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Predicate Automated Proof Systems
Introduction

We define and discuss here Rasiowa and Sikorski Gentzen
style proof system QRS for classical predicate logic

The propositional version of it, the RS proof system, was
studied in detail in chapter 6

These both proof systems RS and QRS admit a constructive
proof of completeness theorem



Predicate Automated Proof Systems
Introduction

We adopt Rasiowa, Sikorski (1961) technique of construction
a counter model determined by a decomposition tree to prove
QRS completeness theorem

The proof, presented here is a generalization of the
completeness proofs of RS and other Gentzen style
propositional systems presented in details in chapter 6

We refer the reader to the chapter 6 as it provides a good
introduction to the subject



Predicate Automated Proof Systems
Introduction

The other Gentzen type predicate proof system, including
the original Gentzen proof systems LK, LI for classical and
intuitionistic predicate logics are obtained from their
propositional versions discussed in detail in chapter 6 by
adding the Quantifiers Rules to them

It can be done in a similar way as a generalization of the
propositional RS to the the predicate QRS system as

presented here

We leave these generalizations as an exercise for the reader



Predicate Automated Proof Systems
Introduction

We also leave as an exercise the predicate language version

of Gentzen proof of the cut elimination theorem, Hauptzatz
(1935)

The Hauptzatz proof for the predicate classical LK and
intuitionistic LI systems is easily obtained from the
propositional proof included in chapter 6

There are of course other types of automated proof systems
based on different methods of deduction



Predicate Automated Proof Systems
Introduction

There is a Natural Deduction mentioned by Gentzen in his
Hauptzatz paperin 1935

It was later and fully developed by Dag Prawitz 1965)

It is now called Prawitz, or Gentzen-Prawitz Natural
Deduction

There is a Semantic Tableaux deduction method invented by
Evert Beth (1955)

It was consequently simplified and further developed by
Raymond Smullyan (1968)
It is now often called Smullyan Semantic Tableaux



Predicate Automated Proof Systems
Introduction

Finally, there also is a Resolution
The resolution method can be traced back to Davis and
Putnam (1960)

Their work is still known as Davis-Putnam method

The difficulties of Davis-Putnam method were eliminated by
John Alan Robinson (1965)

He consequently developed it into what we call now
Robinson Resolution, or just the Resolution



Predicate Automated Proof Systems
Introduction

The resolution proof system for propositional or predicate
logic operates on a set of clauses as a basic expressions and
uses a resolution rule as the only rule of inference

We define and prove correctness of effective procedures of
converting any formula A into a corresponding set of
clauses in both propositional and predicate cases



QRS Proof System



QRS Proof System

The components of the QRS proof system are as follows
Language [
L — L{H,U,:>,—|}(P’ F’ C)

for P, F, C countably infinite sets of predicate, functional, and
constant symbols, respectively

Expressions &

Let ¥ denote a set of formulas of £. We adopt as the set of
expressions the set of all finite sequences of formulas, i.e.

E=F"
We will denote theexpressions of QRS by
r, A, X,...

with indices if necessary



Rules of Inference of QRS

The system QRS consists of two axiom schemas and
eleven rules of inference

The rules of inference form two groups

First group is similar to the propositional case and contains
propositional connectives rules:

(V) (=), (n), (=n), (=), (==), (=)

Second group deals with the quantifiers and consists of
four rules:

(), 3, (=), (=9)



Logical Axioms of RS

We adopt as logical axioms LA of QRS any sequence of
formulas which contains a formula and its negation, i.e
any sequence

r1’ A? r27 _|A’ r3

M, -A, T2, A, I3

where A € ¥ is any formula



Proof System QRS
Formally we define the system QRS as follows

QRS = (Linu—_y(P.F.C), F*, LA, R)

where the set R of inference rules contains the following
rules

(V). (=V), (M), (=N), (=), (= =), (=), (¥). (A), (=Y), (=T

and LA is the set of all logical axioms



Literals in QRS

Definition

Any atomic formula, or a negation of atomic formula is
called a literal

We form, as in the propositional case, a special subset

LTCF

of formulas, called a set of all literals defined now as follows

LT={AeF: AcAF} U {-mAeF : A€ AF}
The elements of the set {A € ¥ : A€ A¥} arecalled
positive literals
The elements of the set {(-A € ¥ : A€ AF} are called
negative literals



Sequences of Literals

We denote by

’ ’ ’

r, A, X...

finite sequences (empty included) formed out of literals i.e
A, Y elT

We will denote by
r, A, X...

the elements of ¥~



Connectives Inference Rules of QRS

Group 1
Disjunction rules

’

) r', A.B, A (=) ', -A, A : I, =B, A
", (AuB), A I, -(AUB), A

Conjunction rules

, A I, —A, =B, A

(") 0 = ~(ANB), A

r A A : IT,B
I, (AnB), A

where [ elT*, AeF* ABeF



Connectives Inference Rules of QRS

Group 1
Implication rules

’

(=) r', -A,B, A (- =) r A A : T,-B, A
I (A=1B), A ", -(A=B), A

Negation rule

(=) r, A, A
VT SSA A

where [ elT*, AeF* A.BeF



Quantifiers Inference Rules of QRS

Group 2: Universal Quantifier rules

M, Aly), A [, 3x-A(x), A
() Ao A (=Y) =
I, VxA(x), A I, =VxA(x), A

where [ e LT*, Ae¥F*, A, BeF

The variable y in rule (V) is a free individual variable which
does not appear in any formula in the conclusion, i.e. in any
formula in the sequence I, VxA(x), A

The variable y in the rule (V) is called the eigenvariable

All occurrences] of y in A(y) of the rule (V) are fully indicated



Quantifiers Inference Rules of QRS

Group 2: Existential Quantifier rules

I, A(t), A,IxA(X) (=3) [, Vx-A(x), A
[, 3xA(x), A T SaxAKx), A

(E))
where t € T is an arbitrary term, I € LT*, A e F*, A,BeF

Note that A(f), A(y) denotes a formula obtained from A(x)
by writing the term t or y, respectively, in place of all
occurrences of x in A



Proofs and Proof Trees

By a formal proof of a sequence I in the proof system QRS
we understand any sequence

r1 s r2, rn

of sequences of formulas (elements of ¥ *), such that

1. [ elA, I, =1T,and

2. foralli (1<i<n),l;jelA,orl; isa conclusion of one of
the inference rules of QRS with all its premisses placed in

the sequence I'1, o, ... [j_4



Proofs and Proof Trees

We write, as usual,
Fars I

to denote that the sequence I' has a formal proof in QRS

As the proofs in QRS are sequences (definition of the formal
proof) of sequences of formulas (definition of expressions &)
we will not use ” ;7 to separate the steps of the proof, and
write the formal proof as

F1; rg; Fn



Proofs and Proof Trees

We write, however, the formal proofs in QRS as we did the
propositional case (chapter 6),

in a form of trees rather then in a form of sequences

We adopt hence the following definition

Proof Tree

By a proof tree, or QRS - tree proof of [ we understand a tree
Tr of sequences satisfying the following conditions:

1. The topmost sequence, i.e the root of T is T,

2. allleafs are axioms,

3. the nodes are sequences such that each sequence on

the tree follows from the ones immediately preceding it by one
of the rules

of inference rules



Proof Trees

We picture, and write the proof trees with the root on the top,
and leafs on the very bottom

In particular cases, as in the propositional case, we write the
proof trees indicating additionally the name of the inference
rule used at each step of the proof

For example, when in a proof of a formula A we use
subsequently the rules

(M), (V). (¥), (N), (==), (¥), (=)

we represent the proof of A as the following tree



Proof Trees

Ta
Formula A

(=)
conclusion of (V)
1(¥)
conclusion of (=—)
[(==)
conclusion of (N)

ING!

conclusion of (V) conclusion of (U)
1(¥) (V)

axiom conclusion of (N)

ING!

axiom axiom



DecompositionTrees

The main advantage of the Gentzen type proof systems lies
in the way we are able to search for proofs in them

Moreover, such proof search happens to be deterministic
and automatic

We conduct proof search by treating inference rules as
decomposition rules (see chapter 6) and by building
decomposition trees

A general principle of building decomposition trees is
the following.



