such a truth assignment v is called a counter-model for I



Formal Semantics for RS

Tautology

The sequence I is said to be a tautology if and only if
v¥(l') =T for all truth assignments v : VAR — (T, F}

We write

=
to denote that [ is a tautology



Example
Example
Let I be a sequence
a,(bna),-b,(b= a)
The truth assignment v such that
via)=F and v(b)=T

falsifies I, i.e. is a counter-model for [ as shows the
following computation

vi(l) =v*(6r) =vi(a)uvi(bna)uv(=b)uv'(b=a)=
FU(FNT)UFU(T=F)=FUFUFUF=F



Exercise

Exercise
1. Let I' be a sequence

a,(-bna),=b,(aub)

and let v be atruth assignment for which v(a) =T

Prove that
v T

2. Let [ be asequence
a,(-bna),=b,(aub)

Prove that
=T



Exercise

Solution

1. [ is asequence
a,(-bna),=b,(aub)

We evaluate

vi(M) =v*(ér) =vi(a)uvi(-bna)uv(-b)uvi(aub) =
Tuv'(-bna)uv'(-b)uvi(aub)=T

We proved
v =T



Exercise

Solution

2. Assume now that [ is falsifiable i.e. that we have a
truth assignment v for which

vi(l) = v*(6r) = v¥(a)uv'(=bna)uv*(=b)uv*(aub) = F

This is possible only when (in short-hand notation)
au(-bna)u-buaub=F

what is impossibleas (-bub) =T forallv
This contradiction proves that [ is a tautology



Rules of inference

Rules of inference are of the form:

Iy or M, T2

r r
where ['1,[> are called premisses and [ is called the
conclusion of the rule
Each rule of inference introduces a new logical connective or
a negation of a logical connective
We name the rule that introduces the logical connective o
in the conclusion sequent I by (o)

The notation (-o) means that the negation of the logical
connective o is introduced in the conclusion sequence I



Rules of inference of RS

Rules of Inference
RS contains seven inference rules:

L), (=), (N) (=n), (=), (==). (=)

Before we define the rules of RS we need to introduce
some definitions.



Literals

Definition
Any propositional variable, or a negation of propositional
variable is called a literal
The set
LT = VARU{-a: ae€ VAR}
is called a set of all propositional literals
The variables are called positive literals
Negations of variables are called negative literals



Literals

We denote by

’ ’ ’

r, A, X...

finite sequences (empty included) formed out of literals i.e
A, Y elT

We will denote by
r, A, X...

the elements of ¥~



Logical Axioms of RS

Logical Axioms

We adopt as an logical axiom of RS any sequence of
literals which contains a propositional variable and

its negation, i.e any sequence

My, a, I, —a,l,

My, ~a, Iy, a, I,

where a € VAR is any propositional variable

We denote by LA the set of all logical axioms of RS



Logical Axioms of RS

Semantic Link
Consider axiom , , ,

My, a, I, —a,l;
Directly from the extension of the notion of tautology to RS we
have that for any truth assignment v : VAR — (T, F}
vi(M,—a, My, a, ) = vi(l) uvi(=a)uvi(a) uvi(l,,Iy) =
v*(l';) UTuU v*(l’_’z, F'3) =T
The same applies to the axiom

My, ~a, Iy, a,l,

We have thus proved the following
Fact
Logical axioms of RS are tautologies



Inference Rules of RS

Disjunction rules

’

) ', A B, A (=) r,-A, A : I, =B, A
I, (AUB), A h I, ~(AUB), A

Conjunction rules

(N)

I_/7 A9 A , r/’ B’ A ( ﬂ) r" _|A, _|B, A
r (AnB), A~ ', -(AnB), A



Inference Rules of RS

Implication rules

I, -A,B, A A A . T, =B, A

G Fase, a
Negation rule

r A, A

R R

where [ elT*, AeF* ABeF



Proof System RS

Formally we define the system RS as follows

RS = (Li-=un), 75 LA, R)

where the set of inference rules is

R=1{(), (=V), (N), (=N), (=), (==), (=)}

and LA is the set of logical axioms



Formal Proofs

Definition
By a formal proof of a sequence [ in the proof system RS
we understand any sequence

M, Fo,.... Th
of sequences of formulas (elements of ¥, such that
felA and [,=T

andforall1 <i<n

[ € AL, or [; is a conclusion of one of the inference rules
of RS with all its premisses placed in the sequence
M2, ..., Ticg



Formal Proofs

When he proof system under consideration is fixed, we will
write, as usual,
FI

instead of rrs [ to denote that I has a formal proof in RS

As the proofs in RS are sequences (definition of the formal
proof) of sequences of formulas (definition of RS ) we will not

use 7 to separate the steps of the proof, and write the
formal proof as

[; To: .. T



Formal Proofs

We write, however, the formal proofs in RS in a form of
tree proofs rather then in a form of sequences expressions
We write a proofs in form of a tree such that

1. all leafs of the tree are axioms

2. nodes are sequences such that each sequence on the
tree tree follows from the ones immediately preceding it by
one of the rules

3. The root is a the therem

Moreover, we write the tree proofs with the node on the top,
and leafs on the very bottom

We adopt hence the following definition



Proof Trees

Definition
By a proof tree in RS of I we understand a tree

Tr

built out of I € & satisfying the following conditions:

1. The topmost sequence, i.e the root of Tr is the
sequence [

2. allleafs are axioms

2. the nodes are sequences such that each sequence on
the tree follows from the ones immediately preceding it by
one of the inference rules



Proof Trees

We picture, and write our proof trees with the root
on the top, and the leafs on the very bottom

Additionally we write our proof trees indicating the

name of the inference rule used at each step of the proof
Example

Assume that a proof of a sequence [ from some

three axioms was obtained by the subsequent use of the rules
(M). (V). (). (N). (V). and (--), (=)

We represent it as the following tree



Proof Trees

The tree Tr

r

(=)
conclusion of (—-)
(=)
conclusion of (U)
(V)

conclusion of (N)

A0

conclusion of (N) conclusion of (U)
1) G
axiom conclusion of (N)

INQ)

axiom axiom



Proof Trees

The Proof Trees represent a certain visualization
for the proofs and proof search

Any formal proof in can be represented in a tree form and
vice- versa

Any proof tree can be re-written in a linear form as
a previously defined formal proof

Example

The proof tree in RS of the de Morgan Law

A= (ﬂ(a N b) = (—|a U ﬂb))

is the as follows



Proof Trees

Thetree Txp
(=(anb) = (-au-b))
(=)
ﬁ—|(a N b), (—|a U —lb)
| (==)
(anb),(-au-b)
/\(n)
a,(—~au-b) b, (—a U -b)



Formal Proof

To obtain a formal proof (written in a vertical form) of A

it we just write down the tree as a sequence, starting from the
leafs

and going up (from left to right) to the root

a,—a,-b

b,—a,-b
a,(-au-b)
b,(-auU-b

(anb),(-au-b)
-=(anb),(-au-b)
(=(anb) = (-au-b))



Example

Example

A search for the proof in RS of other de Morgan Law
A= (-(aub)= (man-b))

consists of building a certain tree and proceeds as follows.



Example

Thetree Txp

(=(aub) = (-an-b))
(=)
-=(auUb),(-an-b)
| (==)

(a U b), (—|a N —lb)
| (V)

a,b, (—|a N —|b)

()

a,b,-a a,b,-b



Example

We construct its formal proof , as before, written in a vertical
manner

Here it is

a, b, -b

a,b,—-a
a,b,(—-an-b)
(aub),(-an-b)
-=(auUb),(-~an-b)
(=(aub) = (-an=b))



Decomposition Trees

The goal in inventing proof systems like RS is to facilitates
automatic proof search

We conduct such proof search by building what is called a
decomposition tree

A decomposition tree T, for the formula
A=(((a=b)n-c)u(a=rc))

is build as follows



Decomposition Trees

Ta

(((a=b)n=c)u(a=rc))

1 (V)

((a=b)n=c),(a=c)

Q@

-c,(a = c)
(a=0b),(a=c) (=)
(=) ~c,-a,c
-a,b,(a=c)
(=)



RS Decomposition Rules
and
Decomposition Trees



Decomposition Trees

The process of searching for a proof of aformula A € 7
in RS consists of building a certain tree T4, called a
decomposition tree

Building a decomposition tree is really a proof search

We define it by transforming the RS ineference rules into
corresponding decomposition rules



Decomposition Rules

RS Decomposition Rules

Disjunction
I, (AUB), A I, =(AUB), A

V) ———— -U
(V) r AB, A"’ (=V) r -A, A ; I',-B, A
Conjunction

', (AnB), A I, «(AnB), A
=N
(") rAA ; I, BA (=n) I, -A,-B, A



Decomposition Rules

Implication
r, (A=B), A I, —(A=B), A
(:) 4 ’ (_| :) ’ i ’
", -A,B, A M"MAA ; IT',-B, A
Negation
(=) I, ==A, A
VA A

where I'e 7", AeF* A BeF



Tree Rules

We write the Decomposition Rules in a visual tree form as
follows

Tree Rules
(U) rule



(=U) rule

(N) rule

Tree Rules



Tree Rules

(=U) rule
I, =(AnB), A
| (=N)
[, -A,-B, A
(=) rule
I, (A= B), A
| (=)



(= =) rule

(==) rule

Tree Rules



Definitions and Observations

Observe that we use the same names for the inference
and decomposition rules

We do so because once the we have built a decomposition
tree for a formula A with all leaves being axioms,

it constitutes a proof of A in RS with branches labeled by
the proper inference rules

Now we still need to introduce few standard and useful
definitions and observations.



