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Deterministic Finite Automata DFA

Simple Computational Model
Here is a picture

Here are the components of the model
C1: Input string on an input tape written at the beginning of
the tape

The input tape is divided into squares, with one symbol

inscribed in each tape square
(=] = - =



DFA - A Simple Computational Model

Here is a picture

C2: "Black Box” - called Finite Control

It can be in any specific time in one of the finite number of
states {q1,...,qn}

C3: A movable Reading Head can sense what symbol is
written in any position on the input tape and moves only

one square to the right
[m] = = =



DFA - A Simple Computational Model

Here are the assumptions for the model

A1: There is no output at all;

A2: DFA indicates whether the input is acceptable
or not acceptable

A3: DFA is a language recognition device



DFA - A Simple Computational Model

Operation of DFA

O1 Initially the reading head is placed at left most square
at the beginning of the tape and

02 finite control is set on the initial state

03 After reading on the input symbol the reading head
moves one square to the right and enters a new state

04 The process is repeated

O5 The process ends when the reading head reaches
the end of the tape



DFA - A Simple Computational Model

The general rules of the operation of DFA are

R1 Atregularintervals DFA reads only one symbol at the
time from the input tape and enters a new state

R2: The move of DFA depends only on the current state
and the symbol just read



DFA - A Simple Computational Model

Operation of DFA

06 When the process stops the DFA indicates its approval
or disapproval of the string by means of the final state

O7 If the process stops while being in the final state, the
string is accepted

08 If the process stops while not being in the final state,
the string is not accepted



Language Accepted by DFA

Informal Definition

Language accepted by a Deterministic Finite Automata
is equal to the set of strings accepted by it



DFA - Mathematical Model

To build a mathematical model for DFA we need to include
and define the following components

FINITE set of STATES

ALPHABET %

INITIAL state

FINAL state

Description of the MOVE of the reading head is as follows

R1 At regularintervals DFA reads only one symbol atthe
time from the input tape and enters a new state

R2: The MOVE of DFA depends only on the current state
and the symbol just read



DFA - Mathematical Model

Definition
A Deterministic Finite Automata is a quintuple

M= (K, %, 6 s, F)

where
K is afinite set of states
> asan alphabet
s € K is the initial state
F C K is the set of final states
o is afunction
0: Kx¥Yx — K
called the transition function

We usually use different symbols for K, X, i.e. we have that
KNxX=0



DFA Definition

Definition revisited
A Deterministic Finite Automata is a quintuple

M= (K, %, 6 s, F)

where
K is a finite set of states
K #0 because s € K
> asan alphabet
> canbe () - case to consider
s € K is the initial state
F C K is the set of final states
F canbe ( - case to consider
o is afunction
0: Kx¥ — K

0 is called the transition function



Transition Function

Given DFA

M= (K, %, s, F)
where

0: KxY¥ — K
Let

6(g,0)=q for g, g €K, ocgeX

means: the automaton M in the state g reads o € > and
moves to a state g’ € K, which is uniquely determined by
state g and o just read



Configuration

In order to define a notion of computation of M on
an input string w € ¥* we introduce first a notion of
a configuration

Definition

A configuration is any tuple

(qw) e KxX¥*

where g € K represents a current state of M
and w € 2" is unread part of the input
Picture




Transition Relation

Definition
The set of all possible configurations of M = (K, %, 6, s, F)
iis just
KxX*={(qw): geK, weX
We define move of an automaton M i in terms of a transition
relation
Fm
The transition relation acts between two configurations
and hence +y is a certain binary relation defined on K x X*,
i.e.
Fv S (K x X*)?

Formal definition follows



Transition Relation

Definition
Given M= (K, %, 6, s, F)

A binary relation
Fv S (K x X*)?

is called a transition relation when for any
g, q €K, wi,wp € X* the following holds
(q.w1) km (', w2)
if and only if

1. wy =ow,, forsome oceXx (M looks ato)
2. 5(g,0)=q (M movesfromq to g reading o in wy )



Transition Relation

Definition (Transition Relation short definition )

Given M= (K, %, 6, s, F)
Forany q, ¢ €K, oceX, weX”

(q.ow) Fu (q'. W)
if and only if

6(g.0)=¢



Idea of Computation

We use the transition relation to define a move of M along
agiven input, i.e. agiven w € ¥~

Such a move is called a computation

Example

Given M such that K = {s, g} and let +y; be a transition
relation such that

(s,aab)rum(qg, ab)ru(s, b)-u(q. e)
We call a sequence of configurations

(s, aab), (qg.ab), (s,b), (q.e)

a computation from (s, aab) to (g, e) in automaton M



Idea of Computation

Given a a computation

(s, aab), (qg.ab), (s,b), (q.e)

We write this computation in a more general form as

(g1,aab), (qz,ab), (gs,b), (qs,€)

for g1, g2, g3, g4 being a specific sequence of states from
K ={s, g}, namely g1 =s, 2 =, gz = s, Q4 = g and say
that the length of this computation is 4

In general we write any computation of length 4 as

(g1.w1), (g2, w2), (Qs,ws), (Qa,wa)

for any sequence @1, Q2, g3, qs Of states from K and
words w; € ¥



Idea of the Computation

Example
Given M and the computation

(s, aab), (q.ab), (s,b), (q.e)

We say that the word w= aab is accepted by M if and only if
1. the computation starts when M is in the initial state
- true here as s denotes the initial state

2. the whole word w has been read, i.e. the last configuration
of the computation is (g, e) for certain state in K,

-true as K = {s,q}

3. the computation ends when M is in the final state
- true only if we have that g € F

Otherwise the word w is not accepted by M



Definition of the Computation

Definition
Given M= (K, %, 6, s, F)
A sequence of configurations

(q19W1)’ (QZ, W2)7 --'s(qns Wn)’ n= 1
is a computation of the length n in M from (g, w) to (', w’)
if and only if

(q1,wy) = (q.w), (gn,wn) =(q’.w') and
(qi, wi) tum (Gig1, Wigq) for i=1,2,...n—1
Observe that when n = 1 the computation (g, w;)
always exists and is called a computation of the length one
It is also called a rivial computation
We also write sometimes the computations as
(g1, wi) b (G2, W) bt ... by (Gnowp) for n>1



Words Accepted by M

Definition
Aword we X" is accepted by M = (K, ¥, 6§, s, F)
if and only if there is a computation

(q1 s W1 )a (QZ, W2)9 ) (qn, WI’))

suchthat g1 =s, wy=w, wo,=¢e and g,=qg¢cF



Words Accepted by M

We re-write it as

Definition

Aword we X" is accepted by M = (K, ¥, 6, s, F)
if and only if there is a computation

(s,w), (g2, w2), ...,(g.€) and geF

When the computation is such that g ¢ F we say that
the word w is not accepted (rejected) by M



Words Accepted by M
In Plain Words:

Aword we X" is accepted by M = (K, ¥, 6, s, F)
if and only if

there is a computation such that

1. starts with the word w and M in the initial state ,
2. ends when M is in a final state, and

3. the whole word w has been read



Language Accepted by M
Definition
We define the language accepted by M as follows
L(M)={weX": w isacceptedby M}
i.e. we write

LIM)={weX": (s,w)ruy ... ry (g, e) forsome g€ F}



Examples

Example 1

Let M= (K, X, 6, s, F), where

K=1qo.q1}, X ={a, b}, s=q, F=1{ql
and the transition function 6: Kx¥ — K
is defined as follows

Question Determine whether ababb € L(M) or
ababb ¢ L(M)



Examples

Solution

We must evaluate computation that starts with the
configuration (qo,ababb) as qo = s

(qo.ababb) Fyy  use &(qo.a) = Qo
(qo. babb) ki use 6(qo, b) = g1
(g1,abb) -y use §(q1,a) = g1
(g1.bb) km  use 6(g1,b) = qo

(Qo.b) kv use 6(qo.b) = q

(g1,e) ry end of computation and g ¢ F = {qo}
We proved that ababb ¢ L(M)

Observe that we always get unique computations, as ¢ is a
function, hence he name Deterministic Finite Automaton
(DFA)



Examples

Example 2

Let My = (K, X, 6, s, F) for all components defined
as in M from Example 1, except that we take now

F ={qo.q1}

We remind that

Exercise Show that now ababb € L (M)



Language Accepted by M
Revisited

We have defined the language accepted by M as

LIM)={weX*: (s,w)tpy ... ru (g, €) forsome qe F)

Question: how to write this definition in a more
concise and elegant way

Answer: use the notion (Chapter 1, Lecture 3) of reflexive,
transitive closure of +y; denoted by

I—M*

and now we write the definition of L (M) as follows



Language Accepted by M
Revisited

Definition

L(M)={weX*: (s,w)rn*(q.€) forsome qeF)

We write it also using the existential quantifier symbol as

L(M) ={weX": Jger ((s,w) +m"(q.€))



Language Accepted by M
Revisited

In order to justify the following | definition
L(M)={weX*: (s,w)ru" (q.e) forsome qe F)

We bring back the general notion of a path in a binary relation
R and its reflexive, transitive closure R* (Chapter 1)
It follows directly from these definitions that