DecompositionTrees
Decomposition Tree Tr
For each I € ¥*, a decomposition tree T is a tree build
as follows
Step 1. The sequence [ is the root of T

For any node A of the tree we follow the steps bellow

Step 2. If A is indecomposable or an axiom, then A
becomes a leaf of the tree



DecompositionTrees

Step 3. If A is decomposable, then we traverse A from left
to right to identify the first decomposable formula B and
identify inference rule treated as decomposition rule that is
determined uniquely by B

We put its premiss as a hode below, or its left and right
premisses as the left and right nodes below, respectively

Step 4. We repeat steps 2. and 3. until we obtain only
leaves or an infinite branch

In particular case when when [ has only one element, namely
aformula A € 7, we call it a decomposition tree of A and
denote by Tx



QRS Decomposition Trees

Given a formula A € ¥, we define its decomposition tree
Tx as follows

Observe that the inference rules of QRS can be divided in two
groups: propositional connectives rules

(V). (=V). (M), (=N). (=), (= =)

and quantifiers rules

(), (A), (=) (=9

We define the decomposition tree in the case of the
propositional rules and the quantifiers rules (=Y), (=3) in
the same way as for the propositional language (chapter 6)



QRS Decomposition Trees

The case of the rules (V) and (3) is more complicated, as
the rules contain the specific conditions under which they
are applicable

To define the way of decomposing the sequences of the form

[VXA(x),A or T',3xA(x),A,
i.e. to deal with the rules quantifiers rules (¥) and (3) we
assume that all terms form a one-to one sequence
ST ti,to, sty e

Observe, that by the definition, all free variables are terms,
hence all free variables appear in the sequence ST



QRS Decomposition Trees

Let ' be a sequence on the tree in which the first
indecomposable formula has the quantifier ¥ as its
main connective. It means that I' is of the form

[, VA(x), A
We write a sequence
I, A(y), A

below I on the tree as its child, where the variable y fulfills
the following condition

Condition 1 : the variable y is the first free variable in the
sequence ST of terms such that y does not appear in

any formula in I, VXA(x), A

Observe, that the condition the Condition 1 corresponds to
the restriction put on the application of the rule (V)



QRS Decomposition Trees

Let now the first indecomposable formulain I has the
quantifier 1 as its main connective. It means that I' is of

the form
I, IxA(x), A

We write a sequence
I, A(t), A, 3xA(x)

as its child, where the term ¢ fulfills the following condition

Condition 2: thetermt is the first term in the sequence ST
of all terms such that the formula A(t) does not appear in
any sequence on the tree which is placed above

I A1), A, AxA(x)



QRS Decomposition Trees

Observe that the sequence ST of all terms is one- to - one
and by the Condition 1 and Condition 2 we always chose
the first appropriate term (variable) from the sequence ST

Hence the decomposition tree definition guarantees that the
decomposition process is also unique in the case of the

quantifier rules (¥) and (3)

From all above, and we conclude the following



QRS Decomposition Trees

Uniqueness Theorem
For any formula A € 7,
(i) the decomposition tree T4 is unique
(ii) Moreover, the following conditions hold
1. If the decomposition tree T, is finite and all its leaves
are axioms, then
Fars A
2. If T is finite and contains a non-axiom leaf, or T, is
infinite, then
¥ars A



Examples of Decomposition Trees

In all the examples below, the formulas A(x), B(x) represent
any formulas

But as there is no indication about their particular
components, they are treated as indecomposable formulas

For example, the decomposition tree of the formula A
representing the de Morgan Law

(=YXA(x) = Ax-A(x))

is constructed as follows



Examples of Decomposition Trees

Ta
(=VxA(x) = Ix-A(x))
(=)
==VYXA(x), Ix-A(X)
| (==)
VYXA(x), Ax=A(x)
1(Y)
A(xq), Ix=A(x)

where X1 is a first free variable in the sequence ST such that x; does not appear in
VxA(X), Ix-A(x)

NE)
A(x1), =A(x1), Ix-A(X)

where x4 is the first term (variables are terms) in the sequence ST such that =A(x1) does
not appear on a tree above A(x1), =A(x1), Ix-A(x)
Axiom



Examples of Decomposition Trees

The above tree T4 ended with one leaf being axiom, so
it represents a proof in QRS of the de Morgan Law

(=VxA(x) = Ix=A(x))
and . we have proved that

F (=YXA(x) = Ax-A(x))

The decomposition tree T4 for a formula
(VxA(x) = IxA(x))

is constructed as follows



Examples of Decomposition Trees
Ta
(VXA(x) = AxA(x))

(=)

=VxA(x), IxA(x)
| (=V)

Ix-A(x), IxA(x)
1 (3)

=A(t), IxA(x), Ix-A(X)

where t; is the first term in the sequence ST, such that =A(t;) does not appear on the tree
above —A(t), IxA(x), Ix-A(x)

1 (3)
=A(t), A(ty), Ix=A(x), AxA(x)

where t; is the first term in the sequence ST, such that A(t;) does not appear on the tree
above —A(t1), A(t1), Ix=A(x), IxA(x)

Axiom



Examples of Decomposition Trees

The above tree also ended with the only leaf being the axiom,
hence we have proved that

F (VxA(x) = IxA(x))
We know that the the inverse implication
(AXA(x) = VxA(x))

is not a predicate tautology

Let’s now look at its decomposition tree T4



Examples of Decomposition Trees
Ta
AxA(x)
1 (3)
A(ty), IxA(x)

where t; is the first term in the sequence ST, such that A(t;) does not appear on the tree
above A(t),IxA(x)

1 (3)
A(tr), A(tz), IxA(x)

where t, is the first term in the sequence ST, such that A(t2) does not appear on the tree
above A(t1),A(k), IxA(X),i.e. o # 4y

1 (3)
A(tr) A(tz), A(ts), IxA(X)

where t3 is the first term in the sequence ST, such that A(13) does not appear on the tree
above A(t1),A(t2),A(t3), IxA(X), i.e. t3 £ b # ty

1 (3)



Examples of Decomposition Trees

We continue the decomposition

1 (3)
A(t), At), A(ts), A(ty), IxA(x)

where 1 is the first term in the sequence ST, such that A(ts) does not appear on the
tree above A(t1),A(f2), A(t3),A(ts), IXA(X),ie. a #t3 #bo # ty

1 (3)

infinite branch

Obviously, the above decomposition tree is infinite, what
proves that
¥ AxA(X)



Examples of Decomposition Trees
We construct now a proof in QRS of the quantifiers
distributivity law
(Ax(A(x) N B(x)) = (IXA(x) N AxB(x)))
and show that the proof in QRS of the inverse implication
((IxA(x) N IAxB(x)) = Ax(A(x) N B(x)))
does not exist, i.e. that

¥ ((IxA(x) N AxB(x)) = Ix(A(x) N B(x)))

The decomposition tree T4 of the first formula is the following



Examples of Decomposition Trees
Ta
(Ax(A(x) N B(x)) = (AxA(x) N AxB(x)))
(=)
=3Ax(A(x) N B(x)), (AxA(x) N AxB(x))
| (=3)
Vx=(A(x) N B(x)), (AxA(x) N AxB(x))

1 (¥)
=(A(x1) N B(x1)), (AXA(x) N AxB(x))

where x1 is a first free variable in the sequence ST such that x; does not appear in
¥x=(A(x) N B(x)), (IxA(x) N IxB(x))

| (=N)
=A(x1), =B(x1), (IXA(x) N AxB(x))

A\ ()



Examples of Decomposition Trees

A\ (0)

=A(X1), ~B(x1), IxA(x) =A(x1), ~B(x1), 3xB(x)
1(3) 1(3)
=A(x1),=B(x1),A(t;), IXA(x) =A(x1),=B(x1), B(t), IxB(x)

where t is the first term in the sequence | (3)
ST, such that A(t;) does not appear on the
tree above —=A(x1), =B(x1),A(t1), IxA(x)

| (3
1(3) 9

=A(x1),=B(x1), ...B(x1), AxB(x)

axiom
=A(X1),~B(x1),...A(x1), AXA(X)

axiom



Examples of Decomposition Trees

Observe, that it is possible to choose eventually a term
ti = xq, as the formula A(x;) does not appear on the tree
above the node

-A (X1 ), —|B(X1 ), VA (X1 ), dxA (X)
By the definition of the sequence ST, the variable x; is placed
somewhere in it, i.e. xy = {;, for certain i > 1
It means that after i applications of the step () in the
decomposition tree, we will get an axiom leaf

-A (X1 ), —|B(X1 ), WA (X1 ), HXA(X)



Examples of Decomposition Trees

All leaves of the above tree T, are axioms, what means
that we proved

Fars (AX(A(x) N B(x)) = (IxA(x) N IxB(x))).
We construct now, as the last example, a decomposition tree
T, of the formula

((IxA(x) N IAxB(x)) = Ax(A(x) N B(x)))