Definitions and Observations

Definition
A sequence I built only out of literals, i.e. T € ¥'* is called
an indecomposable sequence

Definition
A formula A that is not a literal,i.e. A€ ¥ — LT iscalled a
decomposable formula

Definition
A sequence [ that contains a decomposable formula is
called a decomposable sequence



Definitions and Observations

Observation 1

For any decomposable sequence,i.e. forany [ ¢ LT
there is exactly one decomposition rule that can be applied
to it

This rule is determined by the first decomposable
formula in [ and by the main connective of that formula



Definitions and Observations

Observation 2

If the main connective of the first decomposable formula
is U,N, =,

then the decomposition rule determined by it is

(U),(N), (=), respectively

Observation 3

If the main connective of the first decomposable formula A
is negation -

then the decomposition rule is determined by the
second connective of the formula A
The corresponding decomposition rules are

(=1), (=N), (==), (= =)



Decomposition Lemma

Because of the importance of the Observation 1 we re-write
it in a form of the following

Decomposition Lemma
For any sequence [ € %,

FelT" or I isinthe domain of exactly one of RS
Decomposition Rules

This rule is determined by the first decomposable formula
in ' and by the main connective of that formula



Decomposition Tree Definition

Definition: Decomposition Tree T,
Let A € 7, we define the decomposition tree T, as follows

Step 1.
The formula A isthe root of T,
For any other node [ of the tree we follow the steps below

Step 2.
If T isindecomposable then I becomes a leaf of the tree



Decomposition Tree Definition

Step 3.
If ' is decomposable, then we traverse [ from left
to right and identify the first decomposable formula B

By the Decomposition Lemma, there is exactly one
decomposition rule determined by the main connective of B

We put its premiss as a hode below, or its left and right
premisses as the left and right nodes below, respectively

Step 4.
We repeat Step 2 and Step 3 until we obtain only leaves



Decomposition Theorem

We now prove the following Decomposition Tree Theorem.
This Theorem provides a crucial step in the proof of the
Completeness Theorem for RS

Decomposition Tree Theorem
For any sequence I € ¥ the following conditions hold
1. Tr s finite and unique

2. Tr isaproofofl" inRS ifandonlyif allitsleafs are
axioms

3. ¥ps [ ifandonlyif Tr has a non- axiom leaf



Theorem

Proof
The tree Tr is unique by the Decomposition Lemma

Itis finite because there is a finite number of logical
connectives in I and all decomposition rules diminish the

number of connectives

If the tree Tr has a non- axiom leafitis not a proof
by definition

By 1. it also means that the proof does not exist



Example

Example
Let’s construct, as an example a decomposition tree T, of
the following formula A

((aub) = —-a)uU (-a = —c))

The formula A forms a one element decomposable
sequence

The first decomposition rule used is determined by its
main connective

We put a box around it, to make it more visible

((aub) = —a)u](-a = —c))



Example

The first and only decomposition rule to be applied is (U)
The first segment of the decomposition tree T, is

((aub) = —a)u](-a = -c))
| (V)

((aub) = =a), (-a= —c)



Example

Now we decompose the sequence
((aub) = =a), (-a = —c)

Itis a decomposable sequence with the first, decomposable
formula

((aub) = —a)
The next step of the construction of our decomposition tree is
determined by its main connective = and we put the box
around it

((aub)=]-a), (~a= -c)



Example

The decomposition tree becomes now

((aub) = —a)u](-a = -c))
| (V)
((aub)=]-a),(~a = -c)
| (=)

-(auUb),—-a,(-a = -c)



Example

The next sequence to decompose is
-(aub),-a,(-a = —c)
with the first decomposable formula
-(aub)

Its main connective is =, so to find the appropriate rule we
have to examine next connective, which is U

The decomposition rule determine by this stage of
decomposition is (—U)



Example

Next stage of the construction of the tree T, is

((aub) = -a)U](-a = —c))

| (V)
((aub)=]-a),(-a = —c)
(=)
[=](a[ulp).-a,(~a = ~c)

A\ V)

-a,-a,(-~a = -c) -b,-a,(-a = -c)



Example

Finally, the complete T, is

((aub) = -a)U](-a = -c))
®)
((aub)=]-a),(-a = —c)
(=)
[=](a[u]p), -a, (~a = -c)

A\ V)

-a,a, (—|a—|C) ﬁb, —-a, (—|a—|C)
| (=) (=)
-a,—a,[-—]a,~C -b,-a,[-—]a,—cC
| (=) | (=)

-a,—a,a,C -b,-a,a,-c



Example

All leaves of T, are axioms

The tree T4 isa proof of AinRS, i.e.

RS ((a U b) = —|a) U (ﬂa = ﬂC))



Example

Example Given aformula A and its decomposition tree T

(((a=b)n=c)u(a=rc))

1 (V)

((a=b)n=-c),(a=c)

(a=>b),(a=c) ~ea=c)
(=)
(=) —c,-a,c



Example
There is a leaf —a, b, —a, c of the tree T4 thatis not an
axiom. By the Decomposition Tree Theorem
¥grs ((a=b)n-c)U(a=c))

It means that the proof in RS of the formula
((a=b)n=c)u(a= c)) does not exists



Completeness Theorem

Our main goal is to prove the Completeness Theorem for RS

We prove first the following Completeness Theorem for
formulas A € ¥

Completeness Theorem 1 For any formula A €
trs A ifandonly if = A

and then we generalize it to the following
Completeness Theorem2 Forany [ € 77,

trs I if and only if =

Do do so we need to introduce a new notion of a
Strong Soundness and prove that the RS is strongly sound



Part 2: Strong Soundness
and
Constructive Completeness



Strong Soundness

Definition
Given a proof system

S=(L & LA, R)

Definition
Arule r € R such that the conjunction of all its premisses
is logically equivalent to its conclusion is called

strongly sound

Definition
A proof system S is called strongly sound if and only if
all itsrules r € R are strongly sound



Strong Soundness of RS

Theorem
The proof system RS is strongly sound
Proof

We prove as an example the strong soundness of two of
inference rules: (U) and (-U)

Proof for all other rules follows the same patterns and is left
as an exercise

By definition of strong soundness we have to show that

If Py, P> are premisses of a givenrule and C is its
conclusion, then for all v,

v*(Py) = v*(C)
in case of one premiss rule and
v (P1) nv*(P2) = v*(C)

in case of the two premisses rule.



Strong Soundness of RS

Consider the rule (U)

r', A B, A
V) ===
r, (AuB), A
We evaluate:

V*(r/,A, B’ A) — v*(é{l—/,A,B,A}) == V*(r,)UV*(A)UV*(B)UV*(A)
=Vvi(MUV(AUB)UV(A) = V(S (auB).a))

=v(I',(AUB),A)



Strong Soundness of RS

Consider the rule (=U)

’

r-A,A : I, =B, A

(=V) [, -(AUB), A

We evaluate:
Vi(Py) NVi(Po) = vi(I,=A, A)nv ([, =B, A)
= (v(I) UV (=A) UV (A)N(V(T) U v (=B) U v*(A))
= (v(T', A) UV (=A)N(V* (I, A) U v*(=B))
=9 (v'(I', A) U (v'(=A) N v*(=B))
=V (M) UV (D) UV (=A N =B) =9M0r980 v* (5,00 _ g

=v*(I', =(AUB), A) = v*(C)



Soundness Theorem

Observe that the strong soundness notion implies
soundness (not only by name!)

Obviously the LA of RS are tautologies , hence we have also
proved the following

Soundness Theorem for RS
Forany € 77,

If rtrsl, then =T

In particular, forany A € F,

If +rrs A, then E A



Strong Soundness

We proved that all the rules of inference of RS of are
strongly sound,i.e. C=Pand C =P NPy

Strong soundness of the rules hence means that if at least
one of premisses of arule is false, soisits conclusion

Given a formula A, such that its T4 has a branch
ending with a non-axiom leaf

By strong soundness, any v that make this non-axiom leaf
false also falsifies all sequences on that branch and hence
falsifies the the formula A



Counter Model Theorem

We have proved the following

Counter Model Theorem

Let A € ¥ be such that its decomposition tree T, contains
a hon- axiom leaf La

Any truth assignment v that falsifies L, is a counter
model for A

Any truth assignment that falsifies a non- axiom leaf is
called a counter-model for A determined by the
decomposition tree Tx



Counter Model Example

Consider atree Tp

(((a=b)n=c)u(a=rc))

1 (V)

((a=b)n=c),(a=c)

(a=0b),(a=c) ~e(a=e)
(=)
(=) =c,—a,c

-a,b,(a=c)

(=)

-a,b,—a,c



Counter Model Example

The tree T4 has a non-axiom leaf
Lp: —a, b,-a, c

We want to define a truth assignment v : VAR — (T, F}
falsifies this leaf L

Observe that v must be such that

v¥(-a,b,—a,c) = v(-a) U v*(b) Uv*(-a)Uv*(c) =
=v(a)uv(b)Uu-v(a)uv(c)=F

It means that all components of the disjunction must be put
toF



Counter Model Example

We hence get that v must be such that

via)=T, v(ib)=F, v(c)=F

By the Counter Model Theorem, the v determined by the
non-axiom leaf also falsifies the formula A
It proves that v is a counter model for A and

= (((a=b)Nn—-c)U(a=c))



Counter Model

The Counter Model Theorem says that F determined by the
non-axiom leaf “climbs” the tree Ty

(((la=b)n-c)u(a=rc))=F
1 (V)

((a=b)n=-c),(a=c)=F

()

-c,(a=c¢)
(a=b),(a=>c)=F
(=)
| (:>) -C,—a,cC
-a,b,(a=>c)=F axiom

(=)

-a,b,—-a,c=F



Counter Model

Observe thatthe same counter model construction
applies to any other non-axiom leaf, if exists

The other non-axiom leaf defines another F that also

“climbs the tree” picture, and hence defines another
counter- model

for A

By Decomposition Tree Theorem all possible restricted
counter-models for A are those determined by
all non- axioms leaves of the Tx

In our case the formula T4 has only one non-axiom leaf,
and hence only one restricted counter model



RS Completeness Theorem

Completeness Theorem (Completeness Part)
Forany Aec ¥,

If = A, then rgs A

We prove instead the opposite implication

Completeness Theorem

If ¥rs A then = A



Proof of Completeness Theorem

Proof of Completeness Theorem
Assume that A is any formula is such that

FRs A

By the Decomposition Tree Theorem the T, contains a
non-axiom leaf

The non-axiom leaf L, defines a truth assignment v which
falsifies it as follows:

F if a appearsin Lx
via)=4 T if -a appearsin Lx
any value if a does not appearin La

Hence by Counter Model Theorem we have that v also

falsifies A ,i.e.
= A



PART3:
Proof Systems RS1 and RS2



RS1 Proof System

Poof System RS1
Language of RS1 is the same as the language of RS i.e.

