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* “Graph kernels and chemoinformatics” Jean-Philippe Vert. Slides from Gbr’'2007



Graph Comparison

Graph Kernels aim at computing similarity scores between graphs in a
dataset

Definition 1 (Graph Comparison Problem)

Given two graphs G and G’ from the space of graphs G. The problem of
graph comparison is to find a mapping

s: G XG - R

such that s(G,G’) quantifies the similarity (or dissimilarity) of G and G'.
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Graph Kernels Measuring Graph Similarity

Principle
» Let ¢(x) be a vector representation of the graph x
» The kernel between two graphs is defined by:
K(x,x) = ()" p(x)

» To solve convex optimization with kernels, kernels needs to be

e Symmetric, that is, k(x, x") = k(x', x), and

» Positive semi-definite (p.s.d.)
« Comparing nodes in a graph involves constructing a kernel between nodes
» Comparing graphs involves constructing a kernel between graphs.

Advantages
« Similarity of two graphs are inferred through kernel function

Disadvantages
» Defining a kernel that captures the semantics inherent in the graph structure and
IS reasonably efficient to evaluate is the key challenge.



Brief history of graph kernels

Q

The 1dea of constructing kernels on graphs (i.e., between the
nodes of a single graph) was first proposed by Kondor and
Lafferty (2002), and extended by Smola and Kondor (2003).

Idea of kernels between graphs were proposed by G artner et al.
(2003) and later extended by Borgwardt et al. (2005).

Idea of marginalized kernels (Tsuda et al., 2002) was extended to
graphs by Kashima et al. (2003, 2004), then further refined by
Mah’e et al. (2004).



What is a Graph Kernel?

Graph kernels are Instance of R-convolution kernels by
Haussler (1999)

R-convolution is a generic way of defining kernels on discrete
compound objects by comparing all pairs of decompositions
thereof.

Therefore, a new type of decomposition of a graph results in a
new graph kernel.

A graph kernel makes the whole family of kernel methods
applicable to graphs

Generation of complete decompositions of graph iIs as hard as
subqgraph isomorphism !!




Graph Kernels
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How to define a valid kernel function

K(Gj, G;), between two graphs

G] and G]

* K(Gj, G;) should provide relationship
(similarity / dissimilarity /
correlation etc.) measure for between
two graphs.

* K(Gj, G;) should be able to be

applied in kernel based machine
learning methods such that it provide
optimal classification / clustering
performance.

We will look at graph kernels that states similarity between kernels.



Graph Terminology

 Agraph G asatriplet (V,E,[), where V Is the set of vertices, E
IS the set of undirected edges, and [ : ¥V — X Is a function that
assigns labels from an alphabet X to nodes in the graph.

e The neighborhood N (v) of a node v is the set of nodes to which

v is connected by an edge, thatis N (v) = {v'|(v,v) € E}.

For simplicity, we assume that every graph has n nodes, m edges,

and a maximum degree of d. The size of G iIs defined as the

cardinality of V.



Graph Terminology cont.

« A path is a walk that consists of distinct nodes only.

o Awalk Is a sequence of nodes in a graph, in which
consecutive nodes are connected by an edge. walk extends
the notion of path by allowing nodes to be equal

A (rooted) subtree is a subgraph of a graph, which has no

cycles, but a designated root node.

* The height of a subtree is the maximum distance between

the root and any other node in the subtree.



Complete Graph Kernels

A graph kernel is complete
If It separates non-isomorphic graphs, 1.e.:

VG]_,GZ (S X,dK (Gl,Gz) — Oﬁ Gl = GZ

Equivalently, ¢(G;) # ¢(G,) If G; and G, are not isomorphic.

 If a graph kernel is not complete, then it cannot cover all
possible functions over X: the kernel is not expressive
enough.

» On the other hand, kernel computation must be tractable, i.e.,
no more than polynomial (with small degree) for practical
applications.

« Can we define tractable and expressive graph kernels?

Computing any complete graph kernel is at least as hard as the graph
Isomorphism problem. (Gartner et al., 2003)




Subgraph Kernel

Let A(G) ey a Set or nonnegative real-valued weights
For any graph G € X, let

VH € X, ¢y(G) = |G isasubgraphof G: G' = H
The subgraph kernel between any two graphs G; and G, € X
IS defined by:

Ksubgraph (G1,G;) = 2 Ay Py (G1)Py(Gy)

HeX

NOTE: Computing the subgraph kernel is NP-hard. (Gartner et al., 2003)



Graph Kernel Terminology cont.

subtree patterns (also called tree-walks, Bach, 2008) can
have nodes that are equal .