(g1, wy) Fum" (Qn, Wh)
represents a path
(g1, wy), (g2,w2) ..., (Gn-1,Wn-1, (Qn, Wn)
in the relation rj;, which is defined as a computation
(1, w1) km (G2, w2) ..., (Qn-1, Wn-1+m (Qn, W)

in M from (g1, wq) to (gn, wp)



Language Accepted by M
Revisited

Hence
(s.w) ru" (g.€)

represent a computation

(s, w) Fm(c, wa), ... (G, Wa)rm (q. €)

from (s,w) to (q,e),
So define the language L(M) as

LM)y={weX*: (s,w)ry"(q.e) forsome qe F)



Example

Example

Let M= (K, %, 6, s, F) be automaton from our Example
1, i.e. we have

K={q.qi}, X =1{a, b}, s=qo, F=1{qo}

and the transition function 6 : K x~ — K is defined as
follows

Question Show that aabba € L(M)

u]
o)
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Example

We evaluate
(qo, aabba) +u (qo, abba) ru (qo, bba) +um

(g1, ba) Fm(qo, @) Fm(qo.€) and qo=s, Qo€ F = {qo}
This proves that

(s,aabba) Fn* (qo,e) for qo € F

By definition
aabba € L(M)



General remark

To define or to give an example of
M= (K, %, 6 s, F)

means that one has to specify all its components
K, %, 0 s, F

We usually use different symbols for K, ¥, i.e. we have that
KNX=0

Exercise

Given X ={a, b} and K == {qo, g1}

1. Define 3 automata M

2. Define an automaton M, such that L(M) =0

3. How many automata M can one define?



Exercise

1. Here are 3 automata My — M5

M : My = (K=1{q, g1}, X ={a, b}, 6, s=qo, F=1{qo})

6(qo,a) = qo. 6(qo,b) = qo. (q1,a) = qo. 6(q1,b) = qo
M : Mz = (K=1{qo, q1}, X ={a, b}, 6, s=qo, F={qn})
6(qo, @) = qo. 6(Qo,b) = qo. 6(q1,a) = qo. 6(q1,b) = g
M3 : Ms = (K ={qo. g1}, X ={a, b}, 6, s=qo, F={q1})

5(qo,a) = qo. 6(qo.b) = g1, 6(g1,a) = g1, 6(g1,b) = qo



Exercise
2. Define an automaton M, such that L(M) =0

Answer: The automata M- is such that L(M.) = 0 as

there is no computation that would start at initial state qp
and

end in the final state g; as in M,
We have that

6(qo, @) = qo. 6(qo.b) = qo

so we will never reach the final state g;



Exercise
Here is another example:

Let M, be defined as follows
Ms = (K ={qo, qi}, T ={a, b}, 6, s=qo, F=0)
6(qo.a) = qo, 6(qo,b) = qo. 6(q1,a) = qo, (qi,b) = qo
L(Ms) = 0 as there is no computation that would start

at initial state go and end in the final state as there is no
final state



Exercise

3. How many automata M can one define?

Observe that all of M must have > = {a, b} and
K == {qou, g1} so they differ on the choices of
0: KxX — K

By Counting Functions Theorem we have 2* possible
choices for 6

They also can differ on the choices of final states F
There as many choices for final states as subsets of

K ==1{qo, q1},i.e. 22 =4

Additionally we have to count all combinations of choices of &
with choices of F



Challenge

1. Define an automata M with ¥ # () such that L(M) = 0
2. Define an automata M with © = ( such that L(M) # 0
3. Define an automata M with © # 0 such that L(M) # 0
4. Define an automata M with © # 0 such that L(M) = ©*

5. Prove that there always exist an automata M such that
L(M)=1%*



DFA State Diagram

As we could see the transition functions can be defined in

many ways but it is difficult to decipher the workings of the
automata they define from their mathematical definition

We usually use a much more clear graphical representation
of the transition functions that is called a state diagram
Definition

The state diagram is a directed graph, with certain additional
information as shown at the picture on next slide



DFA State Diagram

PICTURE 1

States are represented by the nodes

Initial state is shown by a >0

Final states are indicated by a dot in a circle ()

Initial state that is also a final state is pictured as >(-)

=] F



DFA State Diagram

PICTURE 2

States are represented by the nodes

There is an arrow labelled a from node g to g2 whenever
é(qi,a) = q2



A Simple Problem
Problem

diagram

Given M = (K, X, 6, s, F) described by the following

1. List all components of M

2. Describe L(M) as a regular expression

[m]

=



A Simple Problem

Given the diagram

Components are: M = (K, X, 6, s, F) for

> ={a,b}, K=1{qo.q1,0q},

s =qo, F=1{qou,q1} and the transition function is given by
following table




A Simple Problem
2. Describe L(M) as a regular expression, where
LIM)={weX": (s,w)ryu'(q,e) for geF}

Let’s look again at the diagram of M

Observe that the state go does not influence the language
L(M). We call such state a trap state and say:

The state g- is a trap state

We read from the diagram that

L(M)=a(aub)"Ue as aregular expression

L(M)={a}o{a,b}"Ule} asaset



DFA Theorem

DFA Theorem
Forany DFA M= (K, %, 6, s, F),

eeclL(M) ifandonlyif seF

where we defined L (M) as follows

L(M)={weX*: (s,w)ry"(q,e) for some g€ F}

Proof

Let e € L(M), then by definition (s,e) ry*(g,e)andqe F

This is possible only when the computation is of the length
one (case n = 1), i.e whenitis (s,e) and s = g, hence s € F

Suppose nowthats e F

We know that " is reflexive, so (s, e) Fu*(s, e) and as
seF,weget ecL(M)



Definition of TRAP States of M

Definition

A trap state of a DFA automaton M is any of its states that
does not influence the language L(M ) of M

Example

L(M) = b written in shorthand notation, L(M) = {b}, or
L(M) = L(b) = {b)
States g0, g3 are trap states



TRAP States of M
Given a diagram of M

The state qo is the trap state and we can write a short
diagram of M as follows

Remember that if you use the short diagram you must add
statement: ” plus trap states”

[m]

=




Short and Pattern Diagrams of M

Definition

A diagram of M with some or all of its trap states removed is
called a short diagram

"Our” M becomes

We can "shorten” the diagram even more by removing the
names of the states

Such diagram, with names of the states removed is called a
pattern diagram oe =




Pattern Diagrams

Pattern Diagrams are very useful when we want to "read”
the language M directly out of the diagram
Lets look at M; given by a diagram

It is obvious that (we write a shorthand notion!)
L(My)=(aub) =%"

Remark that the regular expression that defines the

language L(My) is @ = (aU b)*

We add the description L(M;) = ©* as yet another useful
informal shorthand notation notation



Pattern Diagrams

The pattern diagram for “our” M is

It is obvious that (we write a shorthand notion!) - must add:
plus trap states
L(M)=aL(Mj)uUe

We must add e to the language by DFA Theorem, as we have
thats e F

Finally we obtain the following regular expression that defines
the language and write it as

L(M)=a(aub) ue

We can also write L(M ) in an informal way ( > is not a
regular expression) as



Trap States

Why do we need trap states?
Let’'s take X~ = {a, b} and let M be defined by a diagram

Obviously, the diagram means that M is such that its language
is L(M)=aa*
But by definition, § : K x ¥ — K and we get from the

diagram

We must "complete” definition of 6 by making it a function
(still preserving the language)

To do so introduce a new state > and make it a trap state by
defining 6(qo. b) = Gz, d(q1.b) = a2



Short Problems

For all short problems presented here and given on Quizzes
and Tests, you have to do the following

1. Decide and explain whether the given diagram represents
a DFA or does not, i.e. is not an automatan

2. List all components of M when it represents a DFA

3. Describe L(M) as a regular expression when it does
represent a DFA



Short Problems
Consider a diagram M1

1. Yes, it represents a DFA; § is a function on {qo, g1} X {a}
and initial state s = qq exists

2. K={qo. g1}, X =1{a}, s=qo, F={q1},
5(qo,a) = g1, 6(g1.a) =qy
3. L(M1)=aa"



Short Problems

Consider a diagram M2

1. Yes, it represents a DFA; ¢ is a function on {qo} x {a} and
initial state s = qp exists

2. K={qo}, X ={a}, s=qo, F=0, §(q0.a) = Qo

3. L(M2)=0



1
2.
3

Short Problems

Consider a diagram M3

Yes, it represents a DFA; initial state s = qq

K=1{q}, 2=0,5s=q, F=0,6=0
L(M3) =10

exists



Short Problems

Consider a diagram M4

1. Yes, it represents a DFA; initial state s = qo exists

2. K={qo}, Z=1{a}, s=qo, F ={qo}, 6(q.a) = qo

3. L(M4)=a"

Remark e € L (M4) by DFA Theorem, as s = qo € F = {qo}

u]
o)
I
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Short Problems
Consider a diagram M5

1. NO! it is NOT DFA - initial state does not exist



Short Problems

Consider a diagram M6

1. NO! Initial state does exist, but ¢ is not a function; &(qo, b)
is not defined and we didn’t say “plus trap states”



Short Problems
Consider a diagram M7

1. Yes! itis DFA
Initial state exists and we can complete definition of ¢ by
adding a trap state as pictred below

-aww o
&1 [



Short Problems

Consider a diagram M8

1. Yes! |Initial state exists and it is a short diagram of a DFA

We make ¢ a function by adding a trap state g
b

3. L(M8)=aa*

We chose to add one trap state but it is possible to add as
many as one wishes

Observe that L(M8) = L(M1) and M1, M8 are defined for
different alphabets



Two Problems

P1 Let 22{31,82,...,81025, ...,82105}

Draw a state diagram of M such that L (M) = az5(@1025)"
P2

1. Draw a state diagram of transition function 6 given by
the table below

2. Give an example and automaton M with with this §

3. Describe the language of M

u]
o)
I
"
it



P1 Solution

P1 Let 22{31,32,...,31025, ...,32105}

Draw a state diagram of M such that L(M) = ap25(a1025)*
Solution

PLUS a LOT of trap states!