L=L-5un
Expressions
E=F"

is the set of expressions of RS1
Notation

Elements of & are finite sequences of formulas and we
denote them by
LAY...

with indices if necessary.



Rules of inference of RS1

Rules of inference

RS1 contains seven inference rules, denoted by the same
symbols as the rules of RS

(L), (=U), (N), (=n). (=). (==). (=)
The inference rules of RS1 are quite similar to the rules of RS
Observe them carefully to see where lies the difference
Reminder

Any propositional variable, or a negation of a propositional
variable is called a literal

The set
LT = VARU{-a: ae€ VAR}

is called a set of all propositional literals



Literals Notation

We denote, as before, by

r, A, ¥..
finite sequences (empty included) formed out of literals i.e
A, Y elT

We will denote by
r, A, X...

the elements of F*



Logical Axioms

Logical Axioms
We adopt all logical axioms of RS as the axioms of RS1,

i.e.

My, a, I, —a,l,

My, ~a, Iy, a, I,

where a € VAR is any propositional variable



Inference Rules of RS1

Disjunction rules

’

r, A B, A r,-A, A" : T, =B, A

W) F (AUB), A (=V) r, (AUB), &

Conjunction rules

r, -A, =B, A

. T, B
() = (ANB), A =0 F ~(ANnB), A



Inference Rules of RS1

Implication rules

r, -A,B, A LA A T, -B, A

&) Ao, o C=)—F-as8 >
Negation rule

r,A A

R Y

where [ elT*, AeF* ABeF



Proof System RS1

Formally we define the system RS1 as follows

RS1 = (Li--un;, & LA, R)

where

R=1{(V), (=V), (), (=N), (=), (= =), (=7)}

for the inference rules is defined above and LA is the set of
all logical axioms is the same as for RS



System RS1

Exercises
E1. Construct a proof in RS1 of a formula

A= (=(anb)= (-auU-b))

E2. Prove that RS1 is strongly sound

E3. Define in your own words, for any formula A, the
decomposition tree T4 in RS1

E4. Prove Completeness Theorem for RS1



Exercises Solutions

E1. The decomposition tree T4 is a proof of A in RS1 as all
leaves are axioms

Ta
(=(anb) = (-au-b))
(=)
(==(anb),(-au-b)
| (V)
-—(anb),—-a,-b
| (=)
(anb),—a,-b

)

a,—a,-b b,—-a,-b



Exercises Solutions

E2. Prove that RS1 is strongly sound

Observe that the system RS1 is obtained from RS by
changing the sequence I'" into I and the sequence A into
A" inall of the rules of inference of RS

These changes do not influence the essence of proof of
strong soundness of the rules of RS

One has just to replace the sequence I by I and A by A’
in the the proof of strong soundness of each rule of RS to
obtain the corresponding proof of strong soundness of
corresponding rule of RS1



Strong Soundness of RS1

We do it, for example for the rule (U) as follows

(L) r, A B, A
r, (AuB), A
We evaluate:

VI(MABAY) = Vi (Eirapay) = V(MU (A)UV (B)uv'(A))

=Vvi(MUV(AUB)UV (A = v (Sir (auB).a’y)

=v'(I,(AUB),A")



Decomposition Trees in RS1

E3. Define in your own words, for any formula A, the
decomposition tree T4 in RS

The definition of the decomposition tree T4 is in its essence
similar to the one for RS except for the changes which reflect
the differences in the corresponding rules of inference



Decomposition Trees in RS1

Definition

To construct the decomposition tree T, we follow the steps
below

Step 1

Decompose formula A using a rule defined by its main
connective

Step 2

Traverse resulting sequence [ on the new node of the tree
from right to left and find the first decomposable formula

Step 3

Repeat Step 1 and Step 2 until there is no more
decomposable formulas

End of the decomposition tree construction



Completeness Theorem for RS1

E4. Prove the following Completeness Theorem
Forany A eF,
If = A, then tpst A

We prove instead the opposite implication

Completeness Theorem

If FRs1 A then I# A



Completeness Theorem for RS1

Observe that directly from the definition of the the
decomposition tree T4 we have that the following holds

Fact 1: The decomposition tree T, is a proof if and only if
all leaves are axioms

Fact 2: The proof does not exist otherwise, i.e.
¥rs1 A ifandonlyif thereis a non- axiom leafon Ty

Fact 2 holds because the tree T, is unique



Proof of Completeness Theorem for RS1

Observe that we need Facts 1, 2 in order to prove the
Completeness Theorem by construction of a counter-model
generated by a the a non- axiom leaf

Proof

Assume that A is any formula such that

¥Rrs1 A

By Fact 2 the decomposition tree T4 contains a non-axiom
leaf L,

We use the non-axiom leaf L, and define a truth
assignment v which falsifies A as follows:

F if a appearsin L
via)=4 T if ma appearsin La
any value if a does not appearin La

This proves that
= A



System RS2 Definition

RS2 Definition

System RS2 is a proof system obtained from RS by changing
the sequences I into I in all of the rules of inference of RS

The logical axioms LA remind the same
Observe that now the decomposition tree may not be unique

Exercise 1
Construct two decomposition trees in RS2 of the formula

(=(-a = (an=b)) = (-an(-au-b)))



RS2 Exercises

Ti,
(=(-a => (an=b)) => (~an(-au-b)))
(=)

-=(-a => (an=b)),(-an(-au-b))
(=)
(-a=>(an=b)),(~an (-au-b))
(=)
--a,(an=b),(-an(-au-b))
(=)

a,(an=b),(~an(-au-b))

A

a,a,(-an(-au-b)) a,=b, (-an (-au-b))
A0 A0
a,a.—a,(-~au-b) a,a,(—au-b) a,—-b,-a
(V) (V) axiom a,~b,(~au-b)
a,a.—a,—a,-b a,a,—a,—b I®)
axiom axiom a,-b,-a, b

axiom



RS2 Exercises

T24
(=(-a =>(an=b)) => (man(-au-b)))
=)
-=(~a =>(an-b)),(-an (-au-b))
1(==)

(~a => (an=b)),(~an(-au-b))

A

(~a => (an-b)),~a (~a => (an -b)), (~a U =b)
(=) (V)
(~-a.(an-b)).-a (~a => (an-b)),~a,-b
(=) (=)
a,(an-b),-a (-—a,(an-b),~a,-b

INQ) (=)

a,(an-b),-a,-b
A0

a,a,—a,-b a,—b,-a,-b

a,a,-a a,-b,-a

axiom axiom

axiom axiom



System RS2

Exercise 2

Explain why the system RS2 is strongly sound

You can use the soundness of the system RS

Solution

The only difference between RS and RS2 is that in RS2
each inference rule has at the beginning a sequence of any
formulas, not only of literals, as in RS

So there are many ways to apply rules as the decomposition
rules while constructing the decomposition tree

But it does not affect strong soundness, since for all rules of
RS2 premisses and conclusions are still logically equivalent
as they were in RS



RS2 Exercises

Consider, for example, RS2 rule

) _ABA
r(AUB).A

We evaluate
vi(ILA,B,A) = v (M) Uv(A)Uvi(B)UVv*(A) =
vi(Muvi(AuB)U v (A)=Vv (I, (AUB),A)

Similarly, as in RS, we show all other rules of RS2 to be
strongly sound, thus RS2 is also strongly sound



RS2 Exercises
Exercise 3
Define shortly, in your own words, for any formula A, its
decomposition tree T, in RS2

Justify why your definition is correct

Show that in RS2 the decomposition tree for some
formula A may not be unique



RS2 Exercises

Solution

Given a formula A

The decomposition tree T, can be defined as follows
It has A as a root

For each node,

if there is a rule of RS2 which conclusion has the same form
as node sequence, i.e. there is a decomposition rule to be
applied,

then the node has children that are premises of the rule



RS2 Exercises

If the node consists only of literals (i.e. no decomposition
rules to be applied),
then it does not have any children

The last statement defines a termination condition for the tree

This definition correctly defines a decomposition tree as
it identifies and uses appropriate the decomposition rules



RS2 Exercises

Since in RS2 all rules of inference have a sequence I
instead of " as it was defined for in RS, the choice
of the decomposition rule for a node may be not unique

For example consider a node

(a=>b),(bUa)

The I in the RS2 rules is a sequence of formulas, not literals,
so for this node we can choose as a decomposition rule
either rule (=>) or rule (U)

This leads to a non-unique tree



RS2 Exercises

Exercise 4
Prove the Completeness Theorem for RS2
Solution

We need to prove the completeness part only, as the
soundness has been already proved, i.e. we have to prove the
implication: for any formula A,

if ¥rso A thenl: A

Assume Fgrso A,

Then every decomposition tree of A has at least one
non-axiom leaf

Otherwise, there would exist a tree with all axiom leaves and
it would be a proof for A



RS2 Exercises

Let 74 be a set of all decomposition trees of A

We choose an arbitrary T4 € 74 with at least one non-axiom
leaf L

The non-axiom leaf L, defines a truth assignment v which
falsifies A, as follows:

F if a appearsin La
via)=4 T if -a appearsin La
any value if a does not appearin Lp

The value for a sequence that corresponds to the leaf in is F
Since, because of the strong soundness F “climbs” the tree,
we found a counter-model for A, i.e.