T 016% 16

Figure 1: A subtree pattern of height 2 rooted at the node 1.
Note the repetitions of nodes in the unfolded subtree pattern
on the right.

Note that all subtree kernels compare subtree patterns in
two graphs, not (strict) subtrees.



Path Kernel

A path of a graph (V,E) is sequence of distinct vertices
Vy,...,0p EV (I #j=> v; #v;)suchthat (v;, v;4q) €
Efori=1,...,n—1.

Equivalently the paths are the linear subgraphs.

The path kernel is the subgraph kernel restricted to paths,
l.e.,

Kpath(GL Gy) = ZAH $y(G1) Py (Gy)

HeP
where P c X is the set of path graphs.

NOTE: Computing the path kernel is NP-hard. (Gértner et al., 2003)



Expressiveness vs Complexity trade-off

Q Itis intractable to compute complete graph kernels.
Q Itis intractable to compute the subgraph kernels.
0 Restricting subgraphs to be linear does not help:

Q it is intractable to compute the path kernel.

0 One approach to define polynomial time computable graph kernels
IS to have the feature space be made up of graphs homomorphic
to subgraphs, e.g., to consider walks instead of paths.




Three Classes of Graph Kernels

0 Graph kernels based on walks and paths

a Compute the number of matching pairs of random walks (resp.
paths) in two graphs
0 Random walk kernel are generated by direct product graph

of two graphs

o Walks (Kashima et al., 2003; G "artner et al., 2003)
o Paths (Borgwardt and Kriegel, 2005),

0 Graph kernels based on limited-size subgraphs

0 Kernels based on graphlets, that represent graphs as counts of

all types (or certain type of) of subgraphs of size k €{3,4,5}.
o (Horv’ath et al., 2004; Shervashidze et al., 2009),



Three classes of graph kernels cont.

0 Graph kernels based on subtree patterns

0 Subtree kernels iteratively compares all matchings between
neighbors of two nodes v from G and v’ from G’. In other
words, for all pairs of nodes v from G and v’ from G’, it counts
all pairs of matching substructures in subtree patterns rooted at

vand v’.
o (Ramon and G artner, 2003; Mahe and Vert, 2009)



Walks

A walk of a graph (V,E) is sequence of vy,...,v,, € V such
that (vi,vi+1)e Efori = 1,...,n — 1.

We note W.,(G) the set of walks with n vertices of the graph
G, and W (G) the set of all walks.




Walk Kernel

* Let S, denote the set of all possible label sequences of walks
of length n (including vertices and edges labels), and
5 =Upz1 Sn.

e For any graph X let a weight A;(w) be associated to each
walk w € W(G).

 Let the feature vector ¢p(G) = (¢ps(G))es be defined by:

P (G) = 2 Ac(W)1 (s is the label sequence of w) .
weW (G)
« Awalk kernel is a graph kernel defined by:

Kwaik(G1,G2) = 2 ¢S(G1)¢S(Gz)

SES



Walk Kernel Examples

 The nth-order walk kernel is the walk kernel with A-.(w) =1 if the
length of w is n, O otherwise. It compares two graphs through their
common walks of length n.

» The random walk kernel is obtained with A;(w) = P.(w), where P is a
Markov random walk on G. In that case we have:
K(G{,G,) = P(label(W;) = label(W,)),
where W, and W, are two independent random walks on G, and G,
respectively (Kashima et al., 2003).

» The geometric walk kernel is obtained (when it converges) with

Ae(w) = Blengthw) for B > 0. In that case the feature space is of infinite
dimension (Gartner et al., 2003).

These three kernels (nth-order, random and geometric walk kernels)
can be computed efficiently in polynomial time.



Walk Kernel Example
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Subtree Kernels

Like the walk kernel, amounts to compute
the (weighted) number of subtrees in the
product graph.

.....