¥ has 2'% elements; we need a trap state for each of them
except ajoos

u]

o)
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P1 Solution

Observe that we have a following
pattern forany o€ X

L(M) =o"

forany oceX
PLUS a LOT of trap states! except for the case when
Y = {o}



P2 Solutions

P2

1. Draw a state diagram of transition function 6 given by
the table below

2. Give an example and automaton M with with this 6

Here is the example of M from our book, page 59

L(M) = {w € {a,b}" : wdoes not contain three consecutive b’s}
[m] = - =




P2 Solution

Observe that the book example is only one of many possible
examples of automata we can define based on ¢ with the
following

State diagram:

Two more examples follow
Please invent some more of your own!
Be careful! This diagram is NOT an automaton!!

[m] = =



P2 Examples
Example 1

Here is a full diagram of M1

L(M) = (aub)" =%*

Observe that e € L(M1) by the DFA Theorem and the states
Qo, 1, G2 are trap states



P2 Examples

Example 2
Here is a full diagram of M1 from Example 1

L(M) = (aub) =%*

Observe that we can make all, or any of the states qo, g1, @2
as final states and they will still will remain the trap states
Definition

A trap state of a DFA automaton M is any of its states that
does not influence the language L(M ) of M

& = =



P2 Examples
Example 3

as M1

Here is a full diagram of M2 with the same transition function

L(M) =0

Observe that F = () and hence here is no computation that
would finish in a final state



More Problems

P3 Construct a DFA M such that

L(M) = {w € {a,b}" : w has abab as a substring }



Problems Solutions

P3 Construct a DFA M such that
L(M) ={w € {a,b}" : w has abab as a substring }

Solution The essential part of the diagram must produce
abab and it can be surrounded by proper elements on both
sides and can be repeated

Here is the essential part of the diagram




Problems Solutions

We complete the essential part following the fact that it can be

surrounded by proper elements on both sides and can be
repeated

Here is the diagram of M

Observe that this is a pattern diagram; you need to add
names of states only if you want to list all components
M does not have trap states

[m] = -



More Problems

P4 Construct a DFA M such that
L(M) = {w € {a,b}" : every substring of length 4 in word w

contains at least one b }



More Problems

P4 Construct a DFA M such that
L(M) ={w e {a, b}

every substring of length 4 in word w

contains at least one b }

Solution Here is a short pattern diagram (the trap states
are not included)




More Problems

P5 Constructa DFA M such that
L(M) = {w € {a,b}" : every word w contains

an even number of sub-strings ba }



More Problems
P5 Constructa DFA M such that
L(M) ={w € {a,b}*

every word w contains

an even number of sub-strings ba }
Solution Here is a pattern diagram

Zero is an even number so we must have that e € L(M), i.e
we have to make the initial state also a final state




More Problems

P6 Constructa DFA M such that
L(M)={we{a,b}": each a in wis

immediately preceded and immediately followed by b }



More Problems

P6 Constructa DFA M such that

L(M)={we{a,b}": each a in wis

immediately preceded and immediately followed by b }
Solution: Hereis a short pattern diagram - and we need
to say: plus trap states)

(can be more then one, but one is sufficient)

It is a short diagram because we omitted needed trap states
Complete the diagram as an exercise

[m]

=




More Problems

P7 Hereisa DFA M defined by the following diagram

Describe L (M) as a regular expression



More Problems

P7 Hereisa DFA M defined by the following diagram

Describe L (M) as a regular expression
Solution

L(M)=a"u (a*ba*ba*)*
Observe that e € L (M) by the DFA Theorem

[m]



Short Problems

SP1 Given an automaton M1
M1 = (K =1{qo, g1}, ¥ ={a, b}, 6, s=qo, F=0)

5(qo, @) = Go. 6(qo,b) = Go, S(a,a) = Go, S(a,b) = o

1. Draw its state diagram
2. List trap states, if any
3. Describe L(M1)



2.

3.

SP1 Solution
SP1

1.

Here is the state diagram

gy is a trap state - M1 never gets there
L(M1)=0



Short Problems

SP2 Given an automaton M2

M2 = (K =1{qo, g1}, X ={a, b}, 6, s=qo, F={q1})
6(qo.a) = qo. 6(qo.b) = qo. 6(g1.a) = qo. (q1.b) = g
1. Draw its state diagram

2. List trap states, if any
3. Describe L(M2)



SP2 Solution
SP2

1.

Here is the state diagram

2.
M1

3.

g1 is a trap state - it does not influence the language of
L(M2) =0



Short Problems

SP3 Given an automaton M3
M3 = (K ={qo, g1}, T =1{a, b}, 6, s = qo, F = {q1})
(o, @) = o, 6(qo.b) = a1, 6(q1.a) = a1, 6(q1.b) = qo

1. Draw its state diagram
2. List trap states, if any
3. Describe L(M3)



2.

3.

SP3 Solution
SP3

1.

Here is the state diagram

There are no trap states

L(M3) =a*buUa*ba* U (a*ba*ba*b)*
L(M3) = a*ba* U (a*ba*ba*b)*



Short Problems

SP4 Given an automaton M4 = (K, X, 6, s, F) for
K =1{qo, g1,q2.q3}, ¥ ={a, b}, s=qo, F ={qo, g1, 92}
and ¢ defined by the table below

1. Draw its state diagram

2. Give a property describing L(M4)



SP4 Solution
SP4

1.

Here is the state diagram

Observe that state gs is a trap state and the short diagram
is as follows



SP4 Solution
SP4
1.

Here is the short diagram

2. The language of M4 is

L(M4) = {w € " : neither aa nor bb is a substring of w }



Short Problems

SP5 Given an automaton M5 = (K, ¥, 6, s, F) for
K= {CIO, CI1,CI2, q3}9 > = {a’ b}’ S = CIO’ F = {Ch}
and ¢ defined by the table below

1. Draw its state diagram

2. Give a property describing L(M5)



1.

2.

SP5 Solution
SP5

Here is the state diagram

L(M5) ={weX”

w has an odd number of a'’s
and an even number of of b ’s }



Chapter 2
Finite Automata

Slides Set 1

PART 2: Nondeterministic Finite Automata DFA
Equivalency of DFA and DFA



NDFA: Nondeterministic Finite Automata

Now we add a new powerful feature to the finite automata
This feature is called nondeterminism

Nondeterminism is essentially the ability to change states
in a way that is only partially determined by the current
state and input symbol, or a string of symbols, empty string
included

The automaton, as it reads the input string, may choose at
each step to go to any of its states

The choice is not determined by anything in our model , and
therefore it is said to be nondeterministic

At each step there is always a finite number of choices,
hence it is still a finite automaton



NDFA - Mathematical Model

Class Definition
A Nondeterministic Finite Automata is a quintuple

M= (K, X, A, s, F)
where
K is a finite set of states
> is an alphabet
s € K is the initial state
F C K is the set of final states
A is a finite set and

ACKXXxK

A is called the transition relation

We usually use different symbols for K, X, i.e. we have that
KNX=0



NDFA Definition

Class Definition revisited
A Nondeterministic Finite Automata is a quintuple

M= (K, X, A, s, F)

where

K is a finite set of states

K # 0 because s € K

> is an alphabet

> canbe () -case to consider

s € K is the initial state

F C K is the set of final states

F canbe (0 - case to consider

A isafinitesetand ACKXxX*xK
A is called the transition relation
A can be () - case to consider



Some Remarks

R1 We must say that A is a finite set because the set
K x ¥* x K is countably infinite, i.e. [K X Z* x K| = N ) and
we want to have a finite automata and we defined it as

ACKxY"xK

R2 The DFA transition function ¢6: Kx > — Kis (as
any function!) a relation

ICKXxXxK

R3 The set ¢ is always finite as the set K x X x K is finite
R4 The DFA transition function ¢ is a particular case of the
NDFA transition relation A, hence similarity of notation



NDFA Diagrams

We extend the notion of the state diagram to the case of the
NDFA in natural was as follows