= A



RS2 Exercises

Exercise 5 Write a procedure TREE, such that for any
formula A of RS2 it produces its unique decomposition tree

Procedure TREEa(Formula A, Tree T)
{

B = ChoselLeftMostFormula(A) // Choose the left most
formula that is not a literal

¢ = MainConnective(B) // Find the main connective of B

R = FindRule(c)// Find the rule which conclusion that
has this connective

P = Premises(R)// Get the premises for this rule

AddToTree(A, P)// add premises as children of A to the
tree

For all pin P // go through all premises

TREEA(p, T) // build subtrees for each premiss



RS2 Exercises

Exercise 6
Prove completeness of your Procedure TREE,

Procedure TREE, provides a unique tree, since it always
chooses the most left indecomposable formula for a choice of
a decomposition rule and there is only one such rule

This procedure is equivalent to RS system, since with

the decomposition rules of RS the most left decomposable
formula is always chosen

RS system is complete, thus this Procedure is complete



Chapter 6
Automated Proof Systems
Completeness of Classical Propositional Logic

Slides Set 2

PART 4: Gentzen Sequent Systems GL, G
Strong Soundness and Constructive Completeness



Gentzen Sequent Systems GL, G

The book own Gentzen style proof systems GL and G for the
classical propositional logic presented here are inspired by
and are versions of the original (1934) Gentzen system LK

Their axioms, the rules of inference of the proof system
considered here operate on expressions called by Gentzen,
sequents

The original system LK is presented and discussed in detail
in Slides Set 3



Gentzen Sequent System GL

The system GL presented here is the most similar in its
structure to the system RS and is the first to be considered

GL admits a constructive proof of the Completeness
Theorem

The proof is very similar to the proof of the completeness of
the system RS



Gentzen Sequent System GL

GL Componenets
Language
We adopt a propositional language

'L — 'E{U,ﬁ,ﬁ,‘\}

with the set of formulas denoted by ¥ and we add a new
symbol — called a Gentzen arrow to it
It means we consider formally a new language

L1 =LU{—}



Gentzen Sequent System GL
As the next step we build expressions called sequents

The sequents are built out of finite sequences (empty
included) of formulas of L, - -, andthe Gentzen arrow
— as additional symbol

We denote, as in the RS type systems, the finite sequences
(with indices if necessary) of of formulas of L, -, by
Greek capital letters

AL, ..
with indices if necessary
We define a sequent as follows



Sequent Definition
Definition
Forany I, A € ¥*, the expression
r— A
is called a sequent
[" is called the antecedent of the sequent

A is called the succedent of the sequent
Each formulain ' and A is called a sequent formula.



Gentzen Sequent

Intuitively, we interpret semantically a sequent
A1,....,An — By, ...,By
where n,m > 1, as a formula
(AiNn..NAp) = (B1U..UBp)

of the language Ly - -



Gentzen Sequents

The sequent
A1 5 eeny An —

where m>1 meansthat Ain..NA, yieldsa
contradiction

The sequent
— B‘] 9 seey Bm

where m > 1 means semantically T = (ByU...UBp)
The empty sequent

means a contradiction



Gentzen Sequents
Given non empty sequences [, A
We denote by o any conjunction of all formulas of '
We denote by 6 any disjunction of all formulas of A
The intuitive semantics of a non- empty sequent [ — A
is

Fr— A = (G'rﬁ(SA)



Formal Semantics

Formal semantics

Let v: VAR — {T, F} be atruth assignment and v* its
extension to the set of formulas ¥ of Ly~ - -

We extend v* to the set
SQ={IT—A: TLAeF*}

of all sequents as follows
For any sequent  — A € SQ

vi(r— A) = v(or) = v*(éa)



Formal Semantics

Special Cases
When =0 or A =0 we define
Vi(— A) = (T = v*(6a))

and
vi(r—) = (vVi(or)=> F)



Formal Semantics

Model

The sequent [ — A is satisfiable if there is a truth
assignment v : VAR — {T, F} such that

vil— A)=T

Such a truth assignment v is called a model for [ — A

We write
veE Tl — A



Formal Semantics

Counter- model

The sequent I — A s falsifiable if there is a truth
assignment v, such that vi(I — A) =F

In this case v is called a counter-model for [ — A
We write it as

viE T — A



Formal Semantics
Tautology
Asequent [ — A is a tautology if
vi(l — A) =T forall truth assignments v : VAR — {T, F}

We write it
ET — A



Example

Example
Let I — A be asequent

a,(bna) — =-b,(b= a)
The truth assignment v for which

v(a)=T and v(b)=T
isamodel for [ — A as shows the following computation

vi(a,(bna) — -b,(b=a)) =

V¥ (0, bna)) = V' (61-b,(b=a)y)
= v(a)n(v(b)nv(a)) = -v(b) U (v(b) = v(a))
= TNTNT=-Tu(T=T)=T=(FUT) = T=>T =T



Example

Observe that the truth assignment v for which
v(a)=T and v(b)=T
is the only one for which
vi(M) =v'(a,(bna)=T
and we proved that itis a model for
a,(bna) — =-b,(b= a)

It is hence impossible to find v which would falsify it, what
proves that

= a,(bna) — =b,(b= a)



Indecomposable Sequents

Definition
Finite sequences formed out of positive literals i.e. out of
propositional variables are called indecomposable

We denote them by
A, ...

with indices, if necessary.

A sequent is indecomposable if it is formed out of

indecomposable sequences, i.e. is of the form
r— A

forany ', A" € VAR*



Indecomposable Sequents

Remark
Remember that in the GL system the symbols
denote sequences of positive literals i.e. variables

They do not denote the sequences of literals as they did
in the RS type systems



GL Components: Axioms

Logical Axioms LA
We adopt as an axiom any sequent of variables

(positive literals) which contains a propositional variable that
appears

on both sides of the sequent arrow —, i.e any sequent
of the form

’ ’ ’ ’
MN,al;, — Aj,a,AS

forany ae VAR and any sequences [},[7, A}, A}, € VAR"



GL Components: Axioms
Semantic Link
Consider axiom
MN,ar, — Al,a A,

We evaluate (in shorthand notation), for any truth assignment
v: VAR — (T, F}

vi(ly, a, My — A'q,a,A') =
(oryn anor,) = (6a,Uauda,)=T
The evaluation is correct because
E(((An a)nB)= (Cua)uD)))

We have thus proved the following.
Fact
Logical axioms of GL are tautologies



GL Components: Rules

Inference rules

Let I',A" e VAR" and ILAe¥F"
Conjunction rules

r AB, T — A

=) FAnE T S o

r— AA A - T — A B, A
(= n)

— A, (AnB) A



GL Rules

Disjunction rules

r— A, A B, A

S S NI

MAT—A ; I,BT — A

(V=) M (AUB), T — A



GL Rules

Implication rules

M AT — A, B, A
rr — A, (A= B), A

(==)

rr— A, A A T,BT — AN

(=) P ASBE.T — AA



GL Rules

Negation rules




Gentzen System GL Definition

Definition

GL = ( ~£[U,ﬁ,:>,—\}s SQ, LA’ R)

where
SQ={IT—>A:T,AeF*}

R={(N—), (—n), (U—), (— V), (), (—=)}
U{(=—), (— )}

We write, as usual,
FGL [— A

to denote that ' — A has a formal proof in GL
For any formula A € ¥

FgL A ifadonlyif — A



Proof Trees

We consider, as we did with RS the proof trees for GL, i.e.
we define
A proof tree, or GL-proof of [ — A is atree

Tr—a

of sequents satisfying the following conditions:

1. The topmost sequent, i.e the root of Tr_,A isl — A
2. All leafs are axioms

3. The nodes are sequents such that each sequent

on the tree follows from the ones immediately preceding it
by one of the rules of inference



Proof Trees
Remark
The proof search in GL as defined by the decomposition

tree for a given formula A is not always unique

We show an example on the next slide



Example

A tree-proof in GL of the de Morgan Law

— (=(anb) = (-auU-b))
-(anb) — (-auU-b)
[ (—u)
(aﬁb) — -a,-b
| (— )
b,-(anb) — -a
| (— )
b,a,~(anb) —
| (=—)

b,a— (anb)
/\(—> n)

b,a— a b,a— b



Example

Here is another tree-proof in GL of the de Morgan Law

— (=(anb) = (-auU-b))
-(anb) — (-auU-b)
| (— V)
—-(a N b) — -a,-b
| (— =)
b,-(anb) — -a
| (=—)

b — -a,(anb)

A\ (—n)



Decomposition Trees

The process of searching for proofs of a formula A in GL
consists, as in the RS type systems, of building certain trees,
called decomposition trees

Their construction is similar to the one for RS type systems

We take a root of a decomposition tree T, of of a formula A
asequent — A

For each node, if there is a rule of GL which conclusion has
the same form as node sequent, then the node has children
that are premises of the rule

If the node consists only of a sequent built only out of
variables then it does not have any children

This is a termination condition for the tree



Decomposition Trees

We prove that each formula A generates a finite set
Ta
of decomposition trees such that the following holds

If thereexist atree T4 € 74 whose all leaves are axioms,
then tree T, constitutes a proof of A in GL

If all trees in 7, have at least one non-axiom leaf, the
proof of A does not exist



Decomposition Trees

The first step in defining a notion of a decomposition tree
consists of transforming the inference rules of GL, as we did in
the case of the RS type systems, into corresponding
decomposition rules



Decomposition Rules of GL
Decomposition rules
Let I',A'ce VAR* and T, Ae¥F*

Conjunction rules

M (AnB), T — A

(N —-) - .
M AB,IT — A

(> n) r— A, (AnB) A

r— AA A T — A B A



Decomposition Rules of GL

Disjunction rules

r— A, (AUB), A

V) TS AAB A

M (AUB), T — A
(U) (AUB), T —

rMATn—A; IBT — A



Decomposition Rules of GL

Implication rules

rr — A (A=B), A

=) AT S AB o

(o) M (A=B)., T — AA

rr— A A A ; T,B T — AN



Decomposition Rules of GL

Negation rules

rr— A -A A

(—)—|) - n
M AT — AA



Decomposition Tree Definition

Definition
For each formula A € ¥, a decomposition tree T, is a tree
build as follows