Examples of Decomposition Trees
Ta
((IxA(x) N AxB(x)) = Ix(A(x) N B(x)))
(=)
=(IxA(x) N IxB(x))Ax(A(x) N B(x))
| (=N)
=3xA(x), =3xB(x), Ix(A(x) N B(x))
1 (=3)
¥x=A(x), =3xB(x), Ax(A(x) N B(x))
1(¥)
=A(x1), ~3AxB(x), Ax(A(x) N B(x))
I (=3)
=A(X1), Vx=B(x), Ix(A(x) N B(x))
(V)



Examples of Decomposition Trees

| (V)
=A(x1), =B(x2), Ax(A(x) N B(x))

By the reasoning similar to the reasonings in the previous examples we get that xy # x2

1 (3)
~A(x1), ~B(x2), (A(t) N B(t)), Ix(A(x) N B(x))

where t; is the first term in the sequence ST such that (A(t1) N B(t;)) does not appear on
the tree above —A(x1), =B(x2), (A(t1) N B(t1)), Ix(A(x) N B(x)) Observe, that it is
possible that t; = x1, as (A(x1) N B(x1)) does not appear on the tree above. By the
definition of the sequence ST of terms, xy is placed somewhere in it, i.e. x; = t;, for certain
i > 1. For simplicity, we assume that t; = x4y and get the sequence:

=A(x1),=B(x2), (A(x1) N B(x1)), Ax(A(x) N B(x))

Q@



Examples of Decomposition Trees

Q@

—|A(X1),—|B(X2), —|A(X1),—|B(X2),
A(x1), Ix(A(x) N B(x)) B(x1), Ix(A(x) N B(x))
Axiom [ (3)

—|A(X1),—|B(X2),B(X1),
(A(x2) N B(x2)), Ax(A(x) N B(x))

see COMMENT

A0)



Examples of Decomposition Trees

COMMENT: where xo = o (X1 # x2) is the first term in the sequence ST, such that
(A(x2) N B(x2)) does not appear on the tree above
=A(X1), =B(x2), (B(x1), (A(x2) N B(x2)), Ix(A(x) N B(x)). We assume that t, = x for the
reason of simplicity.

A0

—A(x1), =A(x1),
-B(x2), -B(x2),
B(x1),A(x2), B(x4), B(x2),
Ax(A(x) N B(x)) Ax(A(x) N B(x))
1 (3) Axiom

1(3)

infinite branch



Examples of Decomposition Trees

The above decomposition tree T4 contains
an infinite branch what means that

¥ars ((IxA(x) N IAxB(x)) = Ax(A(x) N B(x)))
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QRS Completeness

Our main goal now is to prove the Completeness Theorem
for the predicate proof system QRS

The proof of the Completeness Theorem presented here
is due to Rasiowa and Sikorski (1961), as is the proof
system QRS

We adopted Rasiowa - Sikorski proof of QRS completeness
to propositional case in chapter 6



QRS Completeness

Proofs of the Completeness Theorem in the propositional
case and in the predicate case, are both constructive

Both are based on a direct construction of a counter model
for any unprovable formula

The construction of the counter model for the unprovable
formula A uses in both cases the decomposition tree T4

Rasiowa-Sikorski type of constructive proofs by defining
a counter models determined by the decomposition trees
relay heavily of the notion of strong soundness



QRS Semantics

Given a first order language £
-L - ~£[ﬂ,U,:>,—\}(P7 Fa C)

with the set VAR of variables and the set ¥ of formulas

We define, after chapter 8 a notion of a model and
a counter- model of a formula A € ¥

We establish the semantics for QRS by extending it to
the set 7" of all finite sequences of formulas of £



QRS Semantics

Model
A structure M = [M, ]| is called a model of A € 7

if and only if
MV)EA

for all assignments v : VAR — M

We denote it by
MEA

M is called the universe of the model, | the interpretation



QRS Semantics

Counter - Model

A structure M = [M, ] is called a counter- model of A € 7
if and only if there is a variable assignment

v : VAR — M, such that

(M,v) IEA

We denote it by
MIEA



QRS Semantics

Tautology

A formula A € ¥ is called a predicate tautology

and is denoted by
EA

if and only if all structures M = [M, I] are models of A, i.e.
= A if and only if MEA

for all structures M = [M, [] for £



QRS Semantics

For any sequence I € ¥*, by 6r we understand any
disjunction of all formulas of I

A structure M = [M, || is called a model of a sequence
[ € ¥ and denoted by

MET
if and only if M = or
The sequence [ € ¥* is a predicate tautology
if and only if the formula 61 is a predicate tautology, i.e.

=T ifandonly if = or



Strong Soundnesss

Our goal now is to prove the Completeness Theorem
for QRS

The correctness of the Rasiowa-Sikorski constructive
proof depends on the strong soundness of the rules of

inference of QRS

We define it (in general case) as follows



Strong Soundnesss
Strongly Sound Rules
Given a predicate language proof system
S=(L&ELAR)

An inference rule r € R of the form

(I’) P1 ) P2 Ve Pm
C

is strongly sound if the following condition holds for any
structure M = [M,[] for L

M = A{P1,Ps, Py} ifandonlyif M = C



Strong Soundnesss

A predicate language proof system S = (L£,&, LA, R) is
strongly sound if and only if all logical axioms LA are
tautologies and all its rules of inference r € R are strongly
sound

Strong Soundness Theorem
The proof system QRS is strongly sound

Proof

We have already proved in chapter 6 strong soundness of the
propositional rules. The quantifiers rules are strongly sound
by straightforward verification and is left as an exercise



Soundnesss Theorem

The strong soundness property is stronger then soundness
property, hence also the following holds

QRS Soundness Theorem
Forany I € 77,
if tors I, then =T

In particular, for any formula A € 7,

if +qrs A, then = A



Proof of Completeness Theorem
Completeness Theorem
Forany I € 77,
tors [ ifandonlyif = T
In particular, for any formula A € 7,
tors A ifandonlyif = A

Proof We prove the completeness part. We need to prove
the formula A case only because the case of a sequence I
can be reduced to the formula case of Jr. l.e. we prove the
implication:

if EA, then FQRs A



Proof of Completeness Theorem
We do it, as in the propositional case, by proving the
opposite implication

if ¥ors A then E A

This means that we want prove that for any formula A,
unprovability of A in QRS allows us to define
its counter- model



Proof of Completeness Theorem

The counter- model is determined, as in the propositional
case, by the decomposition tree T

We have proved the following

Tree Theorem

Each formula A, generates its unique decomposition tree Ty
and A has a proof if and only if

this tree is finite and all its leaves are axioms



Proof of Completeness Theorem

The Tree Theorem says says that we have two cases to
consider:

(C1) the tree T, is finite and contains a leaf which is not
axiom, or

(C2) the tree T, is infinite

We will show how to construct a counter- model for A in both
cases:

a counter- model determined by a non-axiom leaf of the
decomposition tree Ta,

or a counter- model determined by an infinite branch of Ty



Proof of Completeness Theorem

Proof in case (C1)
The tree T, is finite and contains a non- axiom leaf

Before describing a general method of constructing the
counter-model determined by the decomposition tree T4 we
describe it, as an example, for a case of a general formula

(IXA(x) = VxA(x)),
and its particular case
(@x(P(x) N R(x.y)) = ¥x(P(x) N R(x,y))),

where P, R are one and two argument predicate symbols,
respectively



Proof of Completeness Theorem

First we build its decomposition tree:
Ta
(Ax(P(x) N R(x.y)) = Yx(P(x) N R(x.¥)))

(=)

=3x(P(x) N R(x,y)),¥x(P(x) N R(x,y))
| (=3)

¥x=(P(x) N R(x,y)), Yx(P(x) N R(x,y))
| (¥)

=(P(x1) N R(x1,y)), Yx(P(x) N R(x, y))

where x1 is a first free variable in the sequence of term ST such that x; does not
appear in Yx=(P(x) N R(x,y)). Yx(P(x) N R(x,y))

I (=n)
—P(x1), ~R(x1,y), ¥x(P(x) N R(x.y))
()



Proof of Completeness Theorem

| (V)
—P(x1), 7R(x1,y), (P(x2) N R(x2,y))

where x; is a first free variable in the sequence of term ST such that x, does not appear in
=P(x1),=R(x1,y),¥x(P(x) n R(x,y)), the sequence ST is one-to- one, hence x1 # X2

A0

—P(x1), =R(x1,y), P(x2)
—=P(x1),=R(x1,¥), R(x2,y)
X1 # X2, Non-axiom
X1 # X2, Non-axiom



Proof of Completeness Theorem

There are two non-axiom leaves

In order to define a counter-model determined by the tree Ta
we need to chose only one of them

Let’s choose the leaf
LA = —|P(X1 ), —|R(X1 , y), P(Xg)

We use the non-axiom leaf L, to define a structure
M = [M, ] and an assignment v, such that

(M,v) IEA

Such defined M is called a counter - model determined by
the tree Ty



Proof of Completeness Theorem

We take a the universe of M the set T of all terms of the
language £, i.e. we put M =T.