(g1,w,q2) € A means that M in a state g reads the word

w e 2" and goes to the state g
Picture

Remember that in particular w = e



Examples
Example 1

Let M be given by a diagram

By definition M is not a deterministic DFA asitreads e € >~



Examples
Example 2

Let M1 be given by a diagram

not a function

Observe that M1 is not a deterministic DFA as
(g.a,q1) € A and (g,a,qz) € A what proves that A is

L(M1) = {a}



Examples

Example 3
Let M be given by a diagram

M is not a deterministic DFA as (qo,e,qo) € A and this is

not admitted in DFA

A =1{(qo,a,q1), (g1.b,q0), (91,b,q2), (g2, a,%). (g2, €, q)}

~—

DA

=} F



Examples
Example 4

Let M be given by a diagram

M is not a deterministic DFA as (g,ab,qi) € A
not admitted in DFA
A ={(g.ba,q).(q.ab.q1). (9.e.q3)} and F = 0

L(M1) =0

and this is



NDFA - Book Definition

Book Definition
A Nondeterministic Finite Automata is a quintuple

M= (K, X, A, s, F)

where

K is afinite set of states

> asan alphabet

s € K is the initial state

F C K is the set of final states

A , the transition relation is defined as

ACKx(Xufel)xK

Observe that A s finite set as both K and > U {e} are
finite sets



Book Definition Example
Example

Let M be automaton from Example 3 given by a diagram

M follows the Book Definition as

ACKx(XU{e})xK

[m]

=



Equivalence of Definitions

The Class and the Book definitions are equivalent
1.  We get the Book Definition as a particular case of the

Class Definition as
Yufelcx”

2.  We will show later a general method how to transform
any automaton defined by the Class Definition into an
equivalent automaton defined by the Book Definition

When solving problems you can use any of these definitions



Configuration and Transition Relation

Given a NDFA automaton
M= (K, X, A,s, F)
We define as we did in the case of DFA the notions of

a configuration, and a transition relation

Definition
A configuration in a NDFA is any tuple

(qw)e KxX*



Configuration and Transition Relation

Definition
A transition relationin M = (K, X, A, s, F)
defined by the Class Definition is a binary relation

Fm € (KXXY) X (KxX")
suchthatq, g €K, u, weX®
(9. uw) Fm (q',w)
if and only if

(g uq)eA
For M defined by the Book Definition definition of the
Transition Relation is the same but for the fact that

u exuUfe}



Language Accepted by M

We define, as in the case of the deterministic DFA ,
the language accepted by the nondeterministic M as follows
Definition

LIM)y={weX": (s,w)run*(g,e) for geF}

where +y " is the reflexive, transitive closure of +y



Equivalency of Automata

We define now formally an equivalency of automata as follows
Definition

For any two automata M, M, (deterministic or
nondeterministic)

My~ M, ifandonlyif L(My) = L(Ms)

Now we are going to formulate and prove the main theorem of
this part of the Chapter 2, informally stated as

Equivalency Statement
The notions of a deterministic and a non-dederteministic
automata are equivalent



Equivalency of Automata Theorems

The Equivalency Statement consists of two Equivalency
Theorems

Equivalency Theorem 1

For any DFA M, thereisis a NDFA M, suchthat M~ M’,
i.e. such that
L(M) = L(M)

Equivalency Theorem 2

For any NDFA M, thereisisa DFA M, suchthat M~ M’,
i.e. such that
L(M)=L(M)



Equivalency of Automata Theorems

Equivalency Theorem 1
For any DFA M, thereisisa NDFA M’, suchthat M=~ M,
i.e. such that

L(M) = L(M’)
Proof
Any DFA M is a particular case of a DFA M’ because any
function ¢ is a relation

Moreover § and its a particular case of the relation A as
> C Y U{e} (for the Book Definition) and > C ~* (for the
Class Definition)

This ends the proof



Equivalency of Automata Theorems

Equivalency Theorem 2

For any NDFA M, thereisisa DFA M, such that
M ~ M, i.e. such that

L(M) = L(M')

Proof

The proof is far from trivial. It is a constructive proof;
We will describe, given a NDFA M, a general method of
construction step by step of an DFA M’ that accepts
the came language as M

Before we define the poof construction we discuss some
examples and some general automata properties



EXAMPLES and QUESTIONS



Examples
Example 1

Here is a diagram of NDFA M1 - Class Definition

L(M1) = (ab U aba)*



Examples
Example 2

Here is a diagram of NDFA M2 - Book Definition

and (qgi,b,q2) € A

Observe that M2 is not deterministic (even if we add "plus
trap states) because A is not a function as (qgi,b,qo) € A

L(M2) = (ab U aba)

*
[m]



Examples
Example 3

Here is a diagram of NDFA M3 - Book Definition

Observe that M2 is not deterministic (gi.e.qo) € A

L(M3) = (ab U aba)*



Question 1

All automata in Examples 1-3 accept the same language,
hence by definition, they are equivalent nondeterministic
automata, i.e.

M1 ~ M2 ~ M3
Question 1
Construct a deterministic automaton M4 such that

M1 ~ M2 ~ M3 ~ M4



Question1 Solution

Here is a diagram of deterministic DFA

Observe that q4 is a trap state

L(M4) = (ab U aba)*

M4



Question 2

Given an alphabet
> ={ay, as,...,an} for n>2

Question 2
Construct a nondeterministic automaton M such that

L ={we X" : atleastone letter from ¥ is missingin w }

Take n=4,i.e. >~ = {81, do, as, as}
Some words in L are:

eel, ajel, ajacaz € L, ajacarazaz € L ajazaiar € L, ...



Question 2 Solution

Here is solution for n = 3, i.e. ¥ = {ay, a», as}

Write a solutionforn =4



Question 2 Solution

Here is the solution for n = 4, i.e. ¥ ={ay, a», as, as}

Write a general form of solution for n > 2

[m]

=



Question 2 Solution

General case
M= (K, X, A, s, F) for ¥ ={ay, as,...,ap}and n > 2,

n . .
A= U (qo. €,qi)} Ui,j=1{(qi’ a,qi): i #j)

i # j means that a; is missing in the loop at state q;



PROPERTIES
Equivalence of Two Definitions



Equivalence of Two Definitions

Book Definition (BD)
ACKx(Zufel)xK

Class Definition (CD)
A is a finite set and

ACKxY"'xK

Fact 1
Any (BD) automaton M is a (CD) automaton M
Proof
The (BD) of A is a particular case of the (CD) as

YUfe} c ¥



Equivalence of Two Definitions

Fact 2

Any (CD) automaton M can be transformed into an
equivalent (BD) automaton M’

Proof

We use a ” streching ” technique

Forany w # e, w € X" and (CD) transition (g, w,q’) € A,
we transform it into a sequence of (BD) transactions each
reading only o € X that will at the end read the whole
word w € X~

We leave the transactions (g, e, q’) € A unchanged



Stretching Process

Consider w = o,02,...0, and a transaction (q,w,q) € A
as depicted on the diagram

We construct A’ in M’ by replacing the transaction
(g,01,02,...0p,q) by

(q’ 0-1ap1 )’ (p1’0-2, p2)’ o (pn—bo'n, Q)
and adding new states pi,po,...pnr-1 to the set K of M
making at this stage

K = KU{p1,p2,...Pn-1}

[m]

=



Stretching Process

This transformation is depicted on the diagram below

We proceed in a similar way in a case of w = 01,02,
and a transaction (q,w,q’) € A




Equivalent M’

We proceed to do the "stretching” for all (g, w,q’) € A for
w # e and take as
K'=KuUP

where P = {p: p added by stretching for all (q,w,q’) € A}
We take as

A=A*U{(q.0np): pEP.W=01, ...0n (q.w.q) €A}
where

AT ={(q.0nq)eA: oce(Xule)), 9.9 €K}



Proof of Equivalency of DFA and NDFA



Equivalency of DFA and NDFA

Let’'s now go back now to the Equivalency Statement that
consists of the following two equivalency theorems
Equivalency Theorem 1

For any DFA M, thereisis a NDFA M, suchthat M~ M’,
i.e. such that
L(M)=L(M)

This is already proved

Equivalency Theorem 2

For any NDFA M, thereisa DFA M’, suchthat M~ M, i.e.
such that
L(M) = L(M’)

This is to be proved



Equivalency Theorem

Our goal now is to prove the following
Equivalency Theorem 2
For any nondeterministic automaton

M= (K, ¥, A, s, F)

there is, i.e. we give an algorithm for its construction a
deterministic automaton

M=(K,%, 6=2N0,¢,F)

such that



General Remark

General Remark
We base the proof of the equivalency of DFA and NDFA
automata on the Book Definition of NDFA

Let’'s now explore some ideas laying behind the main points
of the proof

They are based on two differences between the DFA

and NDF automata

We discuss now these differences and basic ideas how to
overcome them, i.e. how to "make” a deterministic automaton
out of a nonderetministic one



NDFA and DFA Differences
Difference 1
DFA transition function ¢ even if expressed as a relation
0CKXLIXK
must be a function, while the NDFA transition relation A
ACKx(Xufe})xK

may not be a function



NDFA and DFA Differences

Difference 2
DFA transition function § domain is the set

Kx X
while NDFA transition relation A domain is the set
Kx X2 U{e}

Observe that the NDFA transition relation A may contain a
configuration (g, e, g’) that allows a nondeterministic
automaton to read the empty word e, what is not allowed

in the deterministic case

In order to transform a nondeterministic M into an

equivalent deterministic M’ we have to eliminate the both
Differences 1 and 2



Example

Let’s look first at the following
Example

M= ({q0.91, 92,93}, X ={a,b}, A, s=qo, F ={q2})

A ={(qo.a.q1). (G1. b, 9). (1. b, G2). (G2, 2, Go)}
Diagram of M




Example

The non-function part of the diagram is

Question

How to transform it into a FUNCTION???

