cse371/mat371
LOGIC

Professor Anita Wasilewska



LECTURE 3d



Chapter 3 REVIEW (1)
Some Definitions and Problems



DEFINITIONS: Part One
There are some basic DEFINITIONS from Chapter 3
You have to prepare them for Quiz

| will ask you to WRITE down a full, correct text of 1-3 of them
- in EXACTLY the same form as they are presented here

Knowing all basic Definitions is the first step to
understanding the material



DEFINITIONS: Propositional Extensional Semantics

Definition 1

Given a propositional language Lcon for the set
CON = Cq U Co, where Cy, Co are respectively the sets of
unary and binary connectives

Let V be a non-empty set of logical values

Connectives Vv € Cy, o € C, are called extensional iff their
semantics is defined by respective functions

v:V—YV and o: VxV —V



DEFINITIONS: Propositional Extensional Semantics

Definition 2

Formal definition of a propositional extensional semantics
for a given language Lcon consists of providing definitions
of the following four main components:

1. Logical Connectives

2. Truth Assignment

3. Satisfaction, Model, Counter-Model
4. Tautology



CLASSICAL PROPOSITIONAL SEMANTICS



DEFINITIONS: Truth Assignment Extension v*

Definition 3

The Language: L= L. -y~

Given the truth assignment v : VAR — (T, F} in classical
semantics for the language £ = £~ un)

We define its extension v* to the set ¥ of all formulas of £
as v*: ¥ — {T, F} such that

(i) forany ae VAR

vi(a) = v(a)

(ii) and for any A, B € ¥ we put

vi((AnB)) = n(v'(A),v'(B));
vi((A U B)) = U(v'(A),v(B));
Vi((A = B)) = =(v'(A).v(B));



DEFINITIONS: Truth Assignment Extension v* Revisited

Notation

For binary connectives (two argument functions) we adopt a
convention to write the symbol of the connective (name of the
2 argument function) between its arguments as we do in a
case arithmetic operations

The condition (ii) of the definition of the extension v* can be
hence written as follows

(ii) and for any A, B € ¥ we put

V*(—|A) = —uv*(A);

Vi((ANB)) = vi(A)nv'(B);
vi((AUB)) = vi(A)uv'(B);
Vi((A = B)) =V (A)=v(B);
Vi((A & B)) = vi(A)=v'(B)



DEFINITIONS: Satisfaction Relation

Definition4 Let v: VAR — (T, F}

We say that
v satisfies aformula Ae¥ iff Vvi(A)=T

Notation: VEA
We say that

v does not satisfy aformulaA e iff vi(A)#T

Notation: VIEA



DEFINITIONS: Model, Counter-Model, Classical Tautology

Definition 5

Given aformula A € ¥ and v: VAR — (T, F}
We say that

v isamodel for A iff vEA

v is a counter-model for A iff v A
Definition 6

A is a tautology iff forany v: VAR — {T, F} we have
that vEA

Notation

We write symbolically = A to denote that A is a classical
tautology



DEFINITIONS: Restricted Truth Assignments

Notation: for any formula A, we denote by VAR, a set of
all variables that appear in A

Definition 7 Given a formula A € ¥, any function
va: VAR —>{T,F}

is called a truth assignment restricted to A



DEFINITIONS: Restricted Model, Counter Model

Notation: for any formula A, we denote by VAR, a set of
all variables that appear in A

Definition 8 Given aformula A € ¥
Any function

w: VARy — {T,F} suchthat w'(A)=T
is called a restricted MODEL for A
Any function

w: VAR, — {T,F} suchthat w'(A)#T
is called a restricted Counter- MODEL for A



DEFINITIONS: Models for Sets of Formulas

Consider £ = L., n -} andlet S # 0 be any non empty
set of formulas of £, i.e.

ScF

Definition 9
A truth truth assignment v : VAR — (T, F}
is a model for the set S of formulas if and only if

viEA for all formulas A€ S

We write
vES

to denote that v is a model for the set S of formulas



DEFINITIONS: Consistent Sets of Formulas
Definition 10
A non-empty set G C ¥ of formulas is called consistent

ifand only if G has a model, i.e. we have that

G C 7 is consistent if and only if
thereis v suchthat vEG

Otherwise G is called inconsistent



DEFINITIONS: Independent Statements

Definition 11

A formula A is called independent from a non-empty set
GCTF
if and only if there are truth assignments vy, v» such that

vi EGU{A} and vz = G U({-A}

i.e. we say that a formula A is independent
if and only if

GU{A} and GU({-A} are consistent



Many Valued Extensional Semantics M



DEFINITIONS: Semantics M

Definition 11

The extensional semantics M is defined for a non-empty set of
V of logical values of any cardinality