We define the interpretation / as follows.

For any predicate symbol Q € P, #Q = n we put that
Q((ty,...ty) is true (holds) for terms ty,. .. t,

if and only if

the negation —=Qy(t,...t,) of the formula Q(t,...t,) appears
on the leaf Lx

and Q(ti,...t,) is false (does not hold) for terms ti, .. . t,,
otherwise

For any functional symbol f € F, #f = n we put

f/(t‘],...tn) - f(t‘|,...tn)



Proof of Completeness Theorem

It is easy to see that in particular case of our non-axiom leaf

La = -P(x1), =R(x1,y), P(x)

Pi(x1) is true (holds) for x1, and not true for x»

Ri(x1,y) is true (holds) for x; and for any y € VAR



Proof of Completeness Theorem

We define the assignment v : VAR — T as identity,
i.e., weput v(x) =x forany x € VAR

Obviously, for such defined structure [M, /] and the
assignment v we have that

([T.1,v) E P(x1), ([T.N.v) = R(x1,y), ([T.1,v) ¥~ P(x)
We hence obtain that
([T. 1], v) = =P(x1),~R(x1,y). P(x2)

This proves that such defined structure [T, /| is a counter
model for a non-axiom leaf L, and by the Strong
Soundness we proved that

/= (Ax(P(x) N R(x,y)) = ¥x(P(x) N R(x,y)))



C1: Proof of Completeness Theorem

C1: General Method
Let A be any formula such that

¥ors A

Let T4 be a decomposition tree of A

By the fact that ¥grs and C1, the tree T, is finite and has
a non axiom leaf
Lp CLT"

By definition, the leaf L4 contains only atomic formulas and
negations of atomic formulas



C1: Counter Model Definition

We use the non-axiom leaf L, to define a structure
M = [M,]], an assignment v : VAR — M, such that

(M,Vv) IEA

Such defined structure M is called a counter - model
determined by the tree Tp



C1: Counter Model Definition

Structure M Definition
Given a formula A and a non-axiom leaf L,
We define a structure

M= M,

and an assignment v : VAR — M as follows

1. We take a the universe of M the set T of all terms of
the language £ , i.e. we put

M=T



C1: Counter Model Definition

2. For any predicate symbol Q € P,#Q = n,
QcT"
is such that Q(ty,...t,) holds (is true) for terms t,...1,
if and only if
the negation —Q(t,...t,) of the formula Q(t1,...1,)

appears on the leaf L4 and

Q(t1,...t,) does not hold (is false) for terms fq,...,1,
otherwise



C1: Counter Model Definition

3. Foranyconstantc e C, weput ¢, =c
For any variable x, we put x; = x
For any functional symbol f e F, #f=n

fi:T"—>T
is identity function, i.e. we put

forall t1,...th €T

4. We define the assignment v : VAR — T as identity,
i.e. we put for all x € VAR

v(x) =x



C1: Counter Model Definition

Obviously, for such defined structure [T, /] and the
assignment v we have that

([T, 1], v) = P ifformula P appearsin La,

([T, 1, v) = P if formula =P appearsin La

This proves that the structure M = [T, /] and assignment v
are such that
(T.1,v) ¥ La



C1: Counter Model Definition

By the Strong Soundness Theorem we have that

([T 0.v) = A
This proves M = A and we proved that

= A

This ends the proof of the case C1



C2: Counter Model Definition

Proof of case C2: T, is infinite

The case of the infinite tree is similar to the C1 case, even if
a little bit more complicated

Observe that the rule () is the only rule of inference
(decomposition) which can “produces” an infinite branch

We first show how to construct the counter-model in the
case of the simplest application of this rule, i.e. in the case of
the atomic formula

AxP(x)

for P one argument relational symbol. All other cases are.
similar to this one



C2: Particular Case n

The infinite branch 8,4 in the following
Ba
AxP(x)
1(3)
P(t), IxP(x)

where t; is the first term in the sequence of terms, such that P(t;) does not appear
on the tree above P(t1), IxP(x)

1(3)
P(t), P(t2), 3xP(x)

where 1 is the first term in the sequence of terms, such that P(t;) does not appear
on the tree above P(t1), P(t2), 3xP(x), i.e. t # t

1 (3)



C2: Particular Case

1 (3)
P(t), P(t2), P(t3), IxP(x)

where t; is the first term in the sequence of terms, such that P(t3) does not appear
on the tree above P(t1), P(2), P(t3), 3xP(x), i.e. t3 # b # t

1 (3)
P(t1), P(t2), P(t3), P(ts), AxP(x)
NE)

The infinite branch B4, written from the top, in oder of
appearance of formulas is

Ba = {HXP(X), P(t1), A(Tg), P(Tg), P(t4), ..... }

where t1, Io, .... is a one - to one sequence of all terms



C2: Particular Case n

The infinite branch
Ba = {HXP(X), P(t1), A(Tg), P(tg), P(t4), ..... }

contains with the formula JxP(x) all its instances P(t), for
allterms teT

We define the structure M = [M, || and the assignment v
as we did previously, i.e.

we take as the universe M the set T of all terms, and define
P, as follows:

Pi(t) holds if —=P(t) € B4, and
Pi(t) does not hold if P(t) € B4



C2: Particular Case

For any constant ¢ € C, we put ¢, = ¢, for any variable x,
we put x; = x
For any functional symbol f e F, #f=n

fi:T"—T
is identity function, i.e. we put
f/(t‘],...tn) - f(t‘|,...tn)

forall t,...t0 €T



C2: Particular Case

We define the assignment v : VAR — T as identity, i.e. we
put for all x € VAR
v(x) =x

It is easy to see that for any formula P(t) € B,
(IT. 1.v) b= P(1)

Butthe P(t) € 8 are all instances of the formula 3xP(x),
hence
([T, 1N, v) I IxP(x)

and we proved
= AxP(x)



C2: General Method



C2: General Method

Let A be any formula such that

¥ors A

Let 74 be an infinite decomposition tree of the formula A

Let B4 be the infinite branch of T4, written from the top, in
order of appearance of sequences [ € ¥ onit, where
o =A,i.e.

Ba=1{lo, 1, To, ... T, Tipq, ...}



C2: General Method

Given the infinite branch
Ba=1{lo, T4, T, ... Tiy Tipq, ...}

We define a set
LY CcF

of all indecomposable formulas appearing in at least one
sequence [, i <j,i.e. we put

L7 ={B e LT : thereis I'; € B4, such that B iappiears [';}



C2: General Method

Note, that the following holds

(1) If i</ and anindecomposable formula appearsin [;,
then it also appears in '

(2) Since none of [; is an axiom, for every atomic formula
P e A¥, at most one of the formulas P and —P isin L¥



Counter Model Definition

Counter Model Definition
Let T be the set of all terms. We define the structure
M = [T, 1], the interpretation | of constants and functional
symbols, and the assignment v inthe set T, as in previous
cases
We define the interpretation | of predicates Q € P as follows
For any predicate symbol Q € P,#Q = n, we put
(1) Qi(ty,...t,) does not hold (is false) for terms ti,...t,
if and only if

Q[(t1, . tn) eLF

(2) Q(ty,...t,) does holds (is true) for terms tq,...t,
if and only if
Q(ty,...ty) ¢ LF



Counter Model Definition

Directly from the definition we we have that M~ LF
Our goal now is to prove that

M= A

For this purpose we first introduce, for any formula A € 7, an
inductive definition of the order ordA of the formula A

(1) If AeAF, thenord A =1
(2) If ordA = n, then ord—=A =n+1

(3)If ordA <n and ordB < n, then
ord(AUB)=o0rd(ANB)=ord(A=B)=n+1
(4) If ordA(x) = n, then orddxA(x) = ord¥xA(x) = n+1



Proof of Completeness Theorem

We conduct the proof of M= A by contradiction.