IDEA 1: make the states of M’ as some SETS made out of
states of M and put in this case

5({g1}, b) = {qo, G2}



IDEA ONE

IDEA 1: we make the states of M’ as some SETS made out
of states of M

We read other transformation from the Diagram of M

o({qo}, a) = {q1}, o({ge}, @) = {qo} and of course
(g1}, b) = {qo, g2}

We make the state {qp} the initial state of M’ as gy was the
initial state of M and

we make the states {qo, g2} and {qg-} final states of M’ and
as g» was a final state of M

=} F



Example

We have constructed a part of

M=(K,X%X 6§=24" ¢,
The Unfinished Diagram is

F)

There will be many trap states



IDEA ONE

IDEA ONE General Case

We take as the set K’ of states of M’ the

set of all subsets of the set K of states of M

We take as the initial state of M’ the set s’ = {s},
where s is the initial state of M, i.e. we put

K =2K s =1s}, ¢§:26xy — 2K
We take as the set of final states F' of M’ the set
FF={QcK: QnF #0)

The general definition of the transition function ¢
will be given later



Example Revisited
In the case of our Example we had K = {qo, g1, G2}
K’ = 2K has 2° states

The portion of the unfinished diagram of M’ is

It is obvious that even the finished diagram will have A LOT of
trap states



Difference 2 and ldea Two

Difference 2 and Idea Two - how to eliminate the e
transitions

Example 1
Consider M1

Observe that we can go from qp to g1 reading only e, i.e.
without reading any input symbol o €

L(M1)=a



Examples

Example 2
Consider M2

Observe that we can go from g to g» reading only e, i.e
without reading any input symbol o €

L(M2) =a



Examples

Example 3
Consider M3

Observe that we can go from g» to gz and from g to g3
without reading any input

L(M3)=aub



Idea Two - Sets E(q)

The definition of the transition function 6 of M’ uses

the following

Idea Two: a move of M’ on reading an input symbol o € &
imitates a move of M on input symbol o, possibly followed by
any number of e-moves of M

To formalize this idea we need a special definition

Definition of E(q)

For any state g € K, let E(q) be the set of all states in M they
are reachable from state q without reading any input, i.e.

E(q)={peK: (g.e)ru" (p.e)}



Sets E(q)

Fact 1
For any state g € K we have that g € E(q)
Proof
By definition
E(q)={peK: (g.e)ru" (p.e)}

and by the definition of reflexive, transitive closure +\* the
trivial path (case n=1) always exists, hence

(g.e) rm* (g.€)}

what proves that g € E(q)



Sets E(q)

Observe that by definitions of +y* and E(q) we have the
following

Fact 2
1. E(q) is a closure of the set {g} under the relation

{(p,r) : thereis atransition (p,e,r)e A}

2. E(q) can be computed by the following

Algorithm

Initially set E(q) := {q}

while thereis (p. e, r) e A with pe E(q) and r ¢ E(q)

do: E(q):=E(qu



Example

We go back to the Example 1, i.e.
Consider M1

We evaluate

E(qo) ={qo. a1}, E(q1) =1{a1}, E(qe) = {qe}
Remember that always g € E(q)



Definition of M’

Definition of M’

Given a nondeterministic automaton M= (K, ¥, A, s, F)
we define the deterministic automaton M’ equivalentto M as
M =(K', X, 6,5, F)

where
K =2K s ={s}
F={QCK: QnF=+0}
§ 2K x ¥ — 2K s such that

and foreach Q € K and for each o € *

§'(Q,o0) = U{E(p) : peKand(q,o,p) € A forsomeq € Q}



Definition of ¢’

Definition of ¢’

We re-write the definition of 6" in a a following form that is
easier to use

§ 2K x ¥ — 2K issuchthatforeach Q c K

and foreach o e X

§(Q,o) = U{E(p) : (g,0,p) € A forsome g€ Q}
peK

We write the above condition in a more clear form as

7(Q.0) = JIE(P) - Fgca (@.0p) € A}
peK



Construction of of M’

Given a nondeterministic automaton M = (K, &, A, s, F)
Here are the STAGES to follow when constructing M’

STAGE 1

1. Forall g € K, evaluate E(q)

E(q)=1{peK: (g.€)ru" (p.e)}
2. Evaluate initial and final states: s” = E(s) and
FF={QCcK: QnF+0}

STAGE 2
Evaluate ¢'(Q.c0) for ce ¥, Qe2k

§'(Q,0) = | JIE(p) : Fgea (.0, p) € A}
peK



Evaluation of ¢’

Observe that domain of ¢’ is 2K x ¥ and can be very large

We will evaluate ¢’ only on states that are relevant to the
operation of M’ and making all other states trap states
We do so to assure that

M =M
i.e. to be able to prove that
L(M)=L(M)

Having this in mind we adopt the following definition



Evaluation of ¢’

Definition

We say that a state Q € 2K is relevant to the operation

of M’ and to the language L( M) ifit can be reached from
the initial state s’ = E(s) by reading some input string

Obviously, any state Q < 2K thatis not reachable from the
initial state s’ is irrelevant to the operation of M’ and to
the language L( M’)



Construction of of M’ Example

Example
Let M be defined by the following diagram

STAGE 1

1. Forall g € K, evaluate E(q)

M does not have e -transitions so we get
E(qo) =1{qo}. E(q1) ={a1}, E(q) =1{q2}

2. Evaluate initial and some final states:
and {qgo} € F’

[m]

s’ =

=

E(qo) = {qo}

it

S
yel
Q



o’ Evaluation

STAGE 2

Here is a General Procedure for ' evaluation
Evaluate ¢'(Q,o) only for relevant Q < 2, i.e. follow
the steps below

Step 1 Evaluate ¢'(s’,o) forall o € X, i.e. all states
directly reachable from s’

Step (n+1)

Evaluate ¢ on all states that result from the Step n, i.e. on
all states already reachable from s’

Remember

7(Q.0) = JIE(P) - Fgca (a.0p) € A)
peK



Example STAGE 2

Diagram

STAGE 2

§'(Q,0) = | JIE(p) : Fgea (q.0,p) € A}
peK

Step 1 Weevaluate ¢’({qo}.a) and ¢ ({qo}. b)
We look for the transitions from qo
We have only one (qo, a,q1) € A so we get
¢o'({qo}. @) = E(an) = {an}
There is no transition (qo, b, p) € A forany p € K, so we
get &'({qo}, b) = E(p) =0



Example STAGE 2

By the Step 1 we have that all states directly reachable from
s’ are {go} and 0

Step 2 Evaluate ¢’ on all states that result from the Step 1;
i.e. on states {g1} and 0

Obviously §'(0,a) =0 and ¢'(0,b) =0

To evaluate ¢'({qgi1},a), ¢'({g1}, b) we first look at all
transitions (g1, a, p) € A on the diagram

There is no transition (g1,a,p) € A forany p € K, so

5 ({g1},a) =0 and §'(0,a) =0, §'(0,b) =0



Example STAGE 2

Step2 To evaluate §'({g:}, b) we now look at all transitions
(g1,b,p) € A on the diagram

Here they are: (g1.b.g2). (g1.b.qo)
5/(090') = UpeK{E(p)

dgea (q’ a, p) SPAY;
6’ ({g1},b) = E(g2) U E(qo) = {g2} U {qo} = {qo0. G2}
We evaluated

8’ ({g1}, b) = {qo. G2},

§({g1),a) =0
We also have that the state {qg, g2} € F’



Example STAGE 2

Step 3 Evaluate ¢” on all states that result from the Step 2;
i.e. on states {qo, 2}, 0

Obviously §'(0,a) =0 and ¢'(0,b) =0
To evaluate ¢'({qo, g2}, @) we look at all transitions (qo, a, p)
and (ge,a,p) on the diagram

Here they are: (qo.a.q1). (g2.a.qo)

6’ ({qo. g2}, @) = E(g1) U E(qo) = {qo. a1}

Similarly  ¢'({go. g2}, b) = 0



Diagram Steps 1 - 3

Here is the Diagram of M’ after finishing STAGE 1 and Steps
1-3 of the STAGE 2




Example STAGE 2

Step 4 Evaluate ¢’ on all states that result from the Step 3;
i.e. on states {qo, g1}, 0

