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Least Commeon Ancestor (LCA)

The Least Commen Ancestor (LCA) of nodes
L and V In a.+re.¢. IS the nhode FarH-es+ From
+he root that is the ancestor of both w and v.
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Bample:  LCA(e,4)=a




Least Common Ancestor (LCA)

The Least Common Ancestor (LCA) of nodes
L and v in atree is the node farthest from
t+he root that is the ancestor of both w and v.
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Bample:  LCA(e,4)=a




Problem HiS‘{'Orj
¢ Famous problem. LCA isHhe workhase of many applications.

o Hare| and Tarjon, 84. First optimal Solution.
— very ComPlica'I-ea( and um’mplemem‘ablﬁ.

o Shieber & Vishkin, 98 . gimpli-ﬁ'ed LLA.
— but not simple or /:urh‘cular/d (mplemertable.



Ffbblem H}S‘('ory
¢ Famous Problem. LeA isthe workhase of many applications.

o Hare| and Tarjan, 89. First optmal Solution.
— very ComPlica-/-ed and am’mplemem‘ab/e.

o Shieber & Vishkin,38. Simplified LLA.
— but not simple. or particularly implemertable.
o Follk wisdem: The LCA is intrinsically Complicated.

( Papers have been writfen wiHa Hie Sole [Purpes e
of avoiding the LCA.)



This Talk

o A 'l'ru.\a SimFle. LCA alsor/‘%m

- AQSPH'Q. Popu.lo.r bzlic‘% ‘H"e. LCﬂ 1S S*m;',l“f‘&'wari
and should be used rater than aveldledl.



This Talk

o A "‘ru\g Sl'mPle. LCA algor/%m

- a'esPi'f-e. Popu.la.r be.lic% t+he LCA IS $¥m;3L+\0°rwari
and ghould be used rater than aveioleol.

’ Unexpecfed eriging < based on a compliaded oA
o.lseriHnm [ Beckman , Breslover, GOW, gckiehr) Vishkein 891 .

ﬁemwe P RAM COmP(;ca:/-?onS =
o,laouH\m IS gleek ond Sezuem‘ia(.



Naive Solutien: <{O(r?), 0(1))
|dea: There ore cnl:j n% Possib/z $u.em'¢s.

Pre.campwl-c answers to a.lf cbueries .




Naive Solution: <O(n*), 0(1)»

|dea: There ore cnld n® Possible. 3uerc‘es.
Pre.cmpd'e answers to alf %aem'es .
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R_o._ngg Ninimum Queries ( Rhe)

Given On array ACl... n] 9 KNhali,jl returns
the index ofthe Smallest elenent between ¢ and .

IZ|13|1S |10 |té |1l |12

- |

RN&[Z,S']=H because A[‘ﬂ =(0 s min value n range.



R;O.ngg Ninimum Queries ( Rhe)

Given On arroy All... n] ’ Khali,y]l returns
the index of the Smallest elenit betwean ( and .

| 2 3 4 & 6 =z
112 (1S |10 |té |1t |12

L - |

RHal2,51=Y because ALY)=lo is min value in range.

The FroHc.m: preprecess All...n] teo answer
RHQ %u.csh‘ons fuickly.

. ComPlexH:j measure < preprocess ﬁ'me) uery fime >



Naive Seldion for RMQ: < O(hz), o)

» There are O(n"-) possiUe caaeries.
Precompcn‘e all answers In O(h"') asivg AJmm}c Frgramq?ﬁg.

= {0(h?), 0l) D

e Same complzxi'h‘es Lor naive LCA and halve RME&..

IS this a coincidence?
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Reduction from LCA to RNe
Use. Euler Tow/ DFS to convert LCA 7o RMHA.

I 2
Euler Tour E 1€

Depthofpods D [o]1 [of112]1]2]7 |2]! [0




Reduction frem LCA o RMa
Use. Euler Taur/ DFS to convert LCA 1o RMa&.

®
azsqqevtvmu
Euler tour E [€[BIcTAl[EJATR][F T [4]<

Depthofpede D O] 1 [O] 12 |! ZE]Z'IJO

LCA[E,F]=A
Find First lecations of E and F in Euler four
RMQ between these lecations In De,m"h ’4"27 = A .




