CSE541 PRACTICE FINAL SOLUTIONS FALL 2022
(15pts extra credit)

PROBLEM 1 (5pts)
1. Let M = [U, I] be a structure such that
U=N-{0}and P; : =, fi(x,y)is ¥’

For the following formula A

VVyVzP(f(x, f(y, ), f(f(x, ), 2))
decide whether M E A or M £ A.
Do so by examining the corresponding mathematical statement defined by M.
Solution
The corresponding mathematical statement defined by M (written with logical symbols) is

VaVmVk n™ = (™)

It is a FALSE statement in the set N — {0}

For example for n =2, m =3, k=2 we get
2% =29 and (2°2 =26 and 2°#2°

The mathematical statement can also be written as

k
Y neN-10) Y imen—(0 Vaen—op 1™ = (n™)*

2. Prove that
¥ ((AxA(x) N AxB(x)) = dx (A(x) N B(x)))

Do so by providing an example of particular formulas A(x), B(x) and construct a counter model M

for these particular formulas.

Use the “’shorthand” solution, i.e. examine the corresponding mathematical statement defined by M.
Solution

Let A(x), B(x) be atomic formulas Q(x, c¢), P(x, ¢).

We consider the formula F
F: ((AxQ(x,c) N AxP(x,c)) = dx (Q(x,c) N P(x,¢)))

We define M = (R, I), where R is the set of real numbers, and the interpretation I is
O;:>, Pr< c;:0
The formula F becomes an obviously false mathematical statement

Fri (Geeg x> 0N Jyeg x < 0) = Tyeg (x> 0N x < 0))



PROBLEM 2 (5pts)
Given a predicate (first order) language . £ = Linu = (P, F, C).
1. Show that for any formulas A(x), B(x) with a free variable x the following holds.

Fors (=Y A(x) = dpn—AX))

You must write comments at each step of decomposition that uses the rules (3) and (V).

You treat A(x), B(x) as atomic formulas .

Solution

By definition of Restricted Quantifiers,

Fors (mV¥py A(x) = dpy—A(x)) ifand only if Fors (=Vx(B(x) = A(x)) = Jx(B(x) N -A(x)))

To construct the decomposition tree 74 for the formula
A (=VYx(B(x) = A(x)) = 3Jx(B(x) N -A(x)))
we proceed as follows.

We put the countably infinite set of all terms in a one-to one sequence
(%) t,tr, sty ......

and use carefully Condition 1 (V) and Condition 2 (d) of the decomposition tree definition and obtain the tree below.

Ty
(=Yx(B(x) = A(x)) = dx(B(x) N —=A(x)))
[ (=)
==Yx(B(x) = A(x)), Jx(B(x) N =A(x))

[ (=)

Vx(B(x) = A(x)), Ax(B(x) N =A(x))
[ (V)

(B(x1) = A(x1), Ix(B(x) N =A(x))

where x; is a first free variable in the sequence () of all terms, such that x; does not appear in Yx(B(x) = A(x)), Jx(B(x) N -A(x))
| (=)
=B(x1), A(x1), Jx(B(x) N —A(x))

E))
—B(x1), A(x), (B(x1) N =A(x1)), Ax(B(x) N —A(x))



where x; is the first term (variables are terms) in the sequence () such that (B(x;) N —A(x;)) does not appear on a tree above

=B(x1), A(x1), (B(x1) N =A(x1)) Ix(B(x) N —A(x))
A

—B(x1), A(x1)), B(x1), x(B(x) N =A(x))
—B(x1), A(x1)), =A(x1), Ax(B(x) N —~A(x))

axiom

axiom

PROBLEM 3 (5pts)

Find prenex normal form PNF of the following formula A.
(@x (Q(x,y) N P(2)) = VYydx R(x,y))

Reminder
1. We assume that the formula A in PNF is always closed. If it is not closed you have to form its closure.
2. At each step of transformation list Laws of Quantifiers you used
Solution
Equational Laws of Quantifiers
Q1 Vx(A(x) = B) = (AxA(x) > B) Q2 Vx(B = A(x)) = (B = YxA(x))
Q3 dx(B = A(x)) = (B = JxA(x)) Q4 dx(A(x) = B) = (VxA(x) = B)
where B is a formula such that B does not contain any free occurrence of x.
Here are the following steps for finding the PNF of

(@x (Q(x,y) N P(2)) = VYydxR(x,y))

sl. Rename Variables Apart
Ax (Q(x,y) N P(z)) = VYidw R(w, 1))

s2. Pull out 3x by Q1 for B = Vaw R(w, 1)

Vx (Q(x,y) N P(z)) = Ytdw R(w, 1))

s3. Pull out V¢ by Q2 for B = (Q(x,y) N P(2))

VvVt ((Q(x,y) N P(z)) = 3w R(w,1))

s4. Pull out 3w by Q3 for B = (Q(x,y) N P(2))

VaVeadw ((Q(x,y) N P(z)) = Rw,1))



s5. This is PNF with free variables y, z - we form its bf closure and get:

PNF VyVzVxV¥eaw ((Q(x,y) N P(z)) = Rw,1))

Observe that in a similar way we can also get the following another form of PNF formula

PNF'  VyVz¥VeawV¥x ((Q(x,y) N P(z)) = R(w,1))

PROBLEM 4 (5pts)

Find the clausal form of a formula

VxdyVzaw ((Q(x, y) U —=R(x)) = —0(z,w))

Solution

Part 1. As our formula is a closed PNF formula we can perform Skolem Procedure of Elimination of Quantifiers to
obtain its Skolem form A* as follows

s1 We eliminate Yx in the formula
YxdyVzaw ((Q(x,y) U =R(x)) = —=0(z,w))

and get a formula A,
AyVzaw ((Q(x,y) U —R(x)) = —0(z, w))

s2 We eliminate Jy by replacing y by f(x) where f is a new one argument functional symbol added to the original
language £

We get a formula A,
Yz3Aw ((Q(x, f(x)) U =R(x)) = —~0(z,w))

s3 We eliminate Vz and get a formula A3
Iw (Q(x, f(x)) U =R(x)) = —0(z,w))
s4 We eliminate dw by replacing w by g(x, z) where g is a new two argument functional symbol added to the original
language £
We get a formula Ay that is our resulting open formula A*, called the Skolem form of A
((Q(x, f(0)) U =R(x)) = —0(z, 8(x,2)))
Part 2. We use the proof system QRS™ and construct the decomposition tree T, of the Skolem form of A
Ty
((Q(x, f()) U =R(x)) = —0(z, g(x,2)))

(=)
~(Q(x, f(x)) U =R(x)), —0(z,8(x,2))



—0(x, f(x)), ~0(z, g(x,2)) —=R(x), =0(z, g(x,2))
[ (==)
R(x), =0(z, g(x,2))

Part 3. We use the leaves of T, to obtain the clausal form of the formula A.

The leaves of T4 are
Ly = =0(x, f(0), 70(z,8(x,2)) and L, = R(x), =0(z, g(x,2))

The corresponding clauses are
Ci = {20, f(x)), =0z, 8(x,2))} and C; = {R(x), ~Q(z, 8(x,2))}
The clausal form of the formula A is

Ca = {{=0(x, f(x)), =0z, g(x,2)}, {R(x), 20(z, g(x,2))}