Obviously ¢'(0,a) =0 and ¢'(0,b) =0

To evaluate §’({qo,q1},a) we look at all transitions (qo. a, p)
and (gi,a,p) on the diagram

Here there is one (qo,a,q1), and there is no transition
(g1,a,p) forany p € K, so

5/({QO, ai }’ a) = E(q1) up = {q1}

Similarly
¢’ ({90, g1}, b) = {qo, 92}



Example STAGE 2

Step 5 Evaluate ¢’ on all states that result from the Step 4;
i.e. on states {qi} and {qo, g2}

Observe that we have already evaluated ¢’({q;}, o) for all
oeX in Step2and §({qo, gz}, o) in Step 3

The process of defining 6'(Q, o) for relevant Q € 2X is
hence terminated

All other states are trap states



Diagram of of M’

Here is the Diagram of the Relevant Part of M’

and here is its short pattern diagram version




Book Example

Book Example
Here is the nondeterministic M from book page 70
Exercise Read the example and re- write it as an exercise

stage by stage as we did in class - it means follow the
previous example

Diagram of M




Book Example

STAGE 1

STAGE 2 evaluation are on page 72

Evaluate them independently of the book



Book EXampIe

Diagram of M’

Q>



Book Example
Some book computations

Book Diagram




NDFA and DFA Differences Revisited

Difference 1 Revisited

DFA transition function ¢ even if expressed as a relation
0CKXXXxK

must be a function, while the NDFA transition relation A
ACKx(Xufe})xK

may not be a function

Difference 2 Revisited

DFA transition function 6 domain is the set K x ¥ while

It is obvious that the definition of ¢’ solves the Difference 2



Difference 1

Given a non-function diagram of M

and put in this case

Proposed IDEA of f solving the Difference 1 was to make
the states of M’ as some subsets of the set of states of M

6’ ({190}, b) = {91, G2, g3}

[m]



Exercise

Given the diagram of M

Exercise

Show that the definition of ¢’

peK

§(Q,0) = JIE(p) : Fgea (g, 0,p) € A)
does exactly what we have proposed, i.e show that

6’ ({190}, b) = {91, G2, g3}

[m]

=




Proof of Equivalency Theorem

Equivalency Theorem
For any nondeterministic automaton

M= (K, X, A, s, F)

there is (we have given an algorithm for its construction) a
deterministic automaton
M=(K,X,s=A"5s,F)
such that
M~M ie. L(M)=L(M)
Proof

M’ is deterministic directly from the definition because the
formula

7(Q.0) = JIE(p) - Taca (.0p) € A
peK

defines a function and is well defined for a all Q € 2X and
oEY.



Proof of Equivalency Theorem

We now claim that the following Lemma holds and we will
prove equivalency M ~ M’ from the Lemma

Lemma
For any word w € ¥* and any states p,ge K

(g,w) rm" (p,e) ifandonlyif (E(q),w)ru™ (P,e)

for some set P such that p e P

We carry the proof of the Lemma by induction on the length
|w| of w

Base Step |w| = 0; this is possible only whent w = e and
we must show

(g.e)rm”* (p,e) ifandonlyif (E(q).e)rm” (P.e)

for some P such that pe P



Proof of Lemma

Base Step We must show that
(g.e) Fm™ (p,e) ifandonly if dp(p € PN (E(q),e) rm™ (P, €)))

Observe that (q,e) +y* (p,e) justsaysthat p € E(q) and
the right side of statement holds for P = E(q)

Since M’ is deterministic the statement

dp(p e PN (E(q).e) rm™ (P, e))) is equivalent to saying that
P = E(q) and since p € P we get p € E(q) what is
equivalent to the left side

This completes the proof of the basic step

Inductive step is similar and is given as in the book page 71



Proof of The Theorem

We have just proved that for any w € >* and any states
p.qgeK

(q> W) }_M* (p’ e) if and Only if (E(q)9 W) }_1\4’>’< (Pv e)
for some set P such that pe P

The proof of the Equivalency Theorem continues now
as follows



Proof of The Theorem

We have to prove that L(M) = L(M)

Let’ s take aword w € X~

We have (by definition of L(M)) that w € L(M)
ifand only if (s,w)ry* (f,e) for feF

ifand only if (E(s),w)+m*(Q,e) for some Q such that f € Q
(by the Lemma)

if and only if (s’,w) ry* (Q,e) forsome Q € F (by
definition of M’)

if and only if w € L(M")

Hence L(M)=L(M)

This end the proof of the Equivalency Theorem



Finite Automata

We have proved that the class (CD) and book (BD) definitions
of a nondeterministic automaton are equivalent

Hence by the Equivalency Theorem deterministic and
ondeterministic automata defined by any of the both ways
are equivalent

We will use now a name

FINITE AUTOMATA

when we talk about deterministic or nondeterministic
automata
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Finite Automata and Regular Expressions

The goal of this part of chapter 2 is to prove a theorem that
establishes a relationship between Finite Automata and
Regular languages, i.e to prove that following

MAIN THEOREM

Alanguage L is regular ifand only if itis accepted by a
finite automaton, i.e.

Alanguage L is regular if and only if thereis a

finite automaton M, such that

L =L(M)



Closure Theorem

To achieve our goal we first prove the following

CLOSURE THEOREM
The class of languages accepted by Finite Automata (FA) is
closed under the following operations

1. union

2. concatenation

3. Kleene’s Star

4. complementation
5. intersection

Observe that we used the term Finite Automata (FA) so in

the proof we can choose a DFA or a NDFA, as we have
already proved their equivalency



Closure Theorem

Remember that languages are sets, so we have the set em[]
operations U, N, —, defined forany Lq,Ly, C >*, i.ethe
languages

L=L4Uly,, L=LiNnly, L=XY*"-1L4

We also defined the languages specific operations of
concatenation and Kleene’s Star , i.e. the

languages
L:L1OL2 and L:L1*



Closure Under Union

1. The class of languages accepted by Finite Automata (FA)
is closed under union

Proof
Let My, M> betwo NDFA finite automata
We construct a NDF automaton M, such that

L(M) = L(M;) U L(Ms)

Let My = (Ki, X, Ay, sy, Fy) and

Mo = (Kz, X, Ao, S, F)

Where (we rename the states, if needed)
=3X1UXo, S1#S, KiNKo=0 FiNnFo=0



Closure Under Union

We picture M, such that L(M) = L(M;) U L(M>) as follows

M goes nondeterministically to My or to M> reading nothing
so we get
w e L(M) if and only if
and hence

weM; or we M
L(M) = L(My) U L(Ms)

[m]

=



Closure Under Union

We define formally
M=MUM = (K, £, A, s, F)

where

K=KiUKyU{s} for s¢ K;UK>

S is a new state and

F=FUF, A=A{UAU{(s e 1), (s e 82)}

for s - initial state of My and

s> the initial state of M»

Observe that by Mathematical Induction we construct,

forany n > 2 an automaton M = M; UM, U ... M, such that

L(M) = L(M)UL(Ms) U ... L(Mp)



Closure Under Union

Formal proof

Directly from the definition we get
w € L(M) if and only if

J¢((ge F=F1UF)n((s,w) ru*(g.e)) if and only if
3o(((g € F1) U (g € F2)) N ((s.w) Fur'(g. €)) if and only if
To((g e F1) N ((s.w) ru'(g.€)) U

A4((ge F2) N ((s,w) Fu'(qg.e))) if and only if

we L(My) U weL(M,), what proves that

L(M) = L(My) U L(Ms)
We used the following Law of Quantifiers

T(A(X) UB(X)) = (FeA(x) U IB(x))



Examples
Example 1
Diagram of M,

such that L(My) = aba* is

Diagram of M, suchthat L(M>) = b*ab is

We construct M = My U M> such that

L(M) = aba* U b*ab = L(M;) U L(M2)
as follows

[m]

=



Examples
Example 1

Diagram of M such that L(M) = aba* U b*ab

is




Examples
Example 2

Diagram of My suchthat L(M) = b*abc is

Diagram of M, suchthat L(M,) = (ab)*a is

We construct M = My U Mo

such that
L(M) = b*abc U (ab)*a = L(My) U L(Ms)

as follows

[m]

=



Examples

Diagram of M suchthat L(M) = b*abc U (ab)*a is

This is a schema diagram

If we need to specify the components we put names on
states on the diagrams



Closure Under Concatenation

2. The class of languages accepted by Finite Automata is
closed under concatenation

Proof
Let My, M> betwo NDFA
We construct a NDF automaton M, such that

L(M) = L(M1) o L (M)

Let My = (Ki, X, Ay, sy, Fy) and

Mo = (Ko, X, Ao, So, F)

Where (if needed we re-name states)

Y=%Y1UXy, S1#S, KinKo=0 FinFa=0



Closure Under Concatenation

We picture M, such that L(M) = L(M;) o L(M-) as follows

The final states from F; of My become internal states of M

The initial state s» of M> becomes an internal state of M

M goes nondeterministically from ex-final states of My to the
ex-initial state of M, reading nothing



Closure Under Concatenation

We define formally
M= M oM = (K, L, A, sq, F2)

where
K=K UK>
s1 of My is the initial state
F> of Ms is the set of final states
A=A1UAU{(qg,e,52): for ge Fy}
Directly from the definition we get
weL(M) iff w=wjow, for wy € Ly, wa € L
and hence

L(M) = L(M) o L(Mz)



Examples

Diagram of My suchthat L(M) = aba* is

Diagram of M, such that L(M>) = b*ab is

We construct M = My o M> such that

L(M) = aba* ob*ab = I_(M1) o I_(MQ)
as follows




Examples

Given alanguage L = aba*b*ab
Observe that we can reprezent L as, for example, the
following concatenation

L=aboa*ob*oab

Then we construct "easy” automata My, Mo, M3, My as
follows




Examples
We know, by Mathematical Induction that we can construct,
for any n > 2 an automaton
M= MioMzo oM,
such that

L(M)=L(My)o ... o L(Mp)
In our case n=4 and we get
Diagram of M

and L(M) = aba*b*ab



Question

Question

Why we have to go be the transactions (g, e, s») between M,
and M, while constructing M = My o M»>?

