Sample Natural Deduction Proofs for First-Order Logic

CSE 541 - Logic in Computer Science

Exercise 2.3.10(b). Proof of 3xP(z) - —-Vz-P(x):
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JzP(x) premise

xo  P(xo) assumption
Vx—P(x)  assumption
—\P(wo) Ve 3
1 —e 2,4
—Vz-P(z) —i3-5
—Vz—P(z) de 1,2-6

Exercise 2.3.12. Proof of S — VaQ(z) F Va(S — Q(z)):

Exercise 2.3.13(g). Proof of 3x3y(S(x,y) vV S(y,x)) b FzIyS(z,y):
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S — VzQ(z) premise

o
S assumption
VaQ(x) —el,3
Q(Io) Ve 4
S — Q(xo) —13-5
V(S — Q(x)) Vi2-6

Jz3y(S(z,y) V S(y,z)) Premise

xo  Jy(S(zo,y) VS(y,x0)) assumption
yo  S(zo,y0) V S(yo, o) assumption
S(zo,Yo0) assumption
FyS(xo,y) di4
JxIyS(z,y) 35
S(yo, o) assumption
JyS(yo,y) Ji7
Jz3yS(z,y) Ji 8
Jz3yS(z,y) Ve 3,4-6,7-9
Jz3yS(z,y) Je 2,3-10
JxIyS(z,y) Je 1,2-11




Exercise 2.3.13(h). Proof of 3z(P(z)A\Q(x)),Vx(P(z) — R(z)) F Jz(R(x)A
Q(x)):

1 Jx(P(x) AQ(z)) premise

2 Va(P(z) — R(z)) premise

31 xzo Pxo)AQ(xo) assumption
4 P(xo) Ne 3

5 Q(xo) Ne 3

6 P(z¢) — R(x0) Ve 2

7 R(xp) —ed, 6

8 R(xo) A Q(.’L’o) AN T,5

9 Jx(R(z) ANQ(z)) Ji8

10 Jx(R(z) ANQ(z)) Je 1,3-9