Step 1. The sequent — A is the root of T,
For any node ' — A of the tree we follow the steps below

Step 2. If [ — A is indecomposable, then [ — A
becomes a leaf of the tree



Decomposition Tree Definition

Step 3. If [ — A is decomposable

then we pick a decomposition rule that matches the sequent
of the current node

To do so we proceed as follows

1. Givenanode [ — A

We traverse [ from left to right to find the first
decomposable formula

Its main connective o identifies a possible decomposition
rule (o —)

Then we check if this decomposition rule (o —) applies

If it does we put its conclusion(s) as leaf (leaves )



Decomposition Tree Definition

2. We traverse A from right to left to find the first
decomposable formula

Its main connective o identifies a possible decomposition
rule (— o)

Then we check if this decomposition rule applies
If it does we put its conclusion(s as leaf (leaves )

3. If 1. and 2. apply we choose one of the rules

Step 4. We repeat Step 2. and Step 3. until we obtain
only leaves



Decomposition Tree Definition
Observe that a decomposable [ — A is always in the
domain of one of the decomposition rules (o0 —), (— o),
or is in the domain of both of them

Hence the tree T4 may not be unique

All possible choices of 3. give all possible decomposition
trees



System GL Exercises
Exercise
Prove, by constructing a proper decomposition tree that
FaL((—ma = b) = (=b = a))

Solution
By definition,we have that

FaL((ma = b) = (=b = a)) if and only if

ta — ((ma=b) = (-b = a))

We construct a decomposition tree T_ 4 as follows



System GL Exercises

T—>A

— ((-ra=b) = (-b=a))

(ra=b) — (=b=a)
[(==)

-b,(-a=b) — a

[(=-)
(ra=b) —b,a
/\(¢—>)
— -a,b.a b—b.a
1(=-) axiom

All leaves of the tree are axioms, hence we have found the
proof of A in GL



System GL Exercises

Exercise
Prove, by constructing proper decomposition trees that

¥oL ((@a=b) = (-b = a))

Solution

For some formulas A, their decomposition tree T_,4 may not
be unique

Hence we have to construct all possible decomposition
trees to show that none of them is a proof, i.e. to show that
each of them has a non axiom leaf.

We construct the decomposition trees for — A as follows



System GL Exercises

T1 —A

— ((a=b)= (-b=a))

| (—==>) (one choice)
(a=b) — (-b=a)

| (—=) (first of two choices)
-b,(a=>b) — a
| (= =) (one choice)
(a=b) — b,a

/\(¢—>) (one choice)

— a,b,a b—b,a

non — axiom axiom

The tree contains a non- axiom leaf, hence it is not a proof
We have one more tree to construct



System GL Exercises

T2~)A
— ((a=b) = (-b=a))

| (—=) (one choice)
(a=b) — (-b=a)

/\(:—») (second choice)

— (-b=>a),a b— (-b=a)
| (—=) (one choice) | (==) (one choice)
-b— a,a b,-b — a
| (= =) (one choice) | (= =) (one choice)
— b,a,a b — b,a
non — axiom axiom

All possible trees end with a non-axiom leaf. It proves that
¥eL ((a=b) = (-b= a))



System GL Exercises

Does the tree below constitute a proof in GL ? Justify your answer

L

— ==((ma=b) = (-b = a))
[(=-)

~((ra=b) = (-b=a) —
[(=-)

— ((-ra=b) = (-b=a))
I(==)
(ra=b) — (-b=>a)

I(==)

(ra=b),-b—a

[(=-)
(ra=b)—>b,a
/\(ﬁ*})
— -a,b,a b—b,a
[(=-) axiom



System GL Exercises

Solution
The tree T_ 4 is not a proof in GL because a rule
corresponding to the decomposition step below does not
exists in GL

(ra=>b),-b— a

(ra=b) — b,a
It is a proof is some system GL1 that has all the rules of GL
except its rule (= —)

rr— A A A
(—| —)) 7 ;
M -A, I — AA
This rule has to be replaced in by the rule:

Lr— AAN
M-AT — AN

(= =)



Exercises
Exercise 1
Write all possible proofs of
(=(anb) = (-au-b))

Exercise 2
Find a formula which has a unique decomposition tree

Exercise 3

Describe for which kind of formulas the decomposition tree is
unique



GL Soundness and Completeness



GL Strong Soundness

The system GL admits a constructive proof of the
Completeness Theorem, similar to completeness proofs for
RS type proof systems

The completeness proof relays on the strong soundness
property of the inference rules

We are going now prove the strong soundness property
of the proof system GL



GL Strong Soundness

Proof of strong soundness property

We have already proved that logical axioms of GL are
tautologies, so we have to prove now that its rules of
inference are strongly sound

Proofs of strong soundness of rules of inference of GL are
more involved then the proofs for the RS type rules

We prove as an example the strong soundness of four
of inference rules



GL Strong Soundness

By definition of strong soundness we have to show that that
for all rules of inference of GL the following conditions hold

If Py, P> are premisses of a givenrule and C isits
conclusion,

then for all truth assignments v : VAR — (T, F},
v'(Py) = v*(C) in case of one premiss rule, and

v'(P1) nv*(P2) = v*(C) in case of a two premisses rule



GL Strong Soundness

We prove as an example the strong soundness of the
following rules

(N=), (=n) (U=) (=)

In order to prove it we need additional classical logical
equivalencies listed below

You can find a list of most basic classical equivalences in
Chapter 3
(A=>B)n(A=C))=(A=>(BnC())
(A=C)n(B=C))=((AuB)=C)
((AnB)=>C)= (A= (-BUC(C))



GL Strong Soundness

Strong soundness of (N —)

rABT — A
)P AnNB T = B
_ (M, A BT — A)
= (v(I) nv*(A)nv(B)nvi()) = vi(A")
(VI Nnv(AnB)nvi() = vi(A)

— (F(ANB),T — A)

(ﬁ—)



GL Strong Soundness

Strong soundness of (— N)

r— AAA ;T — ABA
(=) [ — A, (ANB).A

‘T — AAAN)NV(IT— A,BA)
(v(N=v(a)uv (A)uvi(A))n(vi(M) =
"(A)uv (B) uvi(a))
weuse: ((A=B)n(A=C))=(A=(BnC))
=vi() =
(v(A)uvi(A)u v () n(v(A)uvi(B) UV (AT)))
[we use commutativity and distributivity]
= v = (vi(A)U (vi(ANB))uv*(A))
=vi(l — A,(AnB),A")

v*
v



GL Strong Soundness

Strong soundness of (U —)

rAr — A:r,Br — A

(V=) M (AUB).T — A
(I',A,T — A)nv([,B,T — A")
(V) nvi(A) nvi(r)) = ,
“(A) N (v(M)nvi(B)nvi()) = v(A))
weuse: (A=C)n(B=2C))=((AuB)= C)]
(v (r
= (

<

<

—_—

(M) nvi(A) nvi (D) u (v (T)nv(B)nv¥(N)) = v¥(A)
(v (M) nvi (D) nvi(A) U ((vi(T) nvi(N) Nvi(B)) =
vi(A')

[we use commutativity and distributivity |
= ((v:(M) nv*(N)) N (v*(AUB)) = v¥(A")
=v(rM(AuB),l — A")



GL Strong Soundness

Strong soundness of (— )

AT — AA

(—>—|) S 7
Mr — A-AA

vi(rA T — AA)

=vi(M)nvi(A) nvi(T) = vi(A)uvi(A)
= (v'(M) nvi (M) Nvi(A) = vi(A)uvi(A)
[weuse: (ANB)= )E(A (=BUQ))]
= (v(M) nv(N) = -V (A)uvi(A)uvi(A)
=( vi(r)nvi(r) = vi(A)uvi(-A)u v (A')

(
VAT, T — A,-A,A)



GL Strong Soundness

The above shows the premises and conclusions are logically
equivalent

Therefore the four rules are strongly sound
This ends the proof

Observe that the strong soundness implies soundness (not
only by name) hence we have proved the following

Soundness Theorem
For any sequent  — A € SQ,

if rgu — A then] T — A
In particular, forany A € F,

if rgLA then = A



GL Strong Soundness

The strong soundness of the rules of inference means that if
at least one of premisses of a rule is false, the conclusion of
the rule is also false

Hence given a sequent I — A € SQ, such that its
decomposition tree Tr__, A has a branch ending with a
non-axiom leaf

It means that any truth assignment v that makes this
non-axiom leaf bf false also falsifies all sequents on that
branch

Hence v falsifies the sequent I — A



Counter Model

In particular, given a sequent

— A
and its decomposition tree

T .4

any v, that falsifies its non-axiom leaf is a counter-model
for the formula A

We call such v a counter model determined by the
decomposition tree



Counter Model Theorem

We have hence proved the following

Counter Model Theorem

Given a sequent ' — A, such that its decomposition tree
Tr_,A contains a non- axiom leaf Lx

Any truth assignment v that falsifies the non-axiom leaf La
is a counter model for [ — A

In particular, given a formula

A € 7, and its decomposition tree T, with a non-axiom
leaf, this leaf let us define a counter-model for A
determined by the decomposition tree Tp



Exercise

Exercise
We know that the system GL is strongly sound

Prove, by constructing a counter-model determined by a
proper decomposition tree that

= (b= a)=(-b=a))

We construct the decomposition tree for the formula
A=((b=a)= (-b=a)) asfollows



— b,b,a

non — axiom

Exercise

Toa

— ((b=a)= (-b=a))

(b=>a) — (-b=>a)

-b,(b=>a) — a



Exercise

The non-axiom leaf Ly we want to falsify is
— b,b,a

Let v: VAR — {T, F} be a truth assignment

By definition of semantic for sequents we have that
v¥(— b,b,a) = (T = v(b) Uv(b) U v(a))