Subtree Kernels

Motivation

o Compare tree-like substructures of graphs

« May distinguish between substructures that walk kernel
deems identical

Algorithmic principle

o for all pairs of nodes r from V1(G1) and s from V2(G2) and
a predefined height h of subtrees:

 recursively compare neighbors (of neighbors) of r and s

o subtree kernel on graphs is sum of subtree kernels on nodes



Marginalized Kernels Between Labeled Graphs
(Kashima et al., ICML 2003)

Marginalized Kernels

 Assume hidden variables h ( ex> walk of a graph ) and make use
of the probability distribution of visible variables x, X’ ( structured
data ex> Graph) and hidden variables

Marginalized Kernels: Expectation of the joint kernel over all

possible values of h and h’
posterior probability

-7
K@x)= ) > K,z 2)p0lxphix)
h  hr

Joint kernel & z = [x;h]

posterior probability p(h|x) can be interpreted as a feature
extractor that extracts informative features for classification
from x



Note: Undirected Graph to Directed Graph

e Agraph G=(V,E,I]),
I/ is the set of vertices,
e Ec (V XV)isthe setof undirected edges (Changed to
directed for random walk), and

e [: V,E — X isafunction that assigns labels from an alphabet
2 to nodes in the graph.

Changing undirected graph to directed graph

e ’'s’and 'd’ denote single
and double bonds,
respectively.

 Kernel assumes a
directed graph,
undirected edges are
replaced by directed
edges




First Order Markov Random Walks on Graphs

Hidden variable: Random Walks on Graphs

Kz, x') = Z Z K. (z,z")p(h|z)p(h'|x").
h R

e Hidden variable h = (hy4, ..., h;) associated with graph G is a

sequence of natural numbers from 1 to |G|.

 his generated by a random walk

|G| : number of vertices

uniform distribution can be used
for uninformative prior

1-st step) hy is sampled from the prior probability distribution p(h).

i-th step) h; sampled subject to the transition probability p;(h;|h;_1)
and with walk termination probability p,(h;-1):

[r
Z}J,! (7]7) + pgli) = 1.
i=1

e Posterior probability for the walk A p(h/G)

¢
p(h|G) = pa(hy) | [ pe(Pslhi-1)pg(he),  where Lis the length of A

i—2

* traversed labels are listed: Vhy1€h1haVho€hohgUhg * - °



Define Joint Kernel

Define vertex kernel & edge kernel

Assume that two kernel functions are
readily defined:

* K(v, V) : Kernel between vertex labels
 K(e, €’): Kernel between edge labels,

Constrain both kernels to be nonnegative
K(w,v')=>0; K(e,e') =0

Joint Kernel 0

K,(z,2'")={ K(vn,, v,

= 1

where z = (G, h).

Kz x') = Z Z K. (z,z"|p(h|lz)p(h'|x").
h'

b

Example of the vertex label

kernels
Dirac kernel: For Discrete labels

K(v,v')=dv="1"),
Gaussian kernel: For Real value labels

K(v,v') = exp(— | v—' |* 207)
(£ £ 0)
] Hf:? 'H'_I'rf:h1 1h: . f:lrh_: lh: } .
f‘i_f'l’h:.t.‘;ﬂ} ((=1)



Computing Joint Kernel

K(G,G)
£

AN po(hy) TT 2o (i lhi— 1 )po () % ~ -
;Zﬁ:;}?{ l}i -ipt{ iz)pa(lu) Where 2n = ZELJ"Z;L

J
| =

pL(hY) M:p;{h;-|h;_1}p;{fli+} v The straig.htfo.rV\{ard |
2 enumeration is impossible,

J
¢ because [ spans

K(i:hl,i:}ﬂ} H I{(Ehk—lhk'-E;'t"k_l..hL}I{{ﬁhk U ), from 1 to infinity.

k
=2



Computing Joint Kernel cont.

K(G,GY) = Z s(hi,h}) lim Z'rf{hl,h‘l)
hihf L=y
= Y s(hy,by) lim Rp(hy, B),
by, L—oo
rf{:hlahi}

b

= Y t(ha kb by hy) | ) t(ha, By, ho, RY)x
ha,h! hs hl

he b

- =2 g

- q(he hg) = pa(he)py(he)
s(hy,hy) = ps(hy)pl(h))K(vp,, v , ,
) (1, h) Pa ()P, () K (vhy Uiy | ri(hy,hy) = q(hy, RY).
L
t(hi, hy hi—v, b 1) = pe(halhi—1)pe(hs|hi_y) % RL{hhh’lj::Z-rg{hl,hU.
K(vh,, vy ) K (€h, ks €hy_ hy) =1




Computing Joint Kernel cont.

