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Abstract—An important objective in queueing theory is to
understand the impact of inter-arrival times (IAT) and service
times (ST) on the performance of a system. Many models and
techniques have been developed towards this end. Consider the
G/G/1 model that allows for arbitrary IAT and ST distributions.
While exact performance analysis is difficult, several approxi-
mations exist to aid practitioners. For example, the Kingman’s
formula approximates mean response time of a G/G/1 model
in terms of the first and second moments of the IAT and ST
distributions. However, such approximations are only accurate
for very high load, and only consider the impact of the first two
moments of IAT and ST. As such, a gap exists for the accurate
analysis for arbitrary load that also considers the impact of
higher moments of IAT and ST.

The goal of this paper is to address this gap. We leverage the
fact that IAT and ST processes in computer systems can be well
modeled by the flexible 2-phase Hyper-exponential distribution,
H>, as shown by recent work. Based on the properties of
H,, we set up the Markov chain for the H,/H>/k model
and numerically solve for performance metrics of interest. We
then conduct an extensive evaluation to study the impact of
various central moments of IAT and ST, including the squared
coefficient of variation (SCV) and kurtosis, on the mean response
time E[T] of Hy/H>/k models. Our evaluation reveals several
interesting results: F[7'] can depend superlinearly on arrival SCV
at moderate load and non-monotonically on service SCV in multi-
server systems, with kurtosis providing secondary modulation.

I. INTRODUCTION

Queueing models are widely employed to analyze and
estimate the performance of computer systems. Common
performance metrics of interest include response time, 7', and
number of jobs in system, N. Typically, the performance is
modeled as a function of (at least) two input random variables:
(i) the inter-arrival time, IAT, and (ii) the service time, ST.
The IAT distribution represents the time between successive
job arrivals to a system, whereas the ST distribution represents
the time required to complete a job once it enters service. As
such, an important question in queueing analysis is how do
the IAT and ST distributions impact response time?

Ideally, this question should be posed in the context of the
G /G /k queueing model that allows for a general (or arbitrary)
IAT distribution and a general ST distribution. While readily
applicable in practice, the analysis of this model, even under
k = 1 and just for the mean response time, is quite chal-
lenging, with practitioners often resorting to approximations
(e.g., Kingman’s formula [1]) or bounds [2]. For the general
G/G/k model, the performance analysis is even more difficult,
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with very few known results. On the other hand, there exists
the classical M/M/1 queueing model where the TAT and
ST distributions are Exponential. In this case, closed-form
results are available not just for mean response time, E[T],
but also for the distribution of response times [3]. Several
results also exist for the M /M /k model, the k-server version
of the M /M /1 model. However, real-world computer systems
rarely have Exponential IAT or ST distributions [4]-[7]; the
M/M/1 model is thus not very useful in practice. What is
needed is a flexible distribution that is applicable in practice
and lends itself to a tractable queueing model.

Prior work has shown that the Hyper-exponential distri-
bution (a probabilistic mixture of Exponential distributions),
even with just 2 phases, provides a good fit for the IAT
and ST distribution of computer systems [8]-[10]; see Sec-
tion III for more details. This 2-phase Hyper-exponential, Ho,
is flexible enough to mimic several distributions, including
heavy-tailed distributions. Further, the Ho/Hs/k queueing
models are tractable, though requiring some effort, and are
thus amenable to performance analysis. We thus consider the
Hyper-exponential distribution in our investigation.

In this paper, we numerically investigate how the IAT and
ST distributions affect the performance of Hy/Hs/k systems.
Specifically, we study how the mean, squared coefficient of
variation (SCV), and kurtosis of the IAT and ST distributions
affect the mean response time of Hy/Ho /k queues. This
moment-based parametrization lets us separate scale, second-
order variability, and higher-order tail effects within the H
family. We also compare the marginal impact of IAT and ST
distributions to ascertain which of these two input variables
has a larger impact on performance. We use matrix analytic
methods [11] to solve for the performance metrics of the
Hy/Hs/k models; this technique also allows us to analyze
other interesting metrics, such as the distribution of number
of jobs in the system and the probability of queueing.