Assume that
ME A

Consider now a set M7 of all formulas B appearing in one
of the sequences [I'; of the branch B4, such that

ME B
We write the the set M¥ formally as follows

MF ={Be¥F :forsome ;€ By, Bisin [jand M B}



Proof of Completeness Theorem

Observe that the formula A isin M7 so
MF + 0
Let B’ be aformulain M¥% such that
ordB’ < ordB forevery B e M¥

There exists [; ee B, thatis of the form 7, B’, A with an
indecomposable [’

We have that B’ can not be of the form
() -3IxA(x) or =VYxA(x)

forif B’ of the (%) form is in M7, then also formula
Vx=A(x) or dx=A(x) isin MF and the orders of the two
formulas are equal



Proof of Completeness Theorem

We carry the same order argument and show that B’ can
not be of the form

(#x) (AuB), =(AuB), (AnB), =(AnB),

(A=>B), =(A=B), —-—A, VxA(x)

The formula B’ can not be of the form
(s % %)  IAxB(x)

since then there exists term t and j suchthat i <j, and
B’(t) appears in I;andthe formula B(t) is such that

ME B



Proof of Completeness Theorem

Thus B(t) e M7 and ordB(t) < ordB’

This contradicts the definition of B’

Since B’ is not of the forms (), (sx), (x % %), B’ is
indecomposable. Thus B’ € L¥ and consequently

M= B’

On the other hand B’ is in the set M# and hence is one of
the formulas satisfying

ME B

This contradiction proves that M [~ A and hence we proved
that

= A
This ends the proof of the Completeness Theorem for QRS
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Skolemization and Clauses : Introduction

A resolution based proof system for predicate logic operates
on sets of clauses as a basic expressions and uses a
resolution rule as the only rule of inference

The first goal of this part is to define an effective process of
transformation of any formula A of a predicate language

L — ~£[—\,U,ﬁ,:>}(P7 F’ C)
into its logically equivalent set of clauses

Ca



Skolemization and Clauses:
Introduction

This process of transformation is done in two stages

S1. We convert any formula A of the predicate language £
into an open formula A* of alanguage £* by a process of
elimination of quantifiers from the original language £

The elimination method is due to T. Skolem (1920) and is
called Skolemization

Skolem Theorem
The resulting formula A* is equisatisfiable with A:
it is satisfiable if and only if the original one is satisfiable



Skolemization and Clauses;
Introduction

The stage S1. is performed as the first step in a resolution
based automated theorem prover

S2. We define a proof system QRS™ based on the
Skolemized language
L*

and use it transform automatically any formula A* of £*
into an logically equivalent set of clauses

Ca:



Skolemization and Clauses;
Introduction

The final result of stages S1. and S2., i.e. the set
Ca-
of clauses of the Skolemized language L* called a clausal

form of the original formula A of the language £

The transformation process for any propositional formula A
into its logically equivalent set C, of clauses follows
directly from the use of the propositional system RS



Clauses: Definition

Definition
Given a formal language £, propositional or predicate

1. Aliteral as an atomic , or a negation of an atomic formula
of L. We denote by LT the set of all literals of £

2. Aclause C is a finite set of literals
Empty clause is denoted by {}

3. We denote by C any finite set of all clauses. For any
n>0,
C=1{C1, Co, ... Cn}



Clauses: Definition

Definition
Given a propositional or predicate language L, and a

sequence
FelT”

determined by [ is a set form out of all elements of the
sequence [

We we denote it by

Cr



Example

Example
In particular,
1. if [y =a,a,-b,c,-b,c and > =-b,c,a, then

Cr, =Cr, = {a,c,b}
2. If Ty ==P(x1), ~R(x1, ), P(x2), 2P(x1), =R(x1, y), P(x2)
and > = =P(xq),=R(x1,y), P(x2), then

CI—1 :Cr2 = {‘!P(X1),"R(X1’y)’ P(XZ)}



Clauses Semantics

Given a propositional or predicate language L
We use the following notations
For any clause C, write

d¢c

for a disjunction of all literals in C

Let M denote a structure [M, /] for a predicate language £,
or a truth assignment v in case when £ is a propositional
language



Clauses Semantics
Definition
M is called a model for a clause C
ME C, ifandonlyif ME 6¢
M is called a model fora set C of clauses,

ME C ifandonlyif MpE C forallclauses C€C



Clauses Semantics
Definition
Aformula A is equivalent with a set C of clauses
(A=C) ifandonlyif A=o¢

where o¢ is a conjunction of all formulas ¢ for all clauses
ceC



Propositional Formula-Clauses Equivalency

Theorem ( Formula-Clauses Equivalency)

For any formula A of a propositional language £, there is
an effective procedure of generating a corresponding set
C, of clauses such that

AECA

Proof

Given a formula A, we first use the RS system (chapter 6) to
build a decomposition tree T4 of A

We form clauses out of the leaves of the tree T4, i.e. for
every leaf L we create a clause C; determined by L



Propositional Formula-Clauses Equivalency
We put

Ca=1{C.: Lisaleafof Tja}

Directly from the strong soundness of rules of inference of
RS we get

AECA

This ends the proof for the propositional case



Example
Example Consider a decomposition tree
Ta
(((a=b)n-c)u(a=c))

1 (V)

((a=b)n=-c),(a=c)

(a=>b),(a=>c) e (a=e)
(=)
| (:>) -c,-a,Cc



Example

For the formula

A=(((a=b)n-c)u(a=rc))
the leaves of its tree T, are

Ly ==-a,b,—-a,c and L, =-c,—a,c
The set of clauses determined by them is
Ca ={{—a.b,c}, {—-c,—a,c}}
By the Formula-Clauses Equivalency Theorem
A=Cy

Semantically it means that

A=(((raub)uc)n((-cu=-a)uc))



Predicate Clausal Form

Theorem

For any formula A of a predicate language £, there is an
effective procedure of generating an open formula A* of a
quantifiers free language £* and a set Cx- of clauses
such that

(x) A" = Ca-

The set C4- of clauses of the language £* with the property
(%) is called a clausal form of the formula A of £



Proof of Theorem

Proof Givenaformula A of alanguage £

The open formula A* of the quantifiers free language £*
is obtained by the Skolemization process

The effectiveness and correctness of the process follows
from PNF Theorem and Skolem Theorem described in the
next section

As the next step, we define there a proof system QRS”
based on the quantifiers free language L*



Proof of Predicate Clausal Form Theorem

The system QRS™ is a version of the predicate system QRS
with inference rules restricted to Propositional Rules

At this point we use the system QRS" to defineinit a
decomposition tree Tx- for any open formula A*

We form clauses out of its leaves and we put
Ca- ={C.: Lisaleafof Ta+}

This is the clausal form of the formula A of £

To complete the proof we develop in the next section all
needed notions and results



Prenex Normal Forms and Skolemization



Some Basic Notions

Let A(x),A(X1,X2,...Xn) €F and t ti, b, ..., theT
A(t), Aty ta, ..ty

denote the result of replacing respectively all occurrences of
the free variables x, x1, xo, ..., Xn, by the terms t, {1, fo, ..., 1,

We assume that t, t1, b, ..., t, are free for x, xi, Xo, ..., Xn,
respectively, in A

The assumption that ¢ € T is free for x in A(x) while
substituting t for x, is important because otherwise we would
distort the meaning of A(t)



Examples

Example 1
Let t =y and A(x) be

Ay(x #y)

Obviously t is not free for y in A

The substitution of t for x produces a formula A(t) of the
form
Ay #y)

which has a different meaning than

Ay(x #y)



Examples
Example 2
Let A(x) be aformula
(VyP(x.y) N Q(x,2))

and let t = f(x, 2)
We substitute { on a place of x in A(x) and we obtain a
formula A(t) of the form

(VyP(f(x.2),y) N Q(f(x, 2), 2))

None of the occurrences of the variables x, z of t is bound in
A(t), hence we say that t = f(x, z) is free for x in

(VyP(x,y) n Q(x, z))



Examples

Example 3
Let A(x) be aformula

(YyP(x,y) n Q(x, z))

The term t = f(y,z) is not free for x in A(x) because
substituting t = f(y,z) on a place of x in A(x) we obtain
now a formula A(t) of the form

(YyP(fy,z),y) N Q(f(y. 2), 2))

which contain a bound occurrence of the variable y of t in
sub-formula (VyP(f(y.z),y))

The other occurrence of y in sub-formula (Q(f(y, z),z)) is
free, but it is not sufficient, as for term to be free for x, all
occurrences of its variables has to be free in A(t)



Similar Formulas

Informally, we say that formulas A(x) and A(y) are similar
ifand only if A(x) and A(y) are the same except that
A(x) has free occurrences of x in exactly those places
where A(y) has free occurrence of of y

We define it formally as follows
Definition
Let x and y be two different variables. We say that the
formulas A(x) and A(y) = A(x/y) are similar and denote it
by

A(x) ~A(y)
if and only if y is free for x in A(x) and A(x) has no free
occurrences of y



Similar Formulas Examples

Example 1
The formulas

A(x): Az(P(x,2) = Q(x,y))

and

A(y): 3z(P(y.z) = Q(y.y))

are not similar; y is free for x in A(x) as no occurrence of
y becomes a bound occurrence in the formula A(y) but the
formula A(x) has a free occurrence of y