Restate this problem in recursive form

re(hi, hY) ) o ; o
e{f1, 'rk{fll,fll}:Zt{‘l.,j.hl.hl)?‘k_l{'i,j).

— (Z t(ha, hy, by, hY) (Z t(hg, hy, ha, hy)x i,]

ha,h hg,h} T
’ Ry (hy,hy) =ri(hy,hy) + > ri(hy,BY)
' k=2
| Y t(he, b b, by )q(he, By) ) | -
he,h

T
= ri(he, hy) + Y Y t(i, 4 ha, hy)re-a (i, )

ru(ha, b = q(ha, h) = -
: L =?‘l{hl,hl}+Zt{'l-,j-.hl-.hE}RL—L{'laj)' (
RL [hl.hi) = Z'}“f{hl,hl}. i
—1

Equilibrium equation:

R (hy,hy) = ri(hy, hY) + Z t(i, 4, h1, by )R (4, )

i.j



Computing Joint Kernel cont.

computation of the marginalized kernel finally comes down to
iteratively solving for

T
Ry (hy, 1Y) = ri(ha, hy) + ) ric(ha, hy) ri(hy, hy) = t(i, 4, he, Bk (i, 5).
;:2 i
= r1(hy, hy) + D Y t(6, 5, ha, hy)re—1 (i, §)
k=2 ij
= ry(hy, hy) + Y (i, 4.k, R R (i, ). (
until convergence starting from Proof of convergence in
Section 3.4 of Kashima
Ry(hy, 1) =ri(ha, hy) = q(hy, b)) et al., 2003
q(heyhy) = pglhe)py(hy)
and substituting the solutions into
L
K[G,G’j = hz,; s(h1, hl} Lli_l}l}’c ; re(hy, h'l} s(h1,hy) = ps(h"l}prs(hfl}I{(T-!hl"-?'!;1“1:'
1472 -

— Z s(hy,hy) lim Rp(hy, hY),
hl_h“l L—m



Extension to Marginalized Graph Kernel
(Mahé et al. ICML 2004)

Model: Marginalized Graph Kernel with Dirac joint kernel

Approaches:

1) Size of product graph affects runtime of kernel computation
 The more node labels, the smaller the product graph
e Trick: Introduce new artificial node labels

Iterative Label Enrichment:
Morgan Index (1965)

2 ) Focusing on non-tottering walks is a way to get closer to the path kernel

Reduce Tottering effect by
Using 2nd Order Markov Random Walk instead of 1st order




Simplified Marginalized Graph Kernel

K: Marginalized graph kernel 0 (€ £ 0
Lz, 2") = K Up ‘1-1;; §— K Eh,_ hq-_frr 0 )
I'L-::_I- II;: = ZZ I‘L-; lz, z“_lp:;h |1‘J'|JI’J|L|F11|I"J'|. I{Lz( } { ( 12 "hy :I r{ﬁ%ih‘_{t?;ﬁ.}l ’ ""':-1&:}: {r}
h k' oy

where z = (G, h).

Simplified by
1) not using edge kernel defined
2)Using Dirac vertex-kernel

KGG6Y= ) pl6w (WIGHK,AMR), L(RY)

(h,h)ev*xv'"
T

K, : Dirac kernel between labeled sequence #'"1 - vUn) = ps(v1) Hf” (vilvi-y
R

).

0 otherwise (0}

Pqlv)

K ={) s hervis {f (v) = po(v)p, (v)

Da (1|0 pg (1)

u
&

pelulv) =



Simplified Marginalized Graph Kernel in Matrix

two labeled graphs G = (V. By ) and G = (V5, Fs)

Tensor product graph is defined as labeled graph G, = (1}, E,) with
V, © V3 X'V, are pairs of vertices with identical labels
(v1,v2) € W, iff I(v1) = 1(v3)
and edges connecting the vertices
(ug, uz)and(vy, vy) iff (u;, v;) € Ep, for i =1,2,...1