Our numerical analysis provides several insights. First, both
arrival and service SCV affect mean response time, but in
different ways. Increasing the arrival SCV, C2, produces super-
linear increases in E[T), particularly at moderate load, whereas
the service SCV, C2, has a comparatively more gradual effect,
that may become non-monotone for larger server counts; see
Section IV-B for details. Second, kurtosis has a secondary
but visible effect. Increasing the arrival kurtosis, «,, tends to
reduce E[T] when C? is large, while its effect is negligible
when Cg is small; the effect of service kurtosis, kg, is almost
negligible at high load and weak at moderate load. Finally,



tail probabilities show broadly consistent trends: increasing
C? produces the most pronounced increase in tail heaviness
in our experiments, C2 plays an analogous but less uniform
role, and kurtosis matters mainly when the SCV is large.
The above findings cannot be immediately obtained by
existing approximations (e.g., Kingman’s [1]) that are only
applicable in heavy traffic, often only include lower moments
of IAT and ST, and are typically limited to a single server.

II. PRELIMINARIES AND RELATED WORK

In this paper, we consider a first-come-first-serve (FCFS)
service discipline and independent and identically distributed
(ii.d.) IATs and STs. Let A\ = 1/E[IAT] be the mean
request rate and let u = 1/FE[ST] be the mean service
rate of the system; let £ be the number of servers. Then,
p = A/k- u denotes the load of the system. We are interested
in the response time, 7', of the system; often, we consider
the mean response time, E[T], or the mean waiting time
E[W,] = E[T] — E[ST].

G/G/k models: The G/G/1 model has been widely stud-
ied given the fact that it allows for arbitrary IAT and ST
distributions. However, exact analysis or results for this model
remain elusive. Lindley’s recursive integral equation [12]
gives a relationship satisfied by the stationary waiting time
distribution of the G/G/1 model; however, solving the as-
sociated differential equations is challenging as it requires
complex analysis and transform inversion. Instead, Kingman’s
formula [1] is often used in practice to approximate the mean
waiting time, E[WV,], as:
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where C? = % (variance of IAT normalized by square

of mean IAT, or square of the standard deviation of IAT

normalized by mean IAT) and C? = Yg[g(;@ Kingman’s

formula is known to provide accurate results in heavy traffic,

that is, when p — 1. Alternatively, diffusion approximation
results also exist for the G/G/1 model [13].

For the G/G/k model, very few general results are known.
Instead, approximate results under specific traffic conditions
are available. For example, in heavy traffic, Eq. (1) has the
following simple multi-server analogue [14]:
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Diffusion approximations [15] and other approximations [16]
and numerical procedures also exist for analyzing G/G/k
models. Nonetheless, they remain approximations.

Almost all approximation results for G/G/k models use at
most the first two moments of the IAT and ST distributions.
As a result, the effect of distributional shape beyond the mean
and SCV has received comparatively little attention, especially
for open queueing networks. Some prior work has analyzed
the effect of kurtosis on the number of jobs in the queue, but
not on response time [17]. Given the significant contribution of
the second moment of IAT and ST in existing approximation
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results for G/G/k queues (see, for example, the C? terms
in Eq. (2)), an important question to consider is how do
higher moments of the IAT and ST distributions impact
performance? Our numerical analysis in Section IV is guided
by this question.

H,/Hy/k models: The H,/H,/k model falls under the
family of the G/G/k model, but allows for feasible analysis
given that a specific distribution (Hs, in this case) is being
considered for IAT and ST. For the case of £ = 1, closed-
form results for mean response time (in terms of the roots of
a cubic equation) are available using transforms and spectral
analysis [18]. For k£ > 1, no closed-form results are published
for the H/Hs/k model. Nonetheless, as we discuss next, it is
possible to set up the Markov chain for the Hy/Hs/k model
and solve it for E[T] via matrix analytic methods.

I1I. UNDERSTANDING THE Hs DISTRIBUTION AND
SOLVING THE Ho/H5/k MODEL

A. The Hyper-exponential distribution

The Hyper-exponential distribution with k phases, denoted
as Hy, is a mixture of k Exponential distributions:

Exp(A1) with probability p;

Hy = El‘p()q) with probability ps (3)

Exp(A;) with probability py,

where p1 + ps + ...+ pr = 1. Since the H}, is a probabilistic
mixture of Exponentials, its moments can be easily derived
in closed-form. For example, the mean (first moment) of Hjy
is Zle pi/XNi- A key advantage of the Hj distribution is
the fact that it is flexible and can be tuned (via its A and
p parameters) to model most heavy-tailed distributions [19].
As such, the Hyper-exponential distribution, though not as
popularly employed as the Exponential, has been used for
modeling various parameters of interest in manufacturing
systems [20] and computer science [10].