Example of a construction when we can’t SKIP the
transaction (q, e, s2)

Here is a correct construction of M = M; o M»

Observe that abbabab ¢ L(M)

u]
o)
I
"
it



Question

Here is a construction of M’ = My o M> without the
transaction (q, e, s2)

Observe that abbabab € L(M’) and abbabab ¢ L(M)

We hence proved that skipping the transactions (g, e, s,)
between M; and M, leads to automata accepting different
languages



Closure Under Kleene’s Star

3. The class of languages accepted by Finite Automata is

closed under Kleene’s Star
Proof Let M1 = (K1, Z, A1, S1, F1)
We construct a NDF automaton M = M;*, such that

L(M) = L(My)*

Here is a diagram




Closure Under Kleene’s Star

Given M1 = (K1, Z, A1, S1, F1)
We define formally

M=M*=(K, %, A, s, F)

where

K = KjU{s} for s ¢ Kj

s is new initial state, sy becomes an internal state
F=F;uU{s}

A=A1U{(s,e,s1)}U{(q,e,s1): forqe Fi}
Directly from the definition we get

L(M) = L(M;)"



Closure Under Kleene’s Star
The Book diagram is

Given M1 = (K1, Z, A1, S1, F1)
We define

Mi* = (KyU{s}, X, A, s, FfU({s})
where s is a new initial state and

A =A1U{(s,e,s1)}U{(q,e,s1): forqe Fi}

[m]

=



Two Questions

Here two questions about the construction of M = M;*

Q1 Why do we need to make the NEW initial state s of M
also a FINAL state?

Q2 Why can’t SKIP the introduction of the NEW initial state
and design M = M;* as follows

Q1 + Q2 give us answer why we construct M = M;* as we
did, i.e. provides the motivation for the correctness of the
construction



Question 1 Answer

Observe that the definition of M = M;* must be correct for
ALL automata M; and hence in particular for M; such that
Fi =0,

In this case we have that L(M;) =0

But we know that

L(M) = L(M)* = 0" = (e}

This proves that M = M;* must accept e, and hence we must
make s of M also a FINAL state

Diagram




Question 2 Answer

Q2 Why can’t SKIP the introduction of the NEW initial state
and design M = M;*

Here is an example
Let My , such that L(M;) = a(ba)*
M; is defined by a diagram

L(M)" = (a(ba)")”

u]
o)
I

"
it




Question 2 Answer

Here is a diagram of M where we skipped the introduction of
a new initial state

Observe that ab € L(M), but

ab ¢ (a(ba)*)" = L(My)*

This proves incorrectness of the above construction




Correct Diagram

The CORRECT diagram of M = M;™ is




Exercise 1
Exercise 1
Construct M such that
L(M) = (ab*ba U a*b)*
Observe that
L(M) = (L(My) U L(Mz))"

and
M = (M1 U MQ)*



Exercise 1

Solution

We construct M such that L(M) = (ab*ba U a*b)* in the
following steps using the Closure Theorem definitions

Step 1 Construct M, for L(M;) = ab*ba

Step2 Construct M, for L(M>) = a*b




Exercise
Step 3 Construct My U M>

Step4 Construct M = (My U My)*

L(M) = (ab*ba U a*b)*

[m]



Exercise 2

Exercise 2

Construct M such that L(M) = (a*b U abc*)a*b*
Solution  We construct M in the following steps using the
Closure Theorem definitions

Step1 Construct Ny, N, for L = a*b and L = abc*

Step 2 Construct My = Ny U No




Exercise 2
Step 3 Construct M, for L = a*b*

Step4 Construct M = (M o My)*

L(M) = (a*b U abc*)a*b*

=



Back to Closure Theorem

CLOSURE THEOREM

The class of languages accepted by Finite Automata FA) is
closed under the following operations

1. union proved
2. concatenation proved
3. Kleene’s Star  proved
4. complementation

5. intersection

Observe that we used the term Finite Automata (FA) so in
the

proof we can choose a DFA or NDFA, as we have already
proved their equivelency



Closure Under Complementation

4. The class of languages accepted by Finite Automata is
closed under complementation

Proof Let
M= (K, %, s, F)

be a deterministic finite automaton DFA

The complementary language L=Y"-L(M) is accepted
by the DFA denoted by M that is identical with M except that
final and nonfinal states are interchanged, i.e. we define

M= (K, %,06 s K-F)

and we have o
L(M)=%X"-L(M)



Closure Under Intersection

4. The class of languages accepted by Finite Automata is
closed under intersection

Proof 1

Languages are sets so we have have the following property

LinL=%"-(X-L)u(Z" - L))
Given finite automata M;, M> such that
L1 = L(M1) and l_2 = I_(MQ)

We construct M such that L(M) = Ly N L, as follows

1. Transform M;, M- into equivalent DFA automata Ny, N
2. Construct Ny, N> andthen N = N; U No

3. Transform NDF automaton N into equivalent DFA
automaton N’

4. M= N’ is the required finite automata

This is an indirect Construction

Homework: describe the direct construction



Closure Theorem

CLOSURE THEOREM

The class of languages accepted by Finite Automata FA) is
closed under the following operations

1. union proved
2. concatenation  proved
3. Kleene’s Star proved
4. complementation proved
5. intersection proved

Observe that we used the term Finite Automata (FA) so in
the

proof we can choose a DFA or NDFA, as we have already
proved their equivelency



Intersection Direct Construction

Direct Construction
Case 1 deterministic
Given deterministic automata My, M> such that

My = (K1, X4, 61, s1, F1), Mo = (Ko, X2, 2, S2, F2)

We construct M = My N My such that L(M) = L(My) N L(Mz)
as follows
M= (K, L,6, s, F)

where. > =3Y{U2>
K=KixKa, s=(s1,82), F=FixF

(a1, @), o) = (61(ar, o), 62(qe, 7))



Intersection Direct Construction

Proof of correctness of the construction

w e L(M) if and only if

((s1, s2), w) ru* ((fi, f2), €)) and fie Fy, f e Fp
if and only if

(s1, w) rm,* (f1, €) for fy € Fy and

(s2, W) Fm* (f2, €) for e F
if and only if

we L(My) and w e L(M;)
if and only if

we L(My)n L(Ms)



Intersection Direct Construction

Direct Construction
Case 2 nondeterministic
Given nondeterministic automata My, M> such that

My = (K1, X1, A4, s1, F1), Mo = (Ko, X2, Ag, S2, F2)

We construct M = My N Mz such that L(M) = L(My) N L(Ms)
as follows
M= (K, £,A, s, F)

where > =3%;U3%>

K=K xK2, s=(s1,82), F=FxF

and A is defined as follows



Intersection Direct Construction

A is defined as follows
A — A/ UAN U A/U

A" ={((g1,92).0.(p1.p2)) - (g1,0.p1) € Ay and

(q2,0.p2) € A2, 0 €Y}

A” ={((q1,q), 0. (p1.p2)) : o=e, (q1,e, p1)€ Ay and
Q2 = p1}

A" ={((g1,92),0.(p1,p2)) : o =e, (ge,p2)€ A and
g1 = pi}

Observe that if M;, Mo have each at most n states, our
direct construction of produces M = M; N M> with at most
n° states.