Similar Formulas Examples

Example 2
The formulas

A(x): Az(P(x,2) = Q(x,y))

and

A(w) : Az(P(w,z) = Q(w.Y))

are similar; w is free for x in A(x) as no occurrence of w
becomes a bound occurrence in the formula A(w) and the
formula A(x) has no free occurrence of w



Renaming the Variables

Directly from the definition we get the following

Fact (Renaming the Variables)

For any formula A(x) € 7,

if A(x) and A(y) = A(x/y) are similar, i.e.
A(x) ~A(y)

then the following logical equivalences hold
VxA(x) = YyA(y)
and

AxA(x) = FyA(y)



Example

Example 3
We proved in Example 2 that

Az(P(x,z) = Q(x,y)) ~ Az(P(w,z) = Q(w, y))
Hence by the Fact we get that

Vx3z(P(x,z) = Q(x,y)) = Ywaz(P(w,z) = Q(w,Y))

and

Ax3z(P(x,z) = Q(x,y)) = Awdz(P(w,z) = Q(w,y))



Replacement Theorem

We prove, by the induction on the number of connectives and
quantifiers in a formula A the following

Replacement Theorem
For any formulas A, B € 7,

if B is a sub-formula of A, and A is the result of replacing
zero or more occurrences of B in A by a formula C, and
B=C,then A = A~



Change of Bound VariablesTheorem

Theorem (Change of Bound Variables)
For any formula A(x),A(y).B € 7,
if the formulas A(x) and A(x/y) are similar, i.e.

A(x) ~ A(y

and the formula
VXA (x) or 3JxA(x)

is a sub-formula of B, and the formula B* is the result of
replacing zero or more occurrences of A(x) in B bya
formula VYyA(y) or by aformula AyA(y), then

B =B*



Naming Variables Apart

Definition
We say that a formula B has its variables named apart

if no two quantifiers in B bind the same variable and no
bound variable is also free

We now use the Change of Bound Variables Theorem to
prove its more general version



Naming Variables Apart

Theorem (Naming Variables Apart)

Every formula A € 7 is logically equivalent to one in which all
variables are named apart

We use the above theorems plus the equational laws for
quantifiers to prove, as a next step a so called a Prenex Form
Theorem

In order to do so we first we define an important notion of
prenex normal form of a formula



Closure of a Formula
Here is an important notion we need for future definition

Definition(Closure of a Formula)

By a closure of a formula A we mean a closed formula A’
obtained from A prefixing in universal quantifiers all those
variables that a free in A ;i.e.

if A(x1,.....xn) then A’=A is
Vx1¥X2... ¥ XA (X1, X2, . . . ... , Xn)

Example

Let A beaformula (P(x,y)= -3z R(x,y.z)). its closure
A’=A is YxVy(P(x,y) = -3z R(x,y, 2))



Prenex Normal Form
PNF Definition
Any formula of the form
Q1 x1 QoXz....Qnxn B

where each Q; is auniversal or existential quantifier,
i.e. the following holds

forall 1 <i<n,
Qi e{d,V} and x #x for i#]

and the formula B contains no quantifiers, is said to be in
Prenex Normal Form (PNF)

We include the case n = 0 when there are no quantifiers at all



Prenex Normal Form Theorem

We assume that the formula A in PNF is always closed
If it is not closed we form its closure instead

PNF Theorem

There is an effective procedure for transforming any formula
A € ¥ intoaformula B in the prenex normal form PNF such
that

A=B

Proof

The procedure uses the Replacement and Naming Variables
Apart Theorems and and the following Equational Laws of
Quantifiers proved in chapter 2



Equational Laws of Quantifiers

Forany A(x),B e ¥, where B does not contain any free
occurrence of x the following holds

Vx(A(x)UB) = (YxA(x) U B)
Vx(A(x) N B) = (¥xA(x) N B)
Ax(A(x) U B) = (AxA(x) U B)
Ax(A(x) N B) = (IxA(x) N B)
Vx(A(x) = B) = (IxA(x) = B)
Ax(A(x) = B) = (VxA(x) = B)
Vx(B = A(x)) = (B = ¥xA(x))
Ax(B = A(x)) = (B = IxA(x))



PNF Procedure

The general PNF procedure is defined by induction on the
number k of occurrences of connectives and quantifiers in A

We show here how it works in some particular cases
Exercise Find a prenex normal form PNF of a formula

A (Yx(P(x) = 3xQ(x))

Solution We find PNF as follows
Step 1: Naming Variables Apart

We make all bound variables in A different, i.e. we transform
A into an equivalent formula A’

Vx(P(x) = yQ(y))



PNF Procedure

Step 2: Pull Out Quantifiers

We apply the equational law
(C = 3yQ(y)) =1y (C = Q(y)) to the sub-formula

B: (P(x)= 3JyQ(y))

of A” for C = P(x), as P(x) does not contain the variable y
We get its equivalent formula

B*: Jy(P(x) = Q(y))
We substitute B* on place of B in A’ and get the formula
A’ ¥x3Ay(P(x) = Q(y))

By the Replacement Theorem A" =A’"=A
The formula A” is a required prenex normal form PNF for A



PNF Procedure

Example
Let’s now find PNF for the formula A:

(IxVy R(x,y) = Yyax R(x,y))

Step 1: Rename Variables Apart
Take a sub- formula B(x,y) : VYydx R(x,y) of A

Rename variables in B(x, y), i.e. get
B(x/z,y/w) :¥Yw3z R(z, w)

Replace B(x,y) by B(x/z,y/w) in A and get

(IxVYy R(x,y) = Yw3az R(z, w))



PNF Procedure

Step 2: Pull out quantifiers

We use corresponding equational laws for quantifiers to pull
out first (one by one) quantifiers 4x¥y and then pulling out

one by one the quantifiers Ywdz
We get the following PNF for A

Vx3dy¥Yw3z (R(x,y) = R(z,w))

Observe we can also perform Step 2 by pulling out first (one
by one) the quantifiers Ywidz and then pulling out one by
one the quantifiers dxVy.

We hence can obtain another PNF for A

Ywaz¥x3y (R(x,y) = R(z,w))



Skolem Procedure of Elimination of Quantifiers



Skolemization

We will show now how any formula A already in its
prenex normal form PNF can be transformed into a certain
open formula A*, such that

A=A"

The open formula A* belongs to a richer language then
the initial language £ to which the formula A belongs



Skolemization

This transformation process adds new constants to the
original language £
They are called Skolem constants

The process also adds to £ new functions symbols called
Skolem functions

The whole transformation process is called Skolemization of
the initial language £

Such build extension of the initial language L is called the
Skolem extension of and £ and denoted

L*



Skolem Elimination of Quantifiers
Skolem Procedure of Elimination of Quantifiers
Given a formula A of the language
L=Lun=)(P.F.C)
We assume that A is already in its prenex normal form PNF
Q1x1Qexz ... QpxnB(Xx1, X2, . .. Xn)

where each Q; is a universal or existential quantifier, i.e. for
all1 <i<n, Qe{dV}, x;#x fori=#]j, and the formula
B(x1, X2, ... xn) contains no quantifiers



Skolem Elimination of Quantifiers

We describe now a procedure of elimination of all quantifiers
from a PNF formula A

The procedure transforms PNF formula A into a logically
equivalent open formula A*

We also assume that the PNF formula A is closed
If it is not closed we form its closure instead



Closure of a Formula

For any formula A, its closure is a formula A’ obtained from
A by prefixing in universal quantifiers all those variables
that are free in A

Example
Let A be a formula

(P(x,y) = =3z R(x.y.2))
its closure i.e.aformula A’=A is

VxVYy(P(x,y) = -3z R(x,y, z))



Elimination of Quantifiers

Given a formula A in its closed PNF form
Q1x1 QX2 ... QnxnB(Xx1, X2, . .. Xn)

We considerer 3 cases
Case 1

All quantifiers Q; for 1 <i<n areuniversal,i.e. the
formula A is

A YxiVxe...VxpB(X1,X2,...,Xn)
We replace the formula A by the open formula A*

A" B(X1,X2,....,Xn)



Elimination of Quantifiers
Case 2
All quantifiers Q; for 1 < i < n are existential, i.e. formula A is
A AxgAxe...AxpB(x1, X2, . .. Xn)
We replace the formula A by the open formula A*
A*: B(ci,co,....,Cn)

where ¢1,Co,....,c, and new individual constants added
to our original language £

We call such individual constants added to the original
language Skolem constants



Elimination of Quantifiers

Case 3
The quantifiers in A are mixed

We eliminate the mixed quantifiers one by one and step by
step depending on first, and then the consecutive quantifiers
in the closed PNF formula A

A QixyQoxz...QuxpB(x1,X2,. .. Xn)

We have two possibilities for the first quantifier Qq x
P1 Qix; is universal
P2 Qix; is existential



Elimination of Quantifiers; Step 1

Step 1 Elimination of Q4

We consider the two cases for the first quantifier
Case P1

First quantifier Q; is universal

This means that A is

A Yx1QoxXz...QnxpB(X1,X2,. .. Xp)
We replace A by the following formula A4
A1 QoxoQsx3...QpxnB(x1, X2, X3, ... Xp)

We have eliminated the quantifier Q; in this case



Elimination of Quantifiers; Step 1

Case P2
First quantifier Q; is existential. This means that A is

A Ax1Qoxz...QuxpB(x1, X2,. .. Xp)
We replace A by a following formula A,
A1 QzXz...QanB(b1,X2,...Xn)

where b; is a new constant symbol added to our original
language £

We call such constant symbol added to the language a
Skolem constant

We have eliminated the quantifier Q; in both cases and this
ends the Step 1



Elimination of Quantifiers; Step 2

Step 2 Elimination of Q>
Consider now the PNF formula A; from Step1 - case P1
A1 QZXQ...QanB(X1,X2,...Xn)
Remark that the formula A; might not be closed
We have again two cases for elimination of the quantifier Q.