We only assume that the set V of logical values of M always
has a special, distinguished logical value which serves to
define a notion of tautology

We denote this distinguished valueas T

Formal definition of many valued extensional semantics M
for the language Lcon consists of giving definitions of the
following main components:

1. Logical Connectives under semantics M
2. Truth Assignment for M

3. Satisfaction Relation, Model, Counter-Model under
semantics M

4. Tautology under semantics M



Definition of M - Extensional Connectives

Given a propositional language Lgon for the set
CON = Cy U Cy, where C; is the set of all unary
connectives, and C. is the set of all binary connectives

Let V be a non-empty set of logical values adopted by the
semantics M

Definition 12

Connectives v € Cy4, o € C» are called M -extensional iff
their semantics M is defined by respective functions

v:V—YV and o: VxV —V



DEFINITION: Definability of Connectives under a semantics M

Given a propositional language Lcon and its extensional
semantics M

We adopt the following definition

Definition 13

A connective o € CON is definable in terms of some
connectives oy, 0y, ...0, € CON for n > 1 under the
semantics M if and only if the connective o is a certain

function composition of functions o4, 05, ...0, as they are
defined by the semantics M



DEFINITION: M Truth Assignment Extension v* to

Definition 14
Given the M truth assignment v : VAR — V

We define its M extension v* to the set # of all formulas of
£ as any function v*: F — V, such that the following
conditions are satisfied

(i) foranyae VAR

(ii) For any connectives v € Cq, o € Cy and for any
formulas A, B € ¥ we put

vi(VA) = vv*(A)

Vi((AoB)) =o(v'(A).v(B))



DEFINITION: M Satisfaction, Model, Counter Model, Tautology

Definition 15 Let v: VAR — V

Let T € V be the distinguished logical value

We say that

v M satisfies aformula A% (viEyA) ff
vi(A)=T

Definition 16

Given aformula A€ ¥ and v: VAR — V

Any v suchthat v =y A is called a M model for A

Any v suchthatv F=y A is called a M counter model for A

A isaMtautology (EFyA) iff viEyA, forall
v: VAR — V



CHAPTER 3: Some Questions



Chapter 3: Question 1

Question 1
1. Find a restricted model for formula A, where

A=(-a= (-bU (b= -c)))

You can’t use short-hand notation
Show each step of solution

Solution

For any formula A, we denote by VAR, a set of all variables
that appear in A

In our case we have VAR, = {a,b,c}

Any function va: VARs — {T,F} iscalled a truth
assignment restricted to A



Chapter 3: Question 1

Let v: VAR — {T,F} be any truth assignment such that
v(a)=va(a)=T, v(b) =va(b) =T, v(c) =va(c)=F

We evaluate the value of the extension v* of v on the formula
A as follows

vi(A) = vi((ma = (b U (b= —c))))
= vi(=a)=v*((-b U (b = ~c)))
~vi(a)= (v (=b)uv*((b = c)))
= =v(a)=(-v(b)u(v(b)= -v(c) )
= —va(a)=(-va(b)u(va(b)= -va(c)))
(=T=>(=TU(T=-F)=F=>(FUT)=F=T=T,ie.

va E A and v E A



Chapter 3: Question 2

Question 2

1. Find a restricted model and a restricted counter-model
for A, where

A= (-a=(-bU (b= -c)))

You can use short-hand notation. Show work

Solution

Notation: for any formula A, we denote by VAR, a set of
all variables that appear in A

In our case we have VAR, = {a,b,c}

Any function vy : VARp — {T,F} iscalled a truth
assignment restricted to A

We define now va(a) =T, va(b) =T, va(c) =F,in
shorthand: a = T,b = T, ¢ = F and evaluate
(-T=(-TUu(T=>-F)=F=(FUT)=F=T=T,ie.