The Hs distribution and its central moments: Recent work
has shown that the Hyper-exponential distribution with just
2 phases (H>) is flexible enough to accurately model the IAT
and ST behavior of storage and internet traces [8], [9]. Further,
with just 2 phases, the Hs distribution is easy to analyze and
lends itself to tractable queueing analysis, as we discuss next.

The H, distribution has three parameters and can be ex-

pressed as
Exp(A)
H =
2 { Exzp(A2)
Given the above definition, and using the moments of the

exponential distribution, the moments of an Hs distribution
can be written in closed form. If X ~ Hs(p, A1, A2), then

with probability p,

with probability 1 — p. “)

1—
BIX]= 1+ =5, 5)
2 2(1 -
Var(X) = Ai% + (A%p) — (B[X))%. ©)
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Fig. 1: Probability densities for Ha distributions with different C?
and « values. The left plot shows distributions with varying C? for
a fixed « and the right one varies & for a fixed C?.

To capture variance in a scale-independent manner, queue-
ing analysis often employs the squared coefficient of variation
(SCV), denoted by C%:

o Var(X)

= Ex)e @

For an exponential distribution, C? = 1. For a proper non-
degenerate hyperexponential distribution, C? > 1, because
mixing exponentials with different rates introduces additional
variability beyond that of a single exponential distribution.
Much of the existing approximation work on G/G/k queues
uses only the first two moments; for example, Kingman’s
formula in Eq. (1) depends on the mean and SCV of the inter-
arrival and service-time distributions. To investigate the effect
of higher moments, one can also consider the third and fourth
central moments, namely skewness and kurtosis. We focus on
kurtosis because it captures fourth-order shape information not
determined by the mean and SCV, and is commonly used as a
measure of tail heaviness [21]. Skewness, on the other hand,
measures asymmetry. Kurtosis, denoted by &, is defined as

E[(X - E[X])*]
A normal distribution has « = 3, while an exponential

distribution has x = 9.

The SCV and kurtosis of a hyperexponential distribution
are not independent. Using the standard moment formula
for mixtures of Exponentials (see, e.g., Whitt [22]) and log-
convexity of moments, it can be shown that:

Ky >3(Cx +1+1/C%). ©)

Since hyperexponential distributions have C? > 1, by
Eq. (9), their k > 9. In the Hs family, changing « while
holding the mean and SCV fixed changes the balance between
probability mass near short values and rare long values.
Therefore, the three quantities E[X], C2, and x provide
a useful parametrization for separating scale, second-order
variability, and higher-order tail/shape effects in the queueing
experiments. We use this moment-based parametrization to
characterize the Ho inter-arrival-time and service-time dis-
tributions throughout this work. We acknowledge that the
broader concept of variability in a distribution may not fully be
captured by moments alone [23]; however, it is still instructive
to evaluate how performance is affected by such moments.

To visually illustrate these shape effects, Figure 1 presents
two sets of Hy probability density functions. The left subfigure
demonstrates the effect of varying the squared coefficient of
variation while holding kurtosis constant. As C'% increases,
the distribution becomes significantly peakier and more con-
centrated near the origin. Because the kurtosis is fixed, this
increased variability is driven by an abundance of very small
and moderate values, rather than increasingly extreme rare-tail
events. The second panel shows the reverse scenario: holding
total variability constant (C% = 10) while varying kurtosis. In
this case, a higher «x yields a flatter, fatter-tailed distribution.
Conversely, a lower kx produces a distribution with a sharper
peak near the origin and a much weaker far tail, meaning
extreme values are less likely.

B. Matrix analytic method solution for Ha/Hs [k queues

The H, distribution, being a probabilistic mixture of two ex-
ponentials, admits a Markovian representation; consequently,
the Ho/Hs/k queue can be modelled as a continuous-time
Markov chain. Figure 2 shows the components of this Markov
chain where the IAT distribution is Ha(p, A1, A2) and the ST
distribution is Hs(q, pi1, pi2). The state space is represented
as (n,a,b) where n > 0 is the total number of jobs in the
system (including those being served and those waiting, if
any); a < min(n,k) is the number of jobs being served
whose service time is in phase 1 of the ST distribution; and
b € {1,2} is the phase of the arrival time of the next job
about to arrive to the system. The blue and red arrows show
transitions corresponding to arrival and completion of a job,
respectively, with their transition rates denoted above them.