[ ayhyy  anbip - ap 519 """ ainbin aibip - gy 51q ]
. e S “ aibyr  apbe - anby oo - Anbo  Qinbay -+ a1nbyg
e : : : :
* a ﬂ{ oo o ﬂ-11bp1 a-ubp?. e Q41 5339 ----- fin bpl a-mbpz e p bpq
AN NN . . . . .
5 % ;‘; e =
*» X » e=——" ‘= . 9N AB : : :
A \ Y < pibir @bz o Qb e - Qpnb11 Gpnbrz - Gnbyg
. o i L o Amibor  @mabay 0 @pibyy e - Arnbat  Amnbon -+ G bog
;.3 G'- 'j( g o) e _aml bpl m1 bp? o Omy bpq """ a‘mnbpl Umn bp? T Omp bpq_
G H G X H tensor product of agency matrix G X H

Fig: http://en.wikipedia.org/wiki/Tensor_product of graphs



http://en.wikipedia.org/wiki/Tensor_product_of_graphs

Simplified Marginalized Graph Kernel In

Matrix
A function 7 on the set of walks(paths) H(G,)

T (g vy ), va) .o (g, vy )) with
T f | l: f 3: f
! mslur, ua) = ps (u)ps (uz),
—_ |'__ an aT |'|'., T r.' . A Y fa
= s, v) H mi (i v3)] (i1, vi1)) mil (o1, 00) (v, w2)) = pi (ol ) (v ),

=2

apby  apbp - a‘llblq s e @by agpb - ﬂ-mfhg

o
. a 8. g ayby  anbyp -0 anby -0 -0 @by apbn - by
g E ", \'- il - X X
i
e e 1
" o ) - " v 1 5;91 11 5;;2 1 5pq ﬂ-mbm in 5;;2 in 5pq
\ i L
— AN T AaB=
e X e o ' = gy Wy n
- w o
s Amibi1 Gibyz - amlblq s e Dt Gnbiz o G 519

Amibar  Apibay - amleQ s e Dot Gpbay - ﬂmnbgq

_amlbpl i bp? e amlbpq Tttt amﬂ,bpl a'nmpr tr o Cgyp bpq_




Simplified Marginalized Graph Kernel In
Matrix cont.
K(Gl' GZ)

=) p(ul6)pa (] G)K (), ()

(hq,hp)EV " XV,™

heH(G) K(G.Gs) = Z

1

K(G.Gs)= Y m(h).
mih)
( ZJ‘.‘ n )

hie H{G ),
Z m(h) = m, "1, o (I —T,) " 1.

heHIG, hl—n



LLabel Enrichment with Morgan Index (1965)

Problems:

e The computation of graph kernels is time-consuming.

e Need to increase the relevance of the features used to
compare graphs.

Expected outcome:

e The computation of graph kernels is time-consuming.

e Need to increase the relevance of the features used to
compare graphs.



Label Enrichment with Morgan Index cont.

Enrichment with vertex connectivity properties
— extended connectivity descriptor :

N N2 (':‘"H_- Algorithm :
18 ! \/\L -' o Mo(v)=1, Vv
T K“M | ——- j \K

nea Elu)

M;_q(u)

N
o ,/ o
l{:lf“f “\;“.;}' o \‘" 07 Ny’

Original Graph IST ITERATION TN ITERA TIOMN



Label Enrichment with Morgan Index cont.

M,,: vector of labels in graph
Given adjacency matrix A and setting M, = 1
Mpyr = A+ DM,

O_G_0
0 jeg

4
decreased kernel complexity (O(|G; x G2|*))

- Family of kernels K, :
{petentlel) increased kernel expressivity



Preventing Tottering

A tottering walkisa walk w = v, ...v, withv; = v; + 2 for

some i.

A walk can visit the same cycle of nodes all over again

e Kernel measures similarity in terms of common walks

 Hence a small structural similarity can cause a huge
kernel value

* Focusing on non-tottering walks is a way to get closer to
the path kernel (e.g., equivalent on trees).

. —. .
—'\"ﬂ‘_,) IQ'-"..J,_ @® @ VNon-tottering
&

Tottering o O—0 0
i . .—c )»—. Tottering
- (B

G G’




Preventing Tottering Cont.

e fottering path : h= (vy,...,v,), 31 : 019 = v;.

V2

Path: h

f / | \ /I mom -:}

C - .

x:" *-/ - |—b (hy=C-C-C <:

r
I\C (:C) h=i{vl —> v2—=vl)

h = % ] —_— _-' —_— _EI

= preventing totters < filtering blue path.