VA':A



Chapter 3: Question 2

Observe that

(ra=(-bU(b=-c))=T whena=T andb,c any
truth values as by definition of implication we have that

F = anything=T

Hence a = T gives us 4 models as we have 22 possible
values on b and c



Chapter 3: Question 2

We take as a restricted counter-model: a=F, b=T and c=T
Evaluation: observe that

(mra= (-bU (b= -c))=F ifandonlyif

-a=T and (-bU(b= -c))=F ifandonly if
a=F,-b=F and (b= -c)=F ifandonly if
a=F,b=T and (T = —c)=F ifandonly if
a=F,b=T and -c=F ifandonly if

a=F,b=T and c=T

The above proves also that a=F, b =T and c=T is the only
restricted counter -model for A



Chapter 3: Question 3

Question 3  Justify whether the following statements true or
false

S1 There are more then 3 possible restricted
counter-models for A

S2 There are more then 2 possible restricted models of A
Solution

Statement: There are more then 3 possible restricted
counter-models for A is false

We have just proved that there is only one possible restricted
counter-model for A

Statement: There are more then 2 possible restricted models
of A is true

There are 7 possible restricted models for A
Justification: 23 -1 =7



Chapter 3: Question 4

Question 4

1. List 3 models and 2 counter-models for A from
Question 2, i.e. for formula

A= (-a=(-buU(b= -c)))

that are extensions to the set VAR of all variables of one
the restricted models and of one of the restricted
counter-models that you have found in Questions 1,2



Chapter 3: Question 4

Solution

One of the restricted models is, for example a function

va : {a,b,c} — {T,F} such that

va(@a) =T, va(b) =T, va(c) =F

We extend v, to the set of all propositional variables VAR
to obtain a (non restricted) models as follows



Chapter 3: Question 4

Model wj is a function
wy : VAR — {T,F} such that
wi(a) =va(a)=T, wi(b) =

VA
wi(c) = va(c) =F, and wq(x)
x € VAR —{a, b, ¢}

Model w, is defined by a formula

wo(a) =va(a) =T, wa(b) =va(b)=T,
wa(c) =va(c) =F, and wx(x)=F, for all
x € VAR - {a, b, ¢}

(b) =
=T, for all



Chapter 3: Question 4

Model wj; is defined by a formula
ws(a) =va(a) =T, wz(b) =va(b) =T, ws(c) =v(c) =F,
ws(d) = F and ws(x) =T for all xe VAR -{a,b,c,d}

There is as many of such models, as extensions of v, to the
set VAR, i.e. as many as real numbers



Chapter 3: Question 4

A counter-model for a formula A, by definition, is any
function
v: VAR — (T, F}

such that v*(A) = F

A restricted counter-model for A (only one as proved in
question 5) is a function

va :{a,b} — (T, F}
such that such that

va(@a)=F, va(b)=T, va(c)=T



Chapter 3: Question 4

We extend v4 to the set of all propositional variables VAR
to obtain (non restricted ) some counter-models.

Here are two of such extensions
Counter- model w;:
wi(a) =va(a) =F, wi(b)=va(b)=T,

wi(c)=v(c)=T, and wi(x)=F, for all
x € VAR —{a, b, c}

Counter- model wso:
wa(a) =va(a) =T, wa(b) =va(b) =T,

wp(c) =v(c) =T, and we(x) =T for all
x € VAR —{a, b, c}

There is as many of such counter- models, as extensions of
va to the set VAR, i.e. as many as real numbers



Chapter 3: Models for Sets of Formulas

Definition
A truth assignmentv isamodel foraset G C ¥ of
formulas of a given language £ = £~ )
if and only if
veEB forall Beg
We denote it by vEG
Observe thatthe set G C # can be finite or infinite



Chapter 3: Consistent Sets of Formulas
Definition
Aset GCF of formulas is called consistent

ifand only if G has a model, i.e. we have that

G C 7 is consistent if and only if
thereis v suchthat vEG

Otherwise G is called inconsistent



Chapter 3: Independent Statements

Definition
Aformula A is called independent fromaset G C ¥
if and only if there are truth assignments vy, v» such that

vi EGU{A} and vz = GU{-A}

i.e. we say that a formula A is independent
if and only if

GU{A} and GU({-A} are consistent



Chapter 3: Question 5
Question 5
Given a set
G={((anb)=b), (aub),-a}

Show that G is consistent
Solution
We have to find v : VAR — {T, F} such that

VEG
It means that we need to bf find v such that

vi((anb)=0b)=T, vi(aub)=T, vi(-a)=T



Chapter 3: Question 5

Observe that = ((anb) = b), hence we have that
1. vi((anb)=b)=T foranyv
v¥(—-a) = -v*(a) = ~v(a) = T only when v(a) = F hence
2. v(a)=F
vi(aub)=v*(a)uvi(b)=v(a)uv(b)=FuUv(b)=T
only when v(b) = T so we get
3. v(b)=T
This means that for any v : VAR — {T, F} such that
via)=F, vib)=T

vEG

and we proved that G is consistent



Chapter 3: Question 6

Question 6
Show thataformula A = (-anb) is not independent of

G =1{((anb)=b), (aub),-a}

Solution

We have to show that it is impossible to construct vy, v»
such that

vi = GU{A} and vz = G U({-A}

Observe that we have just proved that any v such that

v(a) = F, and v(b) = T is the only model restricted to the
set of variables {a, b} for G so we have to check now if it is
possible that vE= A and v E -A