On an arrival from phase b (with rate \;), the number of
jobs increases by one, the next inter-arrival phase is chosen as
Bernoulli(p), and if a server is idle the new job immediately
enters service with service phase chosen as Bernoulli(g). On
a service completion, the number of jobs decreases by one; if
the system was not queued, the number of phase-1 jobs (i.e.,
a in the state tuple) changes only according to the phase of
the departing job. The departure rate aggregates over all busy
servers: phase-1 servers each contribute ; and phase-2 servers
each contribute y9, giving a total rate of ay; 4+ (min(n, k) —
a) 2. When the system is queued, a departure is immediately
replaced by a waiting job, so the transition also accounts for
the service phase of the departing job and the newly entering
job. This is an infinite Markov Chain with an initial portion
when n < k (first two subfigures of Figure 2), and a repeating
portion for n > k (third subfigure).

Given the repeating structure of the Markov chain, the
H/H, /k model can be solved via the iterative matrix analytic
methods to obtain the stationary probabilities m,, ,; for the
Markov Chain states. The steady-state distribution of the
number of jobs (N) in the system, can then be obtained as
P(N =n) =73, ,Tn,aus This steady state distribution of /N
can be used to derive the mean response time, £ [T].
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Fig. 2: Nlustrative states of the Ha/H>/k Markov Chain with IAT ~ Ha(p, A1, A2) and the ST ~ Ha(q, p1, p2).

IV. EVALUATION RESULTS

This section presents our evaluation results and insights
for our Hs/H,/k model where the IAT is distributed as
Hy(p, A1, A2) and ST is distributed as Ha(q, i1, pt2). For our
evaluation, we sweep through different ranges for the mean,
C?, and k for the IAT and ST distributions. As discussed
earlier in Section III-A, this moment-based parametrization
lets us vary scale, variability, and higher-order tail/shape
effects separately. The sweep is done by solving for the Hy
parameters (e.g., p, A1, A2 for IAT) that result in the desired
mean, C2, and & values via Egs. (5), (7), and (8). The result-
ing system consists of coupled polynomial equations, which
we symbolically solved using Mathematica. This resulted in
closed-form (yet tedious) expressions, which translated to a
unique feasible solution in each case. Note, per Eq. (9), that the
values of C? and  cannot be chosen independently; we thus
exhaustively choose relevant values satisfying this constraint.

We first present our results for the impact of the first
moments of IAT and ST on E[T] for Hy/Hs/k with k =
1,2,5,10, corresponding to varying number of servers. We

of ST), and finally, the impact of x, (the kurtosis of IAT)
and k, (the kurtosis of ST). For the C? and  experiments,
we consider two representative load values, p = % = 0.3
(representative of realistic loads reported by cloud computing
providers [24], [25]) and p = 0.9 (representative of high load).
Unless mentioned otherwise, we fix E[ST] = 1 for ease of
presentation, following the approach in prior works [1].

A. Impact of mean of IAT and ST

Figure 3 shows E[T] on a log scale as a function of E[I AT
fork =1,2,5,10. We fix E[ST| =1, k, = 100, and k; = 80,
and consider four representative pairs of squared coefficients
of variation: (C2,C?) = (4,4),(4,25),(25,4), (25,25). As
expected, mean response time decreases steeply with E[I AT
at low values, then gradually flattens. Increasing the number
of servers lowers the absolute response times; by k& = 10,
all curves approach the service time floor E[ST] = 1 once
E[IAT)] is sufficiently far from the high-load region.

The figure also shows that variability in both the arrival and
service distributions matters, but not equally. The curve for
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Fig. 3: Impact of E[IAT] on mean response time of Ha/Ho/k for k = 1,2,5,10 and different settings of (C2,C?). Here E[ST] = 1,
Kq = 100, and s, = 80. The y-axis is on log scale. Kingman’s approximation (black, solid line) is shown for (C2, C?) = (25, 25).
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Fig. 4: Impact of E[ST] on mean response time of Hz/Ho/k for k = 1,2,5,10 and different settings of (C2,C?). Here E[IAT] = 10,
ko = 100, and x5 = 80. The y-axis is on log scale. Kingman’s approximation (black, solid line) is shown for (C2,C2) = (25, 25).
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Fig. 5: Impact of C2 on mean response time of Hz/Ha/k for k = 1,2,5,10 and p € 0.3,0.9. We fix CZ = 20 and x5 = 100, and vary
Kq € 75,100, 125. Kingman’s approximation is shown as the black, solid line.

namely (4,4) and (4, 25), remain below the two curves with
C2? = 25, namely (25,4) and (25, 25). Increasing the arrival
SCV from 4 to 25 significantly impacts E[T), while the impact
on E[T] of increasing C? from 4 to 25 is less significant.