Hence v'(— b,b,a) = F if and only if

(T = v(b)uv(b)uv(a))=F ifand only if

v(b) =v(a)=F

The counter model determined by the T_, 4 is any
v : VAR — {T, F} such that



Counter Model Theorem

The Counter Model Theorem, says that the logical value F
determined by the evaluation a non-axiom leaf Ly “climbs”
the decomposition tree. We picture it as follows
T—)A
— ((b=>a)=>(-b=>a)) F
(b=>a) — (-b=a) F
| (—=)
-b,(b=>a) — aF
| (—| —))
(b=a) — b,a F

— b,b,a F a—b,a

non — axiom axiom



Counter Model Theorem

By Counter Model Theorem, any truth assignment
v: VAR — (T, F}

such that

v(b) =v(a)=F
falsifies the sequence — A
We evaluate

Vi(— A)=T =>Vv'(A)=F ifandonlyif v'(A)=F

This proves that v is a counter model for A and we proved
that
= A



GL Completeness

Our goal now is to prove the Completeness Theorem for GL

Completeness Theorem
For any formula A € 7,

oL A if and only if E A

Moreover

For any sequent  — A € SQ,

ta T — A if and only if ET—A



GL Completeness

Proof

We have already proved the Soundness Theorem, so we
only need to prove the implication:

if = A then gL A
We prove instead of the logically equivalent opposite

implication:
if ¥gL A then [~ A



GL Completeness

Assume ¥g. A,ie. ¥gL— A
Let 74 be asetof all decomposition trees of — A

As ¥gL— A eachtree T, intheset 7, hasa
non-axiom leaf. We choose an arbitrary T_5 € T4

Let Ly = — A’ be a non-axiom leaf of T_, 4

We define a truth assignment v : VAR — {T, F} which
falsifies L, = — A’ as follows

T if a appears in [’
v(ia)=1 F if a appears in A’
any value if a does not appearinl” — A’

By Counter Model Theorem

= A



Gentzen Proof System G



Gentzen Proof System G

Gentzen Proof system G

We obtain the proof system G from the system GL by
changing the indecomposable sequences I, A" into any
sequences 2, A € 7" inall of the rules of inference of GL

The logical axioms LA remain the same as in GL, i.e.
Axioms of G

r’1, a, r/2 — A’17 a, A,Z

where
ae VAR and 4,175, A1, A’> € VAR®



Gentzen Proof System G

Rules of Inference
Conjunction

X, AB,T — A

=) s anET = A

(o) L BANT — ABA
— A, (AnB).A

Disjunction

r— AABA
— A, (AUB)A

SAT — A S,BT — A
(U-)
S.(AUB).T — A

(= V)




Gentzen Proof System G

Implication

) _EAT — ABA
S.T — A, (A= B).A

 .T — AAN; BT — AN
Y.(A= B),T — A\

(—=

(=-)

Negation rules

I — AAN AT — AN

(==) , (=)
oA T — AN LT — A-A N

where
LA X ANeF*



System G Exercises

Exercises

Follow the example of the GL system and adopt all needed
definitions and proofs to prove the completeness of the
system G

Here are steps S1 - S10 needed to carry a full proof of the
Completeness Theorem

We leave completion of them as series of Exercises

Write careful and full solutions for each of S1 - S10 steps
Base them on corresponding proofs for GL system



System G Exercises

Here the steps

S1 Explain why the system G is strongly sound. You can use
the strong soundness of the system GL

S2 Prove, as an example, a strong soundness of 4 rules of G
S3 Prove the the strong soundness of G

S4 Define shortly, in your own words, for any formula A € 7,
its decomposition tree T_ 4



System G Exercises

S5 Extend your definition of T_,4 to a decomposition tree
Troaforany — A e SQ

S6 Prove that for any ' — A € SQ, all decomposition trees
Tr_a are finite

S7 Give an example of formulas A, B € ¥ such that that
the tree T_ 4 is unique and the tree T_,z is not unique



System G Exercises

S8 Prove the following Counter Model Theorem for G

Theorem

Given a sequent ' — A, such that its decomposition tree
Tr_, A contains a non- axiom leaf Lx

Any truth assignment v that falsifies the non-axiom leaf La
is a counter model for [ — A

In particular, given a formula A € F, and its decomposition
tree T, with a non-axiom leaf, this leaf let us define a
counter-model for A determined by the decomposition tree
Ta



System G Exercises

S8 Prove the following Completeness Theorem for G

Theorem
1. Forany formula A € 7,

tg A ifandonlyif = A
2. Foranysequent  — A € SQ,

tgl — A ifandonlyif =T —A



Chapter 6
Automated Proof Systems
Completeness of Classical Propositional Logic

Slides Set 3

PART 5: Original Gentzen Systems LK, LI
Classical and Intiutionistic Completeness Theorem
and Hauptzatz Theorem



Original Gentzen Systems LK, LI

The original systems LK and LI were created by Gentzen in
1935 for classical and intuitionistic predicate logics,
respectively

We present now their propositional verisons and use the
same names LK and LI

The proof system LI for intuitionistic logic is a particular case
of the proof system LK



Original Gentzen Systems LK, LI

Both systems LK and LI have two groups of inference rules

They both have a special rule called a cut rule

First group consists of a set of rules similar to the rules of
systems GL and G callled Logical Rules

Second group contains a new type of rules
We call them Structural Rules



Original Gentzen Systems LK, LI

The cut rule in Gentzen sequent systems corresponds to the
Modus Ponens rule in Hilbert proof systems

Modus Ponens is a particular case of the cut rule

The cut rule is needed to carry out the original Gentzen
proof of the completeness of the system LK and for proving
the adequacy of LI system for intituitionistic logic



Original Gentzen Systems LK, LI
Gentzen proof of completeness of LK was not direct

He used the completeness of already known Hilbert proof
system H and proved that any formula provable in the
systems H is also provable in LK

Hence the need of the cut rule



Original Gentzen Systems LK, LI

For the system LI he proved only the adequacy of LI system
for intituitionistic logic since the semantics for the intuitionistic
logic didn’t yet exist

He used the acceptance of Heying intuitionistic axiom
system as a definition of the intuitionistic logic and proved
that any formula provable in the Heyting system is also
provable in LI



Original Gentzen Systems LK, LI

Observe that by presence of the cut rule, Gentzen systems
LK and LI are also Hilbert system

What distinguishes them from all other known Hilbert proof
systems is the fact that the cut rule could be eliminated f

This is Gentzen famous Hauptzatz Theorem, also called Cut
Elimination Theorem

The elimination of the cut rule and the structure of other
rules makes it possible to define an effective automatic
procedures for proof search, what is impossible in a case of
the Hilbert style systems



Original Gentzen Systems LK, LI

Gentzen in his proof of Hauptzatz Theorem developed a
powerful technique of proof adaptable to other logics

We present it here in classical propositional case and show
how to adapt it to the intuitionistic case

Gentzen proof is purely syntactical

The proof defines a constructive method of transformation
of any formal proof (derivation) of a sequent ' — A that
uses the cut rule (and other rules) into its proof without use
of the cut rule

Hence the English name Cut Elimination Theorem



Gentzen System LK



LK Components

LK Components

Language

L=Lnu=y and &=S8Q

for
SQ={T—A: T[,AecF

Logical Axioms
There is only one logical axiom, namely

A — A

where A is any formula of £



LK Components

Rules of Inference

Group one: Structural Rules

Weakening
r— A
k
(weak =) 2=+ =2
r— A
k
(= weak) =34
Contraction
(contr —) AA, T — A
AT — A
r— AL AA
(— contr) —————

r— AA



LK Components

Exchange

(exch —) M, AB, T, — A
ﬁ

M, BA, T, — A
(= exch) A—T4, AB, TI>

ﬁ
A—) F1, B,A, r2

Cut Rule

r— ALA ;. AY — ©
N — A0

(cut)

A is called a cut formula



LK Components

Group Two: Logical Rules

Conjunction rules

AT — A

"=k GrE T =2

B,T — A
(AnB), T — A

(N —>)2

r—sAA ; I —A, B A
r— A, (AnB)

(= n)



LK Components

Disjunction rules

rN— A A

U A, (AU B)

r— A, B
r— A, (AUB)

(—) U)2

=) (AUuB), T — A




Implication rules

LK Components

(e AT—AEB
—

[ — A, (A= B)
oy T AA BT oA
—

Negation rules

r— A A
(=—)

ﬁA’r—)A

AT — A
(— )



LK Definition

Classical System LK

We define the classical Gentzen system LK as
LK = (£, SQ, LA,R)
where
R = { Structural Rules, Cut Rule, Logical Rules)

as defined by the components definitions



LI Definition
Intuitionistic System LI
We define the intuitionistic Gentzen system LI as
LI = (£, 1SQ, AL,R)

R = { | - Structural Rules, |- CutRule, |-Logical Rules)

where R are the LK rules restricted to the set ISQ of the
intuitionistic sequents defined as follows

1SQ={ — A: A consists of at most one formula }

We will study the intuitionistic system LI in Chapter 7



Classical System LK

We say that a formula A € ¥ has a proof in LK and denote
it by
FLK A

if the sequent — A has a proof in LK, i.e. we write

FLK A ifand only if FLK — A



LK Proof Trees

We write formal proofs in LK, as we did for other Gentzen
style proof systems in a form of the proof trees defined as
follows

Definition
By a proof tree of asequent I — A in LK we understand
atree

Dr—a
satisfying the following conditions:
1. The topmost sequent, i.e theroot of D, is [ — A
2. All leaves are axioms

3. The nodes are sequents such that each sequent on the
tree follows from the ones immediately preceding it by one
of the rules



Derivations in LK

Proofs are often called derivations

In particular, Gentzen, in his work used the term derivation
for the proof and we will use this notion as well

This is why we denote the proof trees by D, for the derivation

Finding derivations D in LK is a complex process
LK logical rules are different, then in GL and G

Consequently, proofs rely strongly on use of the structural
rules



Derivations in LK

For example, a derivation of Excluded Middle (A U -A)
formula in LK is as follows
D
— (AU-A)
| (— contr)
— (AU-A), (AU-A)
| (— U)1
— (AU-A), A
| (— exch)
— A, (AU-A)
[ (= V)1
— A, -A
(=)
A—A

axiom



Derivations in LK

Here is as yet another example a cut free derivation in LK
D

— (~(AnB) = (-~AuU-B))
| (—==)
(-(AnB) — (-AU-B))

I1(=-)
— (A U=B), (AnB)

/\(:—»)

— (-AU-B), A — (-AU-B), B
| (— exch) I (— exch)
— A, (-AU-B) — B,(~AU-B)
(= V) (= L)

— A,-A — B,-B
1(=-) B—B

A—A axiom



LK Soundness



LK Soundness

Observe that the Logical Rules of LK are similar in their
structure to the rules of the system G

Hence LK Logical Rules admit similar proof of their
soundness

The sound rules
(=), (=N)2 and (->U), (2U)
are not strongly sound because
A#(AnB), B#(AnB) and A% (AuUB), Bz (AUB)

All other Logical Rules are strongly sound.