The indirect construction from the proof of the theorem might
generate M with up to 22"+ states



Direct Construction Example
Example

Let My, M> be given by the following diagrams

Observe that L(M{)NL(M:) =a*nat =a"



Direct Construction Example

Formally My, M are defined as follows
Mi = ({s1}, {a}, 61, s1, {s1}), Mo = ({s2,q}, {a}, 62, S2, {q})

for §1(s1,a) =s1 and da(sz,a) =q, 62(q.a) =g

By the deterministic case definition we have that
M=M M is

M= (K, ¥.5, s, F)
for X ={a}
K = Ky x Ko = {s1} X {s2,q} = {(s1, S2), (51,9) }

s=(s1.82), F={s1}x{q}=1{(s1.9)}



Direct Construction Example
By definition

6((a1. q2), o) = (61(q1, ), 02(qe, 7))
In our case we have

6((31,32), a) = (51 (S1, a), 52(32, a)) = (31,Q),

6((s1.9), a) = (61(s1, a). 62(q. a)) = (s1.q)
The diagram of M = My N M, is




Main Theorem

Now our goal is to prove a theorem that established the
relationship between languages and finite automata

This is the most important Theorem of this section so we call
it a Main Theorem

Main Theorem
A language L is regular
if and only if
L is accepted by a finite automata



Main Theorem
The Main Theorem consists of the following two parts

Theorem 1
For any a regular language L
there is a e finite automata M, such that L = L(M)

Theorem 2
For any a finite automata M, the language L(M) is regular



Main Theorem

Definition
Alanguage L C >*is regular if and only if
there is a regular expression r € R that represents L, i.e.
such that
L =L(r)
Reminder: the function £: R — 2> s defined
recursively as follows
1. L(0)=0, L(o)={o} foral oceX
2. If a,feR, then

L(ap) = L(a) o L(B) concatenation

L(@Up) = L(@) U L(B) union
L(a") = L(a)" Kleene’s Star



Regular Expressions Definition

Reminder

We define a R of regular expressions over an alphabet >
as follows

RC(ZU{(, ), 0, U, })" and R is the smallest set such that

1.0 e R and > CR,i.e. we have that
0eR and VY,ex (0 €R)
2. Ifa,BeR, then
(ef) e R concatenation

(aupB)eRr union

a"€R Kleene'’s Star



Proof of Main Theorem Part 1

Now we are going to prove the first part of the Main Theorem,
ie.

Theorem 1

For any a regular language L

there is a finite automata M, such that L = L(M)

Proof

By definition of regular language, L is regular if and only if
there is a regular expression r € R that represents L, what
we write in shorthand notationas L=r

Given a regular language, L, we construct a finite
automaton M such that L(M) = L recursively following the
definition of the set R of regular expressions as follows



Proof Theorem 1
1.

r=20,i.e. thelanguage is L =0
Diagram of M, suchthat L(M) =10 is

We denote Mas M = M,




Proof Theorem 1

2. r=o0,forany o€ X i.e. thelanguageis L = o
Diagram of M, suchthat L(M) =0 is

We denote Mas M = M,



Proof Theorem 1

3. r#0, rto
By the recursive definition, we have that L =r where
r=aVUpf, r=aof, r=«a

forany a,8€e R

We construct as in the proof of the Closure Theorem the
automata

My, =M, U Mﬁ» M, = M, o M,B7 M, = (Mr)*

respectively, and it ends the proof



Example

Use construction defined in the proof of Theorem 1 to
construct an automaton M such that

L(M) = (ab U aab)*
We construct M in the following stages
Stage 1

For a,b € > we construct M, and M,




Example
Stage 2

For ab, aab we use M, and M, and concatenation
construction to construct M,

and Maab




Example
Stage 3

We use union construction to construct My = Mz, U Mgzp

Stage 4 We use Kleene’s star construction to construct
M= M;*




Exercise

Use construction defined in the proof of Theorem 1 to
construct an automaton M such that

L(M)=(a"uabcuUa*b)"

We construct (draw diagrams) M in the following stages
Stage 1

Construct My, My, M,
Stage 2

Construct My = Mg

Stage 3

Construct Mo = M,*

Stage 4

Construct M3 = M;*Mp
Stage 5

Construct My = My U Mo U M3
Stage 6

Construct M = M,*



Main Theorem Part 2

Theorem 2
For any a finite automaton M there is a regular expression
r € R, such that
L(M)=r
Proof

The proof is constructive; given M we will give an algorithm
how to recursively generate the regular expression r, such
that L(M) =r

We assume that M is nondeterministic

M= (K, L, A, s, F)
We use the BOOK definition, i.e.

ACKx(Xufel)xK



Proof of Theorem 2

We put states of M into a one- to - one sequence
K: s=q1,Qe, ... gn for n>1
We build r using the following expressions
R(i, j, k) for i,j=1,2,...n, k=0,1,2,...n

R(i, j, k) ={we X" (qi, w) Fuk (g, w)}

R(i, j, k) isthe set of all words "spelled” by all PATHS from
qi to g; in such way that we do not pass through an
intermediate state numbered k+1 or greater

Observe that —(m > k + 1) = m < k so we get the following



Proof of Theorem 2

We say that a PATH has a RANK k when

(qi» w) Fmk (g5, w')

l.e. when M can pass ONLY through states numbered m < k
while going from g; to g;

RANK O case k=0
R(@i, j, 0) ={weX" (g, w)ruo (g,w)}

This means; M "goes” from q; to g; only through states
numbered m <0

There is no such statesas K =1{qg1, g2, ... qn}



Proof of Theorem 2

Hence R(i, j, 0) meansthat M “goes” from g; to g;
DIRECTLY, i.e. that

R(i, j, 0) ={we X" (qi w)ru"(g,w)}

Reminder: we use the BOOK definition so

. [ aeXufe} ifi#jand (qgi,a,q) € A
R J. O){ {efuaeXuUle}

if i=jand (g.a.q)eA
Observe that we need {e} in the second equation to include
the following special case




and

Proof of Theorem 2

We read R(i, j, 0) from the diagram of M as follows




Proof of Theorem 2

RANKn case k=n
R(i, j, n)={weX" (qi w)run'(q,w)}

This means; M “goes” from g; to g; through states
numbered m < n

It means that M “goes” all states as |K| = n
It means that M will read any w € ¥~ and hence

R(i, j, n)={weX" (g, w)ru(g,e)}
Observe that

wel(M) iff weR(1,j,n) and g eF



Proof of Theorem 2

By definition of the L (M) we get

L(M)=| JiIR(1, j. n): qjeF)
Fact
All sets R(i, j, k) are regular and hence L( M) is also regular

Proof by induction on k
Base case: k =0
All sets R(i, j, 0) are FINITE, hence are regular



Proof of Theorem 2

Inductive Step
The recursive formula for R(i, j, k) is

R(i,j.k) = R(i.j,k = 1) U R(i,k.k = 1)R(k.k.k — 1)*R(k.j,k — 1)

where n is the number of states of M and
k=0,...,n, i,j=1,...,n

By Inductive assumption, all sets

R(i,j,k — 1), R(i,k.k — 1), R(k.k,k —=1), R(k.j.k —1) are
regular and by the Closure Theorem so is the set R(i, ], k)
This ends the proof of Theorem 2

Observe that the recursive formula for R(i, j, k) computes r

such that L(M) =r



Example

Example
For the automaton M such that

M = ({g1, 2, g3}, {a,b}, s = aqi,

A = {(q1,b,q2),(q1,a,93), (92, @, q1), (92, b, q1),
(g3.a,01). (g3, b, q1)}, F={ai})
Evaluate 4 steps, in which you must include at least one

R(i,j,0), inthe construction of regular expression that
defines L (M)



Example
Reminder
L(M)=|_JiR(1, j, n): qjeF)

R(i,j,k) = R(i,j,k = 1) U R(i,k,k — 1)R(k,k,k = 1)*R(k,j,k — 1)

R i oy aczule if i+ jand (g;,a,q) € A
(.5 0)=1 (ejuaexule} ifi=jand (g.a,q) € A



Example Solution

Solution
Step1 L(M)=R(1,1,3)

Step 2

R(1,1,3) = R(1,1,2) UR(1,3,2)R(3,3,2)*R(3,1,2)
Step 3

R(1,1,2) = R(1,1,1)UR(1,2,1)R(2,2,1)*R(2,1,1)
Step 4

R(1,1,1) = R(1,1,0) U R(1,1,0)R(1,1,0)*R(1,1,0) and
R(1,1,0) =
R(1,1,1) =

e} U0 = {e}, so we get
et U {eHe} (e} = {e}

—_—— ——



Generalized Automata



Generalized Automaton

Definition

We define now a Generalized Automaton GM as the
following generalization of of a nondeterministic automaton
M= (K, X, A, s, F) as follows

GM = (Ka. Xa. A, se. Fa)

1. GM has a single final state, i,e. Fg = {f}

2. X=X URg where Rqis a FINITE subset of the set R
of regular expressions over

3. Transitions of GM may be labeled not only by symbols in
> U {e} but also by regular expressions reR,i.e. Ag isa
FINITE set such that

AgCKx(ZUf{e}UR)x K

4. There is no transition going into the initial state s nor out
of the final state f
if (g, u, p)elAg, then g#f, p#s



Generalized Automata

Given a nondeterministic automaton

M= (K, %, A, s, F)

We present now a new method of construction of a regular
expression r € R that defines L(M) , i.e. suchthat L(M) =r
by the use of the notion of of Generalized Automaton

The method consists of a construction of a sequence of
generalized automata that are all equivalent to M



Construction

Steps of construction are as follows

Step 1

We extend M to a generalized automaton Mg, such that
L(M) = L(Mg) as depicted on the diagram below
Diagram of Mg

it
N)
yel
)



Mg Definition

Definition of Mg

We re-name statesof Mas s = q1,Qo,...,qn-2 for
appropriate n and make the initial state s<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>