Figure 4 fixes E[IAT] = 10 and varies E[ST]. As E[ST]
increases, E[T] increases in each subfigure (corresponding to
different k settings). The same ordering of the C? cases is
again visible: (4,4) gives the smallest response times and
(25,25) gives the largest, while the two cases with C2 = 4
remain below the two cases with C? 25. Thus, the
separation seen in Figure 3 persists when the service mean
is varied instead of the inter-arrival mean.

In addition to the exact Hy/Ho/k results, Figures 3 and 4
also show the Kingman approximation for the single-server
case and its 1/k-scaled version for the multi-server cases. We
plot this approximation only for the high-variability case C? =
C? = 25. As expected, the Kingman approximation is close
to the exact curve at high load (high E[ST] or low E[IAT)),
while the difference becomes larger at low load; Kingman
underestimates for £ = 1,2 and overestimates for k£ = 5, 10.

B. Impact of squared coefficient of variation of IAT and ST

We now study in detail the impact of C2 and C? on E[T).
We fix E[ST] = 1 and choose E[IAT] so that p = %
equals either 0.3 or 0.9. Figure 5 shows E[T] as a function of
C? while fixing C2 = 20 and s = 100. The different curves
in each subfigure correspond to different x, values, and for
each k4, C2 goes up to its maximum permissible value subject
to Eq. (9). For all server counts and for both load values, F[T]
increases with C?2. For the moderate load setting of p = 0.3,
the increase is visibly convex and superlinear. This behavior
is consistent with the shapes of the H, arrival distribution seen
in Figure 1: when , is fixed, increasing C2 places more mass
near very small inter-arrival times, producing burstier arrivals.

The pattern is consistent across k; as k increases, absolute
response times and their sensitivity to C? diminish. The inset
zoomed figures (shown within subfigures for £ = 2,5, 10 and
p = 0.3) confirm that the qualitative behavior remains similar.

Observation 1: E[T) increases superlinearly with C2 across all
loads and server counts, with a large overall range of increase.

In the moderate-load regime, Kingman’s approximation
captures the increasing trend with C? but diverges from the
true curves. Because the actual curves exhibit a superlinear
dependence on C2, this discrepancy widens as C? increases.

At p = 0.9, the absolute response times are much larger,
and the curves in Figure 5 are close to linear in C2. In this
high-load regime, the curves are also close to the Kingman-
type heavy-load approximation, and the different x, curves
are nearly indistinguishable. Thus, at high load, the dominant
effects are the load and the SCV, while the additional effect
of changing x, is small. At p = 0.3, the curves separate more
clearly. For a fixed value of C?, larger r, generally gives a
somewhat smaller E[T), especially when C? is large. This
effect is most visible for smaller k; as k increases, the absolute
response times decrease and the curves move closer together.

Figure 6 shows E[T] as a function of C?, with C2? = 20
and K, = 100 fixed. For k = 1,2, E[T] increases with C2
at both load values. At p = 0.9, the increase is again nearly
linear, the different x4 curves are very close to each other, and
the Kingman approximation fairly captures the trend.

For the moderate-load case (p = 0.3), the behavior depends
on k. For k =1 and k = 2, E[T] increases roughly linearly
in C2, with a slope close to Kingman’s prediction (though the
absolute values deviate). This is in contrast to the superlinear
dependence on C?: the sensitivity of E[T] to C? remains
moderate and does not amplify at large C?.

As k increases, the behavior departs from linearity and,
surprisingly, even from monotonicity. For k = 5 and k = 10,
the curves appear nearly flat on the common y-axis scale, but
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Fig. 6: Impact of C? on mean response time of Hz/Ho/k for k = 1,2,5,10 and p € 0.3,0.9. We fix C2 = 20 and s, = 100, and vary
ks € 75,100, 125. Kingman’s approximation is shown as the black, solid line.

zooming reveals a shallow non-monotone dependence: E|T
first decreases, reaches a minimum, and then increases. The
effect is small in absolute terms, with E[T] ranging approxi-
mately 1.5-1.9 for £ = 5 and 1.04-1.30 for k£ = 10; however,
it establishes that, for multi-server queues at moderate load,
the response time can depend non-monotonically on C?. The
Kingman approximation, being an increasing straight line,
gets very inaccurate for these cases.