P1 Qo is universal
P2 Q. is existential



Elimination of Quantifiers; Step 2

Case P1
First quantifier in A4 is universal
The formula A is

Ar Vx2QsX3...QnXxnB(X1, X2, X3, ... Xn)

We replace A; by the following Ao

A>  Qsxs...QnxpB(x1,X2,X3,...%n)

We have eliminated the quantifier Q. in this case



Elimination of Quantifiers; Step 2

Case P2
First quantifier in A is existential
The formula Aj is

Ar AxeQsxz ... QpxnB(X1, X2, X3, . .. Xp)
Observe that now the variable x; is a free variable in
B(X1 , X0, X3,... Xn)

and hence x; is a free variable in in the formula A4



Elimination of Quantifiers; Step 2

The variable x; is free in A4

A1 AxeQsxz ... QnxnB(X1, X2, X3, . .. Xp)
We replace A; by the following Az

Az Qsxs...QnxpB(x1,f(x1), X3,...Xn)

where f is a new one argument functional symbol added to
our original language £

We call such functional symbols added to the original
language Skolem functional symbols

We have eliminated the quantifier Q> in this case



Elimination of Quantifiers; Step 2

Consider now the PNF formula A; from Step1 - case P2
A1 Q2X203X3 Ce QanB(b1 s X2, Xn)

Again we have two cases for the quantifier Qo
Case P1

First quantifier Q. in A is universal

The formula Ay is

A1 VX203X3...QanB(b1,X2,X3,...Xn)
We replace A by the following A
Ag Q(_J,Xg...QanB(b1,X2,X3,...Xn)

We have eliminated the quantifier Q> in this case



Elimination of Quantifiers; Step 2

Case P2
First quantifier in A is existential
The formula Aj is

A1 IxQsxs...QnxnB(b1, X2, X3, . .. Xp)
We replace A; by the following Ao
Az Qsxz...QnxnB(b1, b2, X3, ... Xn)
where b, # by isanew Skolem constant added to the

original language £

We have eliminated the quantifier Qo in this case
We have covered all cases and this ends the Step 2



Elimination of Quantifiers; Step 3

Step 3 Elimination of Qs

Let’'s now consider, as an example a formula A, from Step 2
- case P1 i.e. the formula

Q3x3 ... QnxnB(x1, X2, X3, ... Xp)

We have two cases but we describe only the following
P2 First quantifierin A, is existential
The formula A is

Ax AxoQuxs ... QuxnB(X1, X2, X3, X4, . .. Xn)
Observe that now the variables xi, x> are free variables in
B(X1 , X2, X3, ... Xn)

and hence in A,



Elimination of Quantifiers; Step 2

The the variables xq, x> are free in A,
Ax AxoQuxyg...QnxnB(X1, X2, X3, X4, . . . Xp)
We replace Ay by the following Az

Az Quxs...QnxpB(x1, X2, 9(X1,X2), X4 . .. Xp)

where g is anew two argument functional symbol added
to the original language £

We have eliminated the quantifier Q3 in this case



Elimination of Quantifiers

At each Stepi for 1 <i < n we build a binary tree of cases
P1 Q; isuniversal or P2 Q; is existential

The result in each case is a formula A; with one less
quantifier

The elimination of the proper quantifier adds new

Skolem constant or Skolem function symbol to the original
language £



Elimination of Quantifiers

The elimination of quantifiers process builds a sequence of
formulas
A, A, A, .., Ap = AT

where the formula A belongs to our original language

.£ == L{ﬁ,u,ﬂ,:}(P’ F, C)’

and the open formula A* belongs to its Skolem extension
defined as follows



Skolem Extension
Definition
The Skolem extension /£* of a language
L=Liun=)(P,F,C)
is the language
L =L _un=)(P,FUSF, CUSC)

where the sets SF and SC are respectively the sets of
Skolem functions and Skolem constants
They are obtained by the quantifiers elimination procedure



Elimination of Quantifiers Result

Given a formula A in its closed PNF form
Q1x1 QX2 ... QnxnB(Xx1, X2, . .. Xn)

Observe that the elimination of an universal quantifier Q;
introduces a free variable x; in the formula

Q1 Xq QQXQ e QanB(X1, Xo, ... Xn)



Elimination of Quantifiers Result

The elimination of an existential quantifier Q; that follows
universal quantifiers introduces a new functional symbol with
number of arguments equal the number of universal
quantifiers preceding it

The elimination of an existential quantifier Q; that does
not follows any universal quantifiers introduces a new
constant symbol

The resulting open formula A* is logically equivalent to the
PNF formula A



Skolemization

Definition
Given aformula A of £
A formula

A*
of the Skolem extension language L£* obtained from A
by the elimination of quantifiers process is called a
Skolem form of the formula A

The elimination of quantifiers process obtaining it is called
Skolemization



Example

Example 1
Let A be a closed PNF formula

A VyysVysdys B(ys, ¥z, ¥3, Ya, Ya)
We eliminate Vy; and get a formula A,
Ai: AyaVysAys B(y1, Yo, Y3, ya)

We eliminate -y, by replacing the variable y, by h(y1)

The symbol h is a new one argument functional symbol
added to the language £

We get a formula A

Az i Vysdys B(y1.h(y1), ys. ya)



Example 1

Given the formula A;
Az 0 Mysdys B(y1, h(y1). s, ya)
We eliminate Vy; and get a formula Aj
As i dya B(yr, h(y1), y3. ya)
We eliminate 1y, by replacing y. by f(y1,y3), where fis
a new two argument functional symbol added to £

We get a formula A4 that is our resulting open formula A*

A*: B(y1, h(y1),ys. f(y1, ¥3))



Example 2
Example 2
Let A be a closed PNF formula
A AyiVyaVysAysdysVys B(y1, Yo, Y3, Ya, Ya. Vs V6)
We eliminate dy; and get a formula A,
A1 i YyaVysAyadysVye B(br, vz, va. Va. V4. V5. Ye)

where b; is anew constant added to the language £
We eliminate Vy»,Vy; and get formulas A, As

Az 1 Vy3AyadysVye B(b1, ye. y3, Y4, Ya. V5. Ye)

As : AysAysVys B(b1, y2. Y3, Y4, Ya. V5. Ye)



Example 2

We eliminate iy, and get a formula A4

Ay AysVys B(b1, y2, ¥3.9(y2, ¥3), ¥5. ¥6)

where g is a new two argument functional symbol added
to the original language £

We eliminate dys and get a formula As

As: Vys B(b1,y2.y3,9(V2. ¥3), h(y2, ¥3), ¥e)

where h is a new two argument functional symbol added
to the language £

We eliminate Vy; and get a formula Ag that is the resulting
open formula A*

A*: B(b1,y2,y3,9(y2. y3), h(y2, ¥3). ¥6)



Skolem Theorem

The correctness of the Skolemization process is established
by the Skolem Theorem

It states informally that the formula A* obtained from a
formula A via the Skolemization process is satisfiable if
and only if the original formula A is satisfiable

We define this notion formally as follows



Skolem Theorem

Definition Equisatisfiable formulas

Given any formulas A of £ and B of the Skolem
extension [* of L

We say that A and B are equisatisfiable if and only if
the following conditions are satisfied

1. Any structure M of L can be extended to a structure
M of £* and following implication holds

If M= A, then M'= B

2. Any structure M* of L* can be restricted to a
structure M of £ and following implication holds

If Mk B, then ME A



Skolem Theorem

Skolem Theorem

Let £* be the Skolem extension of a language £
Any formula A of £ andits Skolem form A* of £*
are equisatisfiable