Chapter 3: Question 6

We have to evaluate v*(A) and v*(-A) for

v(a)=F, and v(b)=T
vi(A)=v*((mranb)=-v(@)nv(b)=-FNT=TNnT=T
andsoviEA

V*(—|A) = —|V*(A) =-T=F

andso v = —-A

This ends the proof that A is not independent of G



Chapter 3: Question 7

Question 7

2. Find an infinite number of formulas that are
independent of G = {((anb) = b), (aUb),-a}

This my solution - there are many others- this one seemed to
me the most simple

Solution

We just proved that any v such that v(a) = F, v(b)=Tis
the only model restricted to the set of variables {a, b} and so
all other possible models for G must be extensions of v



Chapter 3: Question 7

We define a countably infinite set of formulas (and their
negations) and corresponding extensions of v (restricted to
to the set of variables {a, b}) suchthat v =G as follows

Observe that all extensions of v restricted to to the set of
variables {a, b} have as domain the infinitely countable set

VAR - {a, b} ={ay, a, ...,an,...}

We take as a set of formulas (to be proved to be
independent ) the set of atomic formulas

Fo= VAR -{a, b} ={ay, as, ...,an,...}



Chapter 3: Question 7

Let c € o

We define truth assignments vq, vo : VAR — {T, F} such
that

vi EGU{c} and v EGU({-c}
as follows
vi(a)=v(a)=F, vi(b)=v(b)=T and vi(c)=T
forall c € 7y
w(a)=v(a)=F, wv(b)=v(b)=T and w(c)=F
forall c € ¥



CHAPTER 3
Some Extensional Many Valued Semantics



Chapter 3: Question 8

Question 8
We define a 4 valued H, logic semantics as follows
The language is L = L un)

The logical connectives —, =, U, N of Hy are operations in the
set{F, 11,15, T},where {F<1y<1lo<T} andare
defined as follows

Conjunction N is a function
N: {F, Ly, Lo, T} X {F, Ly, Lo, T} — {F, 14, 12,, T},
such thatforany a,b € {F, Ly, Lo, T}

anb = min{a, b}



Chapter 3: Many Valued Semantics

Disjunction U is a function
U: {F9J-17J-27T}X{F9J-17J-27T}_>{FaJ-1aJ-2aT}y
such thatforany a,b € {F, L1, 15, T}

auUb = maxia, b}

Implication = is a function
=! {FaJ-17J-2a T}X{FaJ-1aJ-2$ T}—>{F9J-19J-2’T}’
such that forany a, b € {F, L4, Lo, T},

T ifa<b

a=b= { b otherwise

Negation:

—-a=a=F



Chapter 3: Question 10

Part1 Write Truth Tables for IMPLICATION and NEGATION
in H4
Solution

H4 Implication

= |F 14 1o, T

F|1T T T T

4|/F T T T

1o | F 14 T T

T F 11 1o T
H, Negation




Chapter 3: Question 10

Part2 Verify whether
Fn,((a= b) = (maub))

Solution

Take any v such that
v(a) =11 v(b)= Lo
Evaluate

V*((aib)ﬁ(ﬂan)):(L1 =>J_2):>(—|J_1UJ_2):
T:}‘(FUJ_Q)):TﬁJ_g:J_g

This proves that our v is a counter-model and hence

¥h, ((@a=b) = (-aub))



Chapter 3: Classical Propositional Tautologies

Question 11
Show that ( can’t use TTables!)

E((raub)= (((cnd)= —-d) = (-aub)))

Solution
Denote A = (-auUb), and B = ((cnd)= —d)
Our formula becomes a substitution of a basic tautology

(A= (B=>A))

and hence is a tautology



Chapter 3: Challenge Exercise

1. Define your own propositional language £copn that
contains also different connectives that the standard
connectives —, U, N, =

Your language Lcon does not need to include all (if any!) of
the standard connectives —, U, N, =

2. Describe intuitive meaning of the new connectives of your
language
3. Give some motivation for your own semantic

4. Define formally your own extensional semantics M for
your language Lcon - it means

write carefully all Steps 1- 4 of the definition of your M