Observation 2: E[T] increases with C2 more moderately than
C?2, becoming non-monotone at moderate loads with larger k.
To rule out the possibility that this non-monotonic be-
havior is a numerical artifact, we independently simulated
the Hy/Hs/k queue using Ciw, a Python-based discrete-
event simulator for queueing networks [26]. The simulated
mean response times closely matched those from our matrix
analytical method. For example, for C2 = 3 and 18 in the
k =5, p =03, ks = 125 case in Fig. 6, the analytical
values are 1.78 and 1.50, respectively. For each point, we
ran 100 independent one-million-second simulations (about
1.5 million arrivals per run), with appropriate warm-up and
cool-down periods. The corresponding simulated means were
1.780 and 1.495, with standard deviations within 1.2 percent.
These results support the observed non-monotonic behavior.
This non-monotone behavior can be explained by separating
the mean waiting time E[IV,] into the frequency of waiting
and the severity of waiting. Since E[ST] is fixed in this
experiment, the behavior of E[T| = E[W,] + E[ST] is
determined by E[W,]. We use the decomposition:

EW,| =P(W,>0)-E[W, | W, >0]. (10)
The first factor measures how often an arriving job finds all
servers busy, while the second factor measures the mean wait
time conditional on this event. As discussed in Section III-B,
our matrix-analytic solution gives the stationary probabilities

P(W, > 0)

a
Fig. 7: P(W, > 0) (red), E[W, | W, > 0] (navy), as a function of
C? for p=0.3, ks =125, and k = 2 and k = 5.

c:

Tn,a,b Of the states of the system, where n is the total number
of jobs in the system, a is the number of phase-1 services
in progress, and b € {1,2} is the arrival phase. From these
the probability that an arrival has to wait can be computed
directly. If arrivals occur from phase b at rate )\, then:

ank,a,b Wn,a,b)\b
Zn,a,b ﬂ-n,a,b)\b

The weighting by A, is needed since the distribution seen by
arrivals is not, in general, the same as the time-average.
Figure 7 shows P(W, > 0) and E[W, | W, > 0] as
fuctions of C? for ks = 125, k € {2,5}, and p = 0.3 (corre-
sponding to the top row, middle two subfigures in Figure 6).
This plot shows that increasing C? decreases P(W, > 0) for
both k = 2 and k = 5. This is consistent with the behavior
of the Hs service distribution as seen in Figure 1: when k4 is
fixed, increasing CS2 makes the distribution more concentrated
near zero, so many services are completed very quickly. In
a multi-server system, these short services help keep servers
available and reduce the frequency with which an arrival
sees all servers busy. At the same time, E[W, | W, > 0]
increases with CE, because the same increase in variability also
produces longer service times, which make waiting episodes
more severe once queueing occurs. The difference between
k = 2 and k 5 is explained by the balance of these

P(W, > 0) = (11)
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two effects. For k = 2, the increase in conditional severity
dominates the decrease in waiting probability, whereas for
k = 5, the decrease in P(W, > 0) initially dominates, so E[T]
decreases; only for larger C? does the conditional severity
become large enough to reverse the trend.

C. Impact of kurtosis of IAT and ST

We now analyze the impact of the kurtosis of IAT and ST on
E[T]. We keep the SCV fixed and vary the kurtosis parameter
of the distributions. Figure 8 shows E[T] as a function of the
arrival kurtosis #,, with C2? = 20 and x4 = 100. The effect of
Kq is most pronounced when the arrival SCV C? is large. For
C? = 2, the curves are nearly flat across all subfigures. For
Cg = 15, and especially for C’g = 35, increasing r, reduces
E[T). This reduction is substantial at moderate load. For
example, at p = 0.3 and k = 1, the Cg = 35 curve drops
from about 30 at k, = 100 to roughly 14 near s, = 300. For
k =5 and k = 10, the absolute response times are smaller, but
the same decreasing trend remains visible for large C'2, though
with a smaller magnitude. At high load, the dependence on
Kq I8 much weaker. For p = 0.9 (figure omitted due to lack
of space), changing x, produces a minimal decrease in E[T)].