LK Soundness

The Contraction and Exchange structural rules are strongly
sound as for any formulas A,B € 7,

A=(AnA), A=(AUA) and

(AnB)=(BNnA), (AnB)=(BnA)

The Weakening rule is sound because (we use shorthand
notation)

if (T=A)=Tthen (ANT)=>A)=T

for any logical value of the formula A

Obviously
FT=>A)z((AnT) = A))

i.e. the Weakening rule is not strongly sound



LK Soundness

The Cut rule is sound as the fact that
Fr=(AUVA)=T and (ANX)=>A)=T

implies that
(rNY) = (AUAN) =T

Cut rule is not strongly sound
Any truth assignment such that

=T and A=Y=AN=A=F
proves that

r— A ANA LT —> ANz — AN



LK Soundness

Obviously, the Logical Axiom is a tautology, i.e.
EA — A

We have proved that LK is sound and the following theorem
holds

Soundness Theorem
For any sequent [ — A,

if kI — A, then T — A

In particular, forany A € F,

if fLk A, then = A



LK Completeness



LK Completeness

We follow Gentzen original proof of completeness of LK

We choose any complete Hilbert proof system for the LK
language
L=Lnu=)

and prove, after Gentzen, its equivalency with LK

Gentzen referred to the Hilbert-Ackerman (1920) system
(axiomatization) included in chapter 5

We choose the Rasiowa-Sikorski (1952) formalization R
also included in Chapter 5



LK Completeness

We choose the formalization R for two reasons

First, it reflexes a connection between classical and
intuitionistic logics very much in a spirit Gentzen relationship
between LK and LI

We obtain a complete proof system | from R by just
removing the last axiom A12

Second, both sets of axioms reflect the best what set of
rovable formulas is needed to conduct algebraic proofs of
completeness of R and I/, as discussed in Chapter 7



Hilbert System R

The set of logical axioms of the poof system R
Al (A=>B)=>((B=C)= (A= 0)))
A2 (A= (AuUB)
A3 (B= (AuB)
A4 (A=0C)=(
A5 ((AnB)=A
A6 ((ANB)=B)
A7 (C=>A)=((C=>B)=(C=(AnB)))
((A
((

N ~— ~—

B=C)=((AuB)=(C)))

~—

A8 =(B=C))=((AnB)=0())
A9 ((AnB)=C)=> (A= (B=0C))
A10 (AN-A)= B)

A1l (A= (ANn=A))=-A)



Hilbert System R

A12 (AU-A)
where A,B,C € ¥ are any formulas
We adopt a Modus Ponens
A, (A=>B
(MP) %

as the only inference rule
We define the proof system R as

R=(Linus, Fr (A1-A12), (MP))

where A1 - A12 are logical axioms defined above



Hilbert System R

The system R is complete, i.e. we have the following
R Completeness Theorem
For any formula A € F,

tr A ifandonlyif = A

We leave it as an exercise to show that all axioms A1 - A12
of the system R are provable in LK

Moreover, the Modus Ponens rule of R is a particular case
of the Cut rule, namely

— A; A — B

— B

This proves the following theorem

(MP)




Hilbert System R

Provability Theorem
For any formula A € ¥

if rr A, then rF kA

Directly from the above provability theorem, the soundness of
LK and the completeness of R we get the following

LK Completeness Theorem
For any formula A € ¥

ik A ifandonlyif = A



Hauptzatz



Hauptzatz

Here is Gentzen original formulation of the Hauptzatz
Theorems for classical LK and intuitionistic LI proof systems

They are also routinely called the Cut Elimination Theorems

LK Hauptzatz

Every derivation in LK can be transformed into another LK
derivation of the same sequent, in which no cuts occur

LI Hauptzatz

Every derivation in LI can be transformed into another LI
derivation of the same sequent, in which no cuts occur



Mix Rule

Hauptzatz proof is quite long and very involved. We present
its main and most important steps

To facilitate the proof we introduce as Gentzen did, a general
form of the cut rule, called a mix rule

It is defined as follows

r— A ; ¥ — 0

() —F 5 = a6

where ¥*, A* are obtained from %, A by removing all
occurrences of a common formula A

The formula A is now called a mix formula



Mix Example

Here are some examples of an applications of the mix rule

Observe t hat the mix rule applies, as the cut does, to only
one mix formula at the time

b is the mix formula in
a— b,-a ; (buc), b, b,D,b —
a, (buc), D — -a

(mix)

B is the mix formula in
A — B, B,-A ; (buc),B,BD, B — =B

(mix) A, (bUc), D — —A,-B

—A is the mix formula in

A — B,—|A, -A X —|A, B, B,—|A,B — B
A, B,B — B,-B

(mix)



Mix and Cut

Notice, that every derivation with cut may be transformed into
a derivation with mix

We do so by means of a number of weakenings and
interchanges, i.e. multiple application of the weakening
rules exchange rules

Conversely, every mix may be transformed into a cut
derivation by means of a certain number of preceding
exchanges and contractions, though we do not use this fact
in the Hauptzatz proof

Observe that cut is a particular case of mix



Two Hauptzatz Theorems

There are two Hauptzatz theorems: classical LK Hauptzatz
and LI Hauptzatz

The proof of intuitionistic LI Hauptzatz is basically the same
as for LK

We must just be careful and add, at each step, the restriction
made to the ISQ sequents and the form of the LI rules of
inference. These restrictions do not alter the flow and validity
of the LK proof

We discuss and present now the proof of LK Hauptzatz

We leave it as a homework exercise to re-write this proof the
case of for LI



Proof of LK Hauptzatz

Proof of LK Hauptzatz

We conduct the proof in three main steps

Step 1: we consider only derivations in which only mix rule
is used

Step 2: we consider first derivation with a certain Property H
(to be defined) and prove an H Lemma for them

The H Lemma is the most crucial for the proof of the
Hauptzatz



Property H

Property H

We say that a derivation Dr_,n ofasequent [ — A has
a Property H if it satisfies the the following conditions

1. Theroot [ — A of the derivation Dr_,A is
obtained by direct use of the mix rule

It means that the mix rule is the last rule used in the
derivationof  — A

2. The derivation Dr_, A does not contain any other
application of the mix rule



H Lemma

H Lemma

Any derivation that fulfills the Property H may be transformed
into a derivation of the same sequent in which no mix occurs

Step 3:  we use the H Lemma and to prove the Hauptzatz



Proof of Hauptzatz

Step 3: Hauptzatz proof from H Lemma

Let D be any derivation (tree proof)
Let  — A be any node on D such that its sub-tree
Dr_ A has the Property H

By H Lemma the sub-tree Dr_,a can be replaced by a tree
D*r_, A in which no mix occurs
The rest of D remains unchanged

We repeat this procedure for each node N, such that the
sub-tree Dy has the Property H until every application of
mix rule has systematically been eliminated

This ends the proof of Hauptzatz provided the H Lemma has
already been proved



Proof of H Lemma

Step 2:  proof of H lemma

We consider derivation tree D with the Property H

It means that D is such that the mix rule is the last rule of
inference used and D does not contain any other application
of the mix rule

Observe that D contains only one application of mix rule,
and the mix rule, contains only one mix formula A
Mix rule used may contain many copies of A, but there

always is only one mix formula A. We call A the mix formula
of D

We define two important notions: degree n and rank r of the
derivation D



Degree of D

Definition
Given a derivation tree D with the Property H

Let A € ¥ be the mix formula of D The degree n >0 of A
is called the degree of the derivation D

We write it as
degD =degA=n



Degree of D

Definition
Given a derivation tree D with the Property H

We define the rank r of D as a sum of its left rank Lr and
right rank Rr of D, i.e.

r=1>Lr + Rr

where:

1. leftrank Lr of D is the largest number of consecutive
nodes on the branch of D staring with the node containing
the left premiss of the mix rule, such that each sequent on
these nodes contains the mix formula in the succedent;

2. rightrank Rr of D is the largest number of consecutive
nodes on the branch of D staring with the node containing
the right premiss of the mix rule, such that each sequent on
these nodes contains the mix formula in the antecedent.