Clausal Form of Formulas



Poof System QRS*

Let £* be the Skolem extension of £

By definition, the language £* does not contain quantifiers
and all its formulas and open

We define a proof system QRS* as an open formulas
version of the proof system QRS based on the language £

We denote the set of formulas of £* by O% to stress the
fact that all its formulas are open

Let
AF C OF

be the set of all atomic formulas of £* and the set
LT={A: AcAF}JU{-A: AcAF}

the set of all literals of £*



Poof System QRS”*

We denote by

’ ’ ’

r, A, X ..

finite sequences (empty included) formed out of literals,
i.e of the elements of LT*

We will denote by
r, A, X...

finite sequences (empty included) formed out of formulas,
i.e of the elements of OF*



Poof System QRS*

We define the proof system QRS" formally as follows
QRS" = (L, & LA, R)

where E=({I: [ € OF*}

The set LA of logical axioms contains any sequence I € LT*
which contains an atomic formula and its negation

R is the set inference rules

(V) (=V), (N), (=N), (=), (= =), (=)

defined as follows



Poof System QRS*

Disjunction rules

’

L) r', A.B, A () r, -A, A : I, =B, A
r (AuB), A I, ~(AuB), A
Conjunction rules
() r A A ; I',B A (=) I, —A, =B, A
r (AnB), A ", ~(AnB), A

where [ elT*, AeOF* A,BeOF



Poof System QRS*

Implication rules

(=) r, —-A,B, A MNAA : I',-B A
=
I, (A= B), A

Negation rule

(=) r A, A
VT SSA A

where [ elT*, AeOF* A,BeOF



QRS* Semantics

Definition
For any sequence I of formulas of £*, any structure
M= [M,]] for L*,

Mg T ifandonlyif Mo

where 6 denotes a disjunction of all formulas in T

The semantics for clauses is basically the same as for the
sequences. We define it as follows



Clauses Semantics

Definition

For any finite set of clauses C of £*, any structure

M= [M,]] for £*, and any clause C € C,

1. ME C ifandonlyif ME é¢

2. ME C ifandonlyif MEd; forall CeC

3. (A=C) ifandonlyif A=o¢

where ¢c denotes a disjunction of all literals in C and

oc is aconjunction of all formulas 6. for all clauses C € C

Obviously, the rules of inference of QRS™ are strongly sound
and the following holds

Strong Soundness Theorem
The proof system QRS” is strongly sound



Formula to Clauses Transformation

We use the QRS" system to define an effective procedure
that transforms any formula A of £* into set of clauses
and prove correctness of this transformation

We treat the rules of inference of QRS™ as decomposition
rules and use them to generate needed set C, of clauses

corresponding to a given formula A



Decomposable, Indecomposable

Definition

A formula that is not a literal, i.e. any formula A € OF —L
is called a decomposable

Otherwise A is called indecomposable

Definition

A sequence [ that contains a decomposable formula is
called a decomposable sequence

Definition

A sequence [ built only out of literals, i.e. T €L*

is called an indecomposable sequence



Decomposition Tree Ta

Definition
Given a formula A € OF
We build the decomposition tree T, of A as follows

Step 1.
The formula A is the root of T4
For any node A ofthetree T4 we follow the steps bellow

Step 2.

If A is indecomposable, then A becomes a leaf of the
tree



Decomposition Tree Ta

Step 3.
If A is decomposable, then we traverse A from left
to right to identify the first decomposable formula B

In case of a one premiss rule we put is premise as a leaf
In case of a two premisses rule we put its left and right
premisses as the left and right leaves, respectively

Step 4.
We repeat steps 2. and 3. until we obtain only leaves



Formula-Clauses Equivalency

Formula-Clauses Equivalency Theorem
Forany formula A of £*, there is an effective procedure of
generating a set of clauses C, of £* such that

A=Cy

Proof
Given A € OF . Here is the two steps procedure
S1. We construct (finite and unique) decomposition tree Ty
S2. We form clauses out of the leaves of the tree Ta, i.e.
for every leaf L we create a clause C; determined by L
and we put

Chr=({CL: Lisaleafof Ta}
Directly from the QRS Strong Soundness Theorem and
the semantics for clauses definition we get that

AECA



Exercise

Exercise
Find the set C4 of clauses for the following formula A

(((P(b,(x)) = Q(x)) U =R(2)) L (P(b,f(x)) N R(2))))

Solution
Step S1.  We construct the decomposition tree T, for A
Step S2. We form clauses out of the leaves of the tree Tx

We put
Ca={CL: Lisaleafof Tja}



Exercise

Step S1. The decomposition tree is
Ta

(((P(b.f(x)) = Q(x)) U =R(2)) U (P(b, f(x)) N R(2)))

(V)
(((P(b.f(x)) = Q(x)) U ~R(2)). (P(b.f(x)) N R(2))
(V)
(P(b.f(x)) = Q(x)). ~R(2). (P(b. f(x)) N R(2))
(=)
=P(b,(x)), Q(x), ~R(2), (P(b, f(x)) N R(2))
INQ)
=P(b,f(x)), Q(x), ~R(z), P(b, f(x)) —P(b,f(x)). Q(x).~R(z),R(2)

Ly Lo



Exercise

Step S2. Theleaves of T4 are
Ly = =P(b,f(x)), Q(x), =R(z), P(b,f(x))

L, = =P(b,f(x)), Q(x), =R(z), R(2)
The corresponding clauses are
C1 = {=P(b.f(x)), Q(x), ~R(z), P(b, f(x))}
Co = {=P(b, f(x)), Q(x),-R(z2), R(z)}

The set of clauses is

Ca={C1, Co}



Clausal Form of Formulas of £

Definition

Given a formula A of the original language £

Let A* of £* be the Skolem form A obtained by the
Skolemization process

A aset Cy- of clauses of L£* such that

A" = Cp-

is called a clausal form of the formula A of the language £



Exercise

Exercise Find the clausal form of a formula A
A (Ixvy (R(x.y) U-P(x)) = Yy3x =R(x.y))

Solution We first find the Skolem form A* of A
Step 1: We rename variables apartin A and
geta formula A’

A" (IxVy (R(x,y) U=P(x)) = Yzaw =R(z, w))

Step 2: We use Equational Laws of Quantifiers to pull out
quantifiers 4x and Yy and getaformula A”

A" ¥x3Ay ((R(x,y) U=P(x)) = Yz3aw =R(z, w))



Exercise

Step 3: We use Equational Laws of Quantifiers to pull out
the quantifiers 4z and Yw from the sub formula

((R(x,y) U=P(x)) = Yzaw =R(z, w))

and get a formula A"

A" ¥x3AyVzaw ((R(x,y) U=P(x)) = —R(z,w))

This is the Prenex Normal Form PNF of A



Exercise

Step 4: We perform the Skolemization Procedure
Observe that the formula

Vx3dyVzaw ((R(x,y) U=P(x)) = —-R(z,w))

is of the form of the formulas of the Examples 1, 2
We follow them and eliminate Yx and get a formula A,

A AyvVzaw ((R(x,y) U=P(x)) = —-R(z,w))

We eliminate dy by replacing y by h(x) where h is a new
one argument functional symbol added to the language £
We get a formula A

Az . VYzaw ((R(x, h(x)) U=P(x)) = —R(z,w))



Exercise

We eliminate Yz and get a formula Az

Az Aw ((R(x,h(x))U=-P(x)) = —-R(z,w))
We eliminate dw by replacing w by f(x,z), where f is
a new two argument functional symbol added to the original
language £
We get a formula A, that is the resulting open formula
A* of L7

A* . ((R(x,h(x))U=P(x)) = -R(z (x,z)))



Exercise

Step 5: We build the decomposition tree of A* as follows
Ta:

((R(x, h(x)) U ~P(x)) = —R(z.1(x,2)))

(=)
=(R(x, h(x)) U=P(x)), =R(z,f(x,2))

A (-V)

-=-P(x), =R(z, f(x, 2))

| (==)
P(x), =R(z, f(x,Zz))

=R(x, h(x)),~R(z, f(x,z)



Exercise

Step 6: The leaves of T4- are

Ly = =R(x, h(x)),=R(z, f(x, z)

L, = P(x), =R(z,f(x,z))

The corresponding clauses are

C1 = {=R(x, h(x)),-R(z, f(x, z)}

Co = {P(x), =R(z,f(x,2))}

Step 7: The clausal form of the formula A

A:  (IxVy (R(x,y)U-P(x)) = Yyadx =R(x,y))
is the set of clauses

Ca = {{-R(x, h(x)),=R(z,f(x,2)}, {P(x), =R(z,f(x,2))}}