The decreasing trend with k, can be understood from
the structure of the H, family. For fixed mean and SCV,
increasing arrival kurtosis makes very large interarrival times
more prominent in the tail. These long gaps can allow a built-
up queue to drain, thereby reducing the mean response time.
Lower k., in contrast, places relatively more mass on short-
to-moderate interarrival times, producing more bursty arrivals
and hence larger congestion. This mechanism is noticeable
only when arrival variability is already large enough to create
substantial queue build-up, which explains why the effect is
weak for C2 = 2 but strong for C? = 35.

Figure 9 shows the corresponding results for the service
kurtosis ks, with C2 = 20 and k, = 100 fixed. The effect

of ks is much weaker. For k = 1 and k = 2 at p = 0.3,
increasing k4 reduces E[T] modestly, especially for the larger
values of C2, while the lower-C? curves are nearly flat. At
p = 0.9 (figure omitted), all curves are almost flat.

The £ = 5 and £ = 10 subfigures also show nearly flat
curves. However, at p = 0.3, zoomed-in views reveal a very
slight non-monotonicity. As illustrated by the service-time
shapes in Figure 1, and as in the case of C2, this dependence
should be viewed as the net effect of several interacting
features: mass near small service times, tail behavior, queue
formation, server occupancy, and conditional waiting.

Observation 3: Kurtosis provides secondary modulation,
mainly when the corresponding SCV is large, with k, having
a more visible effect than x;.

D. Extension to other performance metrics and tails

Our matrix-analytic solution of the Hy/Hs/k Markov chain
allows us to analyze metrics beyond mean response time. By
solving for the steady-state distribution, we can recover the
distribution of the number of jobs in the system, making it
possible to study tail probabilities, such as P(N > n).

Figure 10 shows the tail probability P(/N > n) when the ST
distribution is fixed and the IAT distribution is varied. The two
subfigures correspond to £ = 1 and k = 5, with the load fixed
at p = 0.3. The dominant effect in Figure 10 is the SCV of the
IAT distribution, Cg . For both £k = 1 and k = 5, curves with
C2 = 20 exhibit substantially heavier tails than those with
C? = 4. Thus, increasing arrival variability leads not only to
a larger mean response time, as observed earlier, but also to
a higher probability of large numbers of jobs accumulating in
the system. The effect of «, is visible only at larger values of
C2. For C% = 4 the two Kk, curves (green and blue) almost
coincide; for Cg = 20, the smaller value k, = 70 produces
the heavier tail, while x, = 150 leads to a faster decay. This is
consistent with the earlier observation on mean response time.
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Fig. 11: Tail probability of jobs in the system, P(N > n), with fixed
IAT distribution (C2 = 4, k, = 25) and varying ST parameters.
Figure 11 presents the complementary experiment, in which
the IAT distribution is held fixed and the ST distribution is
varied. The service-side effects in Figure 11, like the arrival-
side effects in Figure 10, are driven more by SCV than by
kurtosis. For k& = 1, increasing C2 from 4 to 20 produces a
noticeably heavier tail. The effect of « is comparatively small
and becomes noticeable only when C? is large. For k = 5, the
tail probabilities decay much more rapidly and the separation
among curves for different service-time parameter settings is
considerably smaller. The counter-intuitive phenomenon noted
earlier is also apparent in the multi-server case: a lower value
of C2 yields a slightly heavier tail compared to the higher one.

Observation 4: Our results in Figures 10 and 11 show that
C? is the primary driver of tail heaviness, with C playing an
analogous but weaker role; in both cases, x provides secondary
modulation that matters only at large SCV values.

V. CONCLUSIONS

This paper numerically evaluated how moment-based sum-
maries of the IAT and ST distributions affect the performance
of Hy/Hy/k queues. Using the Markovian structure induced
by the two-phase hyper-exponential representation, we solved
the model by matrix-analytic methods and studied mean
response time as well as tail probabilities of the number of
jobs in the system. Our evaluation shows that C? produces
superlinear increases in E[T] at moderate load, while C2 has
a qualitatively different effect: a more gradual dependence for
small %k that becomes non-monotone in multi-server systems,
explained by competing effects of waiting frequency and
waiting severity. Kurtosis acts as a secondary modulator that
matters mainly when the corresponding SCV is large, with a
more pronounced effect at moderate load.
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