Proof of H Lemma

We prove the H Lemma by carrying out two inductions

One on the degree n, the other on the rank r, of the
derivation D

It means we prove the HLemma for a derivation of the
degree n, assuming it to hold for derivations of a lower
degree as long as n # 0, i.e. we assume that derivations of
lower degree can be already transformed into derivations
without mix



Proof of H Lemma

The lowest possible rank is evidently 2

We begin by considering the case 1 when the rank is r =2

We carry induction with respect to the degree n of the
derivation D

After that we examine the case 2 when the rank is r > 2

and we assume that the H Lemma already holds for
derivations of the same degree, but a lower rank



Proof of H Lemma

Case 1. Rankof r=2

We carry induction with respect to the degree n of derivation
D, i.e. with respect to degree n >0 of the mix formula

We split the induction cases to consider in two groups
GROUP 1. Axioms and Structural Rules
GROUP 2. Logical Rules

We present now some cases of rules of inference as
examples. There are some more cases presented in the
chapter, and the rest are left as exercises



Proof of H Lemma

Observe that first group contains cases that are especially
simple in that they allow the mix to be immediately
eliminated

The second group contains the most important cases since
their consideration brings out the basic idea behind the whole
proof

Here we use the induction hypothesis with respect do the
degree of the derivation. We reduce each one of the cases to
transformed derivations of a lower degree



Proof of H Lemma

GROUP 1. Axioms and Structural Rules
1. The left premiss of the mix rule is an axiom

A— A

Then the sub-tree of D containing mix is as follows

ALY — A

/\(mix)



Proof of H Lemma

We transform it, and replace it in the derivation tree D by

A Y — A

(possibly several exchanges and contractions )

>y — A

Such obtained tree D* proves the same sequentas D and
contains no mix



Proof of H Lemma

2. The right premiss of the mix rule is an axiom A — A
Then the sub-tree of D containing mix is as follows

Yy — ALA
A(mix)

Y — A A— A

We transform it, and replace itin D by

r — AN A
(possibly several exchanges and contractions)
ry— A

Such obtained D* proves the same sequent and contains no
mix



Proof of H Lemma

Suppose that neither of premisses of mix is an axiom
As the rank is r=2 , the right and left ranks are requal 1

This means that in the sequents on the nodes directly below
left premiss of the mix, the mix formula A does not occur in
the succedent; in the sequents on the nodes directly below

right premiss of the mix, the mix formula A does not occur
in the antecedent

In general, if a formula occurs in the antecedent (succedent)
of a conclusion of a rule of inference, it is either obtained by a
logical rule or by a contraction rule



Proof of H Lemma

3. The left premiss of the mix rule is the conclusion of a
contraction rule. The sub-tree of D containing mix is:

s — A ©
/\ (mix)

r— A A ¥ —0
| (— contr)
r— A



Proof of H Lemma

We transform it, and replace it in D by

™ — A ©

(possibly several weakenings and exchanges)
r— A

Such obtained D* contains no mix
Observe that the whole branch of D that starts with the node
> — O disappears

4. The right premiss of the mix rule is the conclusion of a
contraction rule (— contr). ltis a dual case to 3. s left as
an exercise



Proof of H Lemma

GROUP 2. Logical Rules

1. The mix formulais (A N B) The left premiss of the mix
rule is the conclusion of a rule (— N). The right premiss of
the mix rule is the conclusion of a rule (N —);

The sub-tree T of D containing mix is:

N — A 06
J\(mix)

r— A, (ANnB) (AnB), ¥ —©

/\(—>n) | (N =)
AY —©

r— AA r— A,B



Proof of H Lemma

We transform T into T* as follows.

M — A 06

(possibly several weakenings and exchanges )
r < — A", ©

/\(mix)

r— AA AY —0O

We replace T by T* in D and obtain D*



Proof of H Lemma

Now we can apply induction hypothesis with respect to the
degree of the mix formula

The mix formula A in D* has a lower degree then the mix
formula (AN B)

By the inductive assumption the derivation D*, and hence the
derivation D may be transformed into one without mix

2. The case when the left premiss of themix rule is the
conclusion of arule (— N) and right premiss of the mix rule
is the conclusion of a rule (N —)2 is dual to 1. and is left as
exercise



Proof of H Lemma

3. The main connective of the mix formula is U, i.e. the mix
formulais (A U B)

This case is to be dealt with symmetrically to the N cases
and is presented in the book chapter 6

4. The main connective of the mix formula is -, i.e. the mix
formulais —A

This case is also presented in the book chapter 6

We consider now a slightly more complicated case of the
implication, i.e. the case of the mix formula (A = B)



Proof of H Lemma

5. The main connective of the mix formulais =, i.e. the
mix formulais (A = B)

Here is the sub-tree T of D containing the application of the
mix rule

LY —A©
/\ (mix)

r— A, (A= B) (A=B),L— ©
| (—=) A=)

Z—>@,A B,Z—>@’



Proof of H Lemma

We transform Tinto T* as follows.

M — A ©
(possibly several weakenings and exchanges )
>, M,y — 0°A%0
/\ (mix)
Yy —06 A AT, Y— A" O

/\ (mix)

AT — A, B B, ¥ —0,



Proof of H Lemma

The asteriks are, of course, intended as follows

>*, A* results from X, A by the omission of all formulas
B

, 2, O results from, X*, © by the omission of all
formulas A



Proof of H Lemma

We replace the sub-tree T by T* in D and obtain D*

Now we have two mixes, but both mix formulas A and B are
of a lower degree then n

We first apply the inductive assumption to the lower mix
(formula B) and the lower mix is eliminated

We then apply by the inductive assumption and eliminate the
upper mix (formula A)

This ends the proof of the case of the rank r=2



Proof of H Lemma

Case r > 2

In the case r = 2, we reduced the derivation to one of lower
degree. Now we proceed to reduce the derivation to one of
the same degree, but of a lower rank

This allows us to to be able to carry the induction with
respect to the rank r of the derivation

We use the inductive assuption in all cases except, as before,
a case of an axiom or structural rules

In these cases the mix can be eliminated immediately, as it
was eliminated in the previous case of rank r = 2



Proof of H Lemma

In a case of logical rules we obtain the reduction of the mix
to derivations with mix of a lower ranks which consequently
can be eliminated by the inductive assumption

We carry proofs for two logical rules (— n) and (U —)
The proof for all other rules is similar and is left as exercise

We consider only the case of left rank Lr=1 and right rank
Rr > 1

The symmetrical case of left rank Lr > 1 and right rank Rr = 1
is left as an exercise



Proof of H Lemma

Case: Lr=1 and Rr=r>1

The right premiss of the mix is a conclusion of the inference
rule (— N),i.e.itis of aform

r— A, (AnB)

where [ contains a mix formula M

The left premiss of the mix is a sequent
©—

and X contains the mix formula M



Proof of H Lemma

The sub-tree T of D containing the application of the mix
rule is

o, " — YA, (ANB)

/\ (mix)



Proof of H Lemma

We transform T into T* as follows

O, " — ¥ AA e, — ¥ AB

We perform mix on the left branch

o, — ¥ AA
A(mix)

©— X r— AA



Proof of H Lemma

We perform mix on the right branch

e, — ¥ AB
A(mix)

©—o X [r— AB

We replace T by T* in D and obtain D*

Now we have two mixes, but both have the right rank Rr = r-1
and both of them can be eliminated by the inductive
assumption



Proof of H Lemma

Case: Lr=1 andRr=r>1

The right premiss of the mix is a conclusion of the rule
(U —),i.e.itis of a form

(AUB),T — A

and [ contains a mix formula M

The left premiss of the mix is a sequent
©— X

and X contains the mix formula M



Proof of H Lemma

The sub-tree T of D containing the application of the mix
rule is

O, (AUB). " — T A
A(mix)

& —X (AUuB),T — A



Proof of H Lemma

(AUB)" stands either for (A UB) or for nothing according
as (AUB) isunequal or equal tothe mix formula M

The mix formula M certainly occurs in I

For otherwise M would been equal to (A U B) and the right
rank Rr would be equal to 1 contrary to the assumption that
Rr > 1



Proof of H Lemma

We transform T into T* as follows

e, (AuB),I"m — ¥ A
/\(U —)

AB, M — ¥ A B,o, " — ¥ A

We perform mix on the left branch

A0, " — YA

(some weakenings, exchanges)
0,A " — Y5 A

A(mix)

0 —X Al— A



Proof of H Lemma

We perform mix on the right branch

B,©, " — ¥ A

(some weakenings, exchanges )
e,B " — A

/\ (mix)

0 —X B, — A



Proof of H Lemma

Now we have two mixes

But both have the right rank Rr = r-1 and hence both of them
can be eliminated by the inductive assumption

Wereplace T by T" in D and obtain D*

This ends the proof of the Hauptzatz Lemma

We have hence completed the proof of the Hauptzatz
Theorem



LK and LI Hauptzatz Theorems



LK and LI Hauptzatz Theorems

Let's denote by LK -c and LI-c the systems LK, LI
without the cut rule, i.e. we put

LK — ¢ = LK — {(cut)}

LI - ¢ = LI - {(cut)}

We re-write the Hauptzatz Theorems as follows.



LK and LI Hauptzatz Theorem
LK Hauptzatz
For every LK sequent [ — A,

Fik T — A ifandonlyif Fixc I — A

LI Hauptzatz
For every Ll sequent  — A,

Fyl— A ifandonlyif v — A

This is why the cut-free Gentzen systems LK-c and LI -c are
just called LK, LI, respectively



LK-c Completeness

Directly from the LK Completeness Theorem and the LK
Hauptzatz Theorem we get that the following.

LK-c Completeness Theorem
For any sequent I — A,

Fik-e I — A ifandonlyif ET — A



LK and GK Systems Equivalency



GK System

Let G be the Gentzen sequents proof system defined
previously

We replace the logical axiom of G
M, a N — Ay, a, A
where a € VAR is any propositional variable and
M,y A’y, A’ € VAR®

are any indecomposable sequences, by a new logical
axiom

r1a A7 r2 — A1s A» AZ
forany A €% and any sequences

F1,F2,A1,A2 € SQ



GK System

We call a resulting proof system GK, i.e. we defined it as
follows

GK = ( Liuns-y SQ, LA, R)

where LA is the new axiom defined above and R is the set
of rules of the system G

Observe that the only difference between the systemsGK
and G is the form of their logical axioms, both being
tautologies

We get the proof of completeness of GK in the same way
as we proved it for G, i.e. we have the following



GK Completeness

GK Completeness Theorem
For any formula A € F,

tek A if and only if

For any sequent  — A € SQ

Fek I — A if and only if

= A

Er—A



LK and GK Systems Equivalency

By the GK, LK-c Completeness Theorems we get the
equivalency of GK and the cut free LK-c proof systems

LK, GK Equivalency Theorem

The proof systems GK and the cut free LK are equivalent,
i.e forany sequent [ — A,

Fik T — A ifandonlyif +tgxl — A