Rest of Talk

From how ON We @ocus on the RMA Froblem.
We use a 3olufionto RMA to Solue LCA.

Aplproa.ch: imFrove. the naive <O(n"-) ,ou>>
Solution In sfuges




O(n |03 n) Preprocessinj

Hea.: on|3 9+or¢ RNQ ‘Por NM3¢S wloosz Srzes
are Powus o'P gl

8.3.) -Por‘ 6=l....n and A=o0.. qujn.l 9 sStore R/“(&[b.‘, L..-(-:Z‘LJ.
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O(h |03 n) Pre'?rocessin3

Hea.: Oh's S"lLOM. RNQ 1Cor mnaes wLOOSQ Sfte_s
are Powus o'P- 51

8.3.) for C=l....nand AL=o0... Llognl 9 store R/“(Q[C) t:+2'£l
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Queries can be answered n O0) !
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RHQ[!’,JJ Can be found Bj "'akinj a minimum

of 2 values.
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Tewards a <0(h),6(0> /413 orithm
To impreve the LCA') observe Hhat the RMGs Hheat wea

Swmﬂ. have a special sfructure :

ol RHQ. All neighbors differ by %.
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Towards <0tn), 000>

Break array (o groups of u2e —',;Iogn.

Oln)-size array

\
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O(R )—orray.

S,

logn
store mox of each group.




Towards {otn),00)>
Break array into groups of 3u2e Llogn,

oz.o--w—w N — —

)—arr ¢y . '&' \ f [ t |
s-l-ore_ moy ot eacl,  roup. —

o

The RM6 either resideS 1h a COM/O(deJ Coverel
group or n a Pan‘m/ ly Covered group.

@ COMF ute R/?Q In %__ drraa and /n ead\
L?_ array. Teke Min o‘Pall Poxs:&//hes



Tewards <oln), 0l) D
® Preproce.s.sirg for 0( 08"') array

0( %n' 193( "«3"> >= Ol")



Tewards <O(n)> O01) D
» Pmproce.s.sirg for‘ O( 08”) arraj -+

0<T%7; 19.9( °J"> >= O[")

® preprocessing for O(L h) groups of Size Ollogn):

103

0( oy\) . O( logn- toglo3u> = O( h laglyy ")



Towards <O(r), O(1) D
oPrePrace.ssirg for‘ 0( 08”) array .

0( %n' 1‘5( °J"> >= O[")
o preprocessing for O(L- '°3") grougs of Size. Ollogn):
O( ogn) +O( logn- to31o3u> =O( hlaglygn)

:;Closer to O(n) bul hot tHrera 8d"



Wm | RMO th Smell Aroys

Use | s-l-rudwe.‘ R/‘t& Prouem COMFQ\‘CJ
delermined 63 Pa#em of +l's and 15,

legn amsg: T T T [T
rd .

H o=l =1 4+ -l




merovu’va ¥ RHE th Smell /4'/03._3

Use *| 3+radw¢! Rhe& Pyoblem ComF(dtJ
delermined 63 pa#em of +l's and -1,

legn ameg: T T T T T
[4 -

H o=l =

15 distnet  RH& IDroHems.
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l_mprom'vl.j 3 RHG th Small /4"033

Use *| 3+rudwe.‘ Rhe& Problem ComFlng
delermined by pattern of +i’s and -5,

logn armys T T T T
<

H o=l =

+ -
:;onlg Q“W\ = 15m distnet  RHa probtems.

Precom‘pwl-e. all POSSl'He Small RM6& problems I
O(\W!-)O(Jog"n) = O(In Log?n) -



(otm), 00y Lea/ %1 RrQ

logn/z

O(n)+ OV login) = O(n) preprocessing
QluerieS answered lod ﬁk:’nj mn ot ¥ humbers .




Reduction €rom LCA +o RMG
Use Euler Tour/DFS +o convert LCA 40 RMQ.
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EuerTour E lclBlclale]alrlr]p]alc
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AB CDEF
Representative R |Hiz]l|?[5]®

(first Hime node appears in DFFS)

LCA(x,3) = E[ RM6,_. ,( RD, RI91) ]



Arbitvary RHA
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