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Leave empty cpaces or gaps 10
accomadate future insertons.
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My felshonship with Inserhin Sprt

Anybody who hes spent fine in & library knows that insertions
are cheaper than [inear fime.
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Insertion Sort is O(N logN )

Michael A. Bender
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Results

» LibrarySort, a natural implementation of
InsertionSort with gaps.

* Theorem: LibrarySort runs in O(N IgN )
time w.h.p. and uses linear space. Each
insertion is exp O(1) and O(lg N) w.h.p..



Librany Sort is O(NlogN)

for k=140 N do
find locghdn o incert x, (binary search)

insert Xk

i K is power of 2 then
rearionge elements evenly m ( 2+ €)k - sized vegion.
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for k=1+0 N do

Librany Sort is O(NlogN)

find locghdn o incert x, (binary search)
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Thin: each weertion has cast 0(lgN) w.h.p.



Thin: each insertion has Gost 0(igN) w.h.p.
PEidea: Phoso £ elemamts 2°— 2%*' ingoried

Mi“ﬁi elements are vebalenced (evenly spread in arrgy ).
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Thin: each weertion has cast 0(lgN) w.h.p.
PEidea: Phoso £: elemants 2°—» 2% ingeried.

Mi“‘ﬁ elements are rebalenced Cevenly spread in arrgy ).

@1 1 _|e » & w 1
2L support elements
end of phase: for sufficiently large omstant ¢, any regian of sie clgN
has gaps w.h..
~ b——clon :

@18 O] | [e@le[S[e] @8] T
2% support and 2% intercalated elements




Tnvaviant

The (k+1)st element is equally likely to be inserted behueen
any two of the k elements akealy in fhe array

Follows  because clements are nserted in rondom ordler.

key odey ———

.@: @:CDQ ‘ ©:® , (oumbess = owder of insertion)
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Dense vegions of away act as attvactors.
[le[ TTT Je] Jo] TTe]

4x voore likclyh:\ than j

Need to show that despite altvachin dense regions olo not get foo big.




Balls and B Game
ldes. mode] aﬂro.clwa Jons When m e\m‘s in array.

M\d!s \mhaug
c\gn balks M- clgn balls

Bin A Bin R
M addihinal balls Hhvown in bins.

K™ ball thrown inte 8in A or B with probabilily praportional o balls in bins
Xy = {1 if ball k thrown nto gm A
0 otherwse.




Balls and B Game
ldes. mode] aﬂro.dwa Jons When m e\m‘s in array.

mha\!s \mhaug
c\gn balks M- clgn balls

Bin A Bin R
M addihinal balls Hhvown in bins.

K™ ball thrown inte 8in A or B with probabilily praportional o balls in bins
Xy = {1 if ball k thrown into gm A
0 othevwise.

Thm: Number of bslls thrown i BnA i
X= Kyay * Xjag® o +Xon = 0CIGN).

[ssue: Random veriables Xy, ... Xoy ove posthvely corelated.




Need an alternadive arrmck
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Alternative Analysis
Elements odered by insertion ovder : vandom permutation on  keys
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Elements ovdeved by keys : rorgbm permutshan on insert ovoler
®© 0000600060000 00 00
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Qlaw: In any window of sine Ocly N) there are A(1gN) support elements
ad §(lgN) ntercalafed clements w.hp.
=>evenly distributed.
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Alternative Analysis
clements ordeved by koys : romom permutohin n insert oder

® © 0 006 006 0600 00 0 0 0
F—C(2+€) cigN

Clam:  Fov sufficently tage ¢, in any window of Sne (2+€)clgN, there e
7 clgN support elements and < (1+ ) clgN intgrcalated elements.

Recall: K Support elewents take $pace (k.
=5 room for infercoloded elements



Alternative Analysis
® © & © & 06 ©6 6 ® 6 © 06 & & 0 o
F—C(2+€) cigN 1

Qlawn: In any window of size Ocly N) there ave B(1gN) support elements
ad G(lgN) wtercalated clererts w.h.

Similar to # coin flips until we get a head.
O(1) in expectation & O(lg N) w.h.p.

Coins are not independent, but negatively correlated.
Easy to solve using Chernoff bounds.
Can also solve directly using basic probability.



Concluding analysis

+ Pr[given set C, |C|=(2+ £)c Ig m has too few
support elements]

_ Cloin tel m J m |C|—j
- J 2m — |C| + 1 2m — |C| +1

7=0

e clogm
< m S (1),
2m — |C| + 1 = \J

..which is polynomially small.




Minor Detai!

Hous u‘»‘ wlm ¥ el M'}S 1S Iarﬂc) Bu"h.,

Claim: While the number of elements k< [,
the fohal cast for library sert is O(n).

=D only need 1o (onsider case k3 L2(T7).



Thin: each weertion has cast 0(lgN) w.h.p.



G“a.ps in M:, Kv\wlclje

-ntis "'b."(: avemse—case amlyxls of naive folk isertion.

* Related work: Ave-case priority queues
[Itai,Konheim Rodeh81]

Contains most ideas of LibrarySort.
LibrarySort simplifies.



G‘a.ps In M'." an'elae
Other work: rebdance shewmes for werstcase.

Upper bound Lower bound

O(N) gaps O(Ig®N) insert | ()(lg N) insert
Sequential File [Itai,Konheim,Rodeh] | [Dietz][Seiferas]
Maintenance [Willard]
poly(N) gaps O(IgN) insert CA(lg N) insert
order maintenance, |[DeitzlDietzSleator] [Dietz][Seiferas]
. . [Tsakalidis]
list labellng [Bender,Cole,Demaine,Farach

Colton,Zito]

O(N) gaps in O(1+lg?N/B)
external memory |insert
packed-memory
structure in cache-
oblivious algorithms
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Results

» LibrarySort, a natural implementation of
InsertionSort with gaps.

* Theorem: LibrarySort runs in O(N IgN )
time w.h.p. and uses linear space. Each
insertion is exp O(1) and O(lg N) w.h.p..



