CSE 541 - Logic in Computer Science

Sample Natural Deduction Proofs

Exercise 1.2.1(i). Proof of (p — ) A (¢ — r) F p A q — r, first in sequent

notation

S T W N =

PAgEpAg axiom
(p—=r)A(g—r)F(p—r)A(g—r) axiom
pAgkp Aep 1
p—=r)A(g—=r)kp—r Aey 2
(p—r)AN(g—r),pAgtr —e 3,4
(p—=r)A(g—=r)FpAg—r —i5

and then using boxes

Exercise 1.2.1(j).

Exercise 1.2.1(q).
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1 (p—r)AN(¢g—r) premise

2| pAgq assumption
3| p Nep 2

41 p—or Nep 1

5| r —e 3,4

6 pANg—r —i 2-5

Proofof g =7+ (p—q) — (p — r):

1 q—T premise

2 p—q assumption
3 P assumption
4 q —e 3,2

) T —e 4,1

6 p—r —i3-5

T =g —-p@—r) —i26

Proof of g — (p — (p — (¢ — p))):

assumption

assumption

assumption
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assumption
copy 3

q—p

—14-5

q— D)

—i 3-6

(g —p)) —i 2-7

p—(
p— (p—
q—(p—®—(g—p))

—1 1-8



Exercise 1.2.2(e). Proof of p — ¢V r,—q, —r - —p without using Modus

Tollens:

N 3O W

10
11

p—qVr premise

—q premise

-r premise

P assumption
qVvr —e 4,1

q assumption
1 —e 6,2

r assumption
L —e 8,3

1 Ve 5,6-7,8-9
—p =i 4-10

Exercise 1.2.3(b). Proof of —p F p — ¢, first in sequent notation

and then using boxes

1 pkop axiom
2 —pk-p axiom
3 p,pk_L —e 1,2
4 p,—pkgq le3
5 -pkFp—oq —id
1 —p axiom

2 p assumption
311 —e 1,2

4| q le3

5 p—q —i24

Exercise 1.2.3(e). Proof of =(p — ¢q) - ¢ — p:

SO W N~

“(p—q) F-(p
p,qtq
qk(®—aq)
-(p—q)qF L
-(p—4q),qFp
—\(p—>q)|—q—>

— ¢q) axiom
axiom
—i 2
—e 1,3
le4

P —i5h



Exercise 1.2.3(0). Proof of =(=pV =¢) F p A ¢:

© © 0~ O Ui W N+

—(=pV —q) premise

-p assumption
—pV g Vip 2

1 —-e 1,3

P PBC 2-4
—q assumption
—pV q Vig 6

1 —e 1,7

q PBC 6-8
pAq Al 5,9

Exercise 1.2.3(q). Proof of - (p — q) V (¢ — 7):

YT W N~

qV —q LEM

q assumption
P assumption
q copy 2
p—q —i 34

(p—q¢V(g—r) Vib

assumption

assumption

—e 7,8
le9

—i &-10

—7r) Vvill

ESALS]

=) Ve 1,26,7-12




Exercise 1.2.3(u). Proof of (s = p)V(t = ¢q¢)F (s = ¢q) V (t — p).

1 FpVv-p LEM

2 ptEp axiom

3 pFt—p —12

4 pkE(s—=q)V(t—Dp) Vi3

5 —pk-p axiom

6 s—pks—p axiom

7 s—p,—pk-s MT 6,5
8 sks axiom

9 s—p,p,sk L -e 7,8
10 s—p,—p,skq le9

11 s—p,pks—q —i 10
12 s—p,—pk(s—q)V(t—Dp) Vi1l

13 s—=pkF(s—q)V(t—Dp) Ve 1,4,12
14 FqV—q LEM

15 ¢q,skgq axiom
16 gFs—gq —i15
17 gk (s—q)V(t—p) Vi 16
18 =gk —q axiom
199 t—qkFt—q axiom
20 t—q,nqtF—t MT 19,18
21 thHt axiom
22 t—q,q,tH L —e 20,21
23 t—q,q,ttq le 22
24 t—q,qFs—q —i 23
25 t—q,~qF(s—q)V(t—Dp) Vi 24
26 t—qF(s—q)V(t—p) Ve 14,17,25

27 (s—=p)V({t—q¢t(s—p V(t—q) axiom
28 (s—=p)V({t—qt(s—qV(t—p) Ve?2713,26

Note that lines 1-13 and 14-26 represent similar subproofs.



Exercise 1.2.5(a). Proof of - ((p — ¢q) — ¢q) —

style notation,

—_
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P, Pk q

pkEp—gq

(p—q) —qg-P—q —q

Pp—q) —qpkq
q—pkqg—0p
q—p,—pk—q

pP—q) —qq—p-pk-L

pP—q) —qq—pkp
(

p—q) —qkF(g—p) —p

F(p—q) —q) —

(g —p) —

lemma, cf. 1.2.3(b)
—il

axiom

—e 3,2

axiom

axiom

MT 6,5

—e 7,4

PBC 8

—19

p) —il0

and a different proof of (p — ¢) — g+ (¢ — p) — p using boxes,

(courtesy of Shang Yang, Spring 2007).

1 (p—4q) —q premise

2 q—p assumption
3 (p—q@V-(p—q LEM

4 p—q assumption
) q —e 14

6 —e 2,5

7 —(p — q) assumption
8 -p assumption
9 D assumption
10 1 —e 8,9

11 q 1le 10

12 p—q —i 9-11

13 il —e 4,12

14 P -i 5-13

15 D Ve 4-6,7-14
16 (g—p) —p —i 2-15

((g — p) — p) in sequent