Preventing Tottering Cont.

e Motivation:

Every path of G5 can be matched to a tottering
path of (4
I T

|'ll \Mt-ll"r{ \
| .I
R c) _./

= Compounds are considered as identical




Preventing Tottering Cont.

e Motivation:

“t-. ,:'““‘n r”ﬁ, .-"”“‘.

c C \E ) \E/

Only “real” chemical path are matched
Length 1 Length 2, no tottering

I Y Y
@/“ NE \E ™ /_/ = Compounds are now seen as different

VRN,

o

e Solution : increase the order of the random walk model :
= pa(h) = ps(vy)pe(va|vy) n;;gpt('“ih’i—z: Vi_1)



2nd order Markov Random Walk

pa(h) = ps(vy)pe(va|vy) n:;;gpi{'f--’f|'1’i_:z-. Vi_1)

4 - L (0},
p-;{"f-‘}l = }J{]{"{.‘Jp,'j, {'!'-'Jq

, \ 1—plo (v) ; \ ,
< pilulv) = Wp,,_{n|-‘;r}|p,f{-'u ),
Pg U]

i » | a |: l| ’ '\ Cy
| pi(ujw,v) = P p, (u]w, v)p, ().

pg )

The function is still a valid kernel but the implementation described for the
first order Markov random walk cannot be directly used anymore.

=> Instead of explicitly working with 2"d Order Markov Random walk,

transform the original graph G to G' such that G’ contains the look ahead
information.



Graph Transformation Cont.

* Don’t confuse G’ used in the last
notation for compared Graph

Transformation : G = (V,E,Il) = G' = (V', E’',l") where :
* L_:'.F — I* |__ E

e ' ={(v,(v,t))|lveV,(vt) e E}
UA((u,v), (v,1)) | (u,v), (v, t) € E,u# t}

—
) vd
e ™ —
®, )
// 0O PN
| s #
,r')_.“ g — (v 1 (v2 ¢
]-[_{:'\ ------ * vl -,T@/ - R N e \E-
Y =,
Cl 6 (va) ) (e2)
b A - T
(v3

G=(V.E] ey



Graph Transformation Cont.

Transformation : G = (V,E,l) = G' = (V',E’,l') where :

eV =VUEFE
e E'= {(v,(v,t))|veV,(vt) e E}
U {((u, v) (v, 1)) [ (u,v), (v,t) € B u# t}
s = . (v4)
/D 3 ©)
H—C< ...... > — (=) @
Cl @’5} e,
X :

g _,.““\
=/

G=(V.El)



Graph Transformation Cont.

Transformation : G = (V. E,l) = G' = (V',E",l') where :

eV =V UF
e B' = {(v,(v,1)) [v € V, (v,1) € E}
U {((u,v), | |
p
0
7
H—C 7 assnes -
~ >
Cl
N

G=(V.El)



Graph Transformation Cont.

Original Graph

I 0
H—C
Cl
vd
T ei""_elﬁl‘III
N .
vl —= o] v — | &2
< » ’

Transformed Graph

Corresponding directed graph G = (V,E,I)

Labels in the transformed graph



Modified Kernel Computation cont.

e Consider - Hy(G) = {Non tottering paths of G} ,
H,(G") = {Paths of G’ starting from a node v € V' }

e Theorem: p’ factorizes as

p(v’) = ps(v')
pe(ulv’) if v’ eV and v’ = (v,u) € E

pi(u'v’) = pe(u|v,w) if v' = (v,w) and v’ = (w,u) € E

e Corollary :

- graph transformation .
= tottering paths removed

- original graph kernel



Modified Kernel Computation cont.

Hy(G) = {Non tottering paths of G}

e Consider : | ,
H(G") = {Paths of G’ starting from a node v € V' }

e The mapping [ : Hy(G) — H;(G") defined by
-E_!n"l = 1
h=(vy,..,v,)— h'=(v],..,v)) such that { ,

establishes a bijection between Hy(G) and H{(G")
e Let p’ be the image of pg by f:

vh' € Hi(G"), p'(h):=pc (f_l(hff))



Review Bijection

http://en.wikipedia.org/wiki/Bijection

 Bijection (or bijective function or one-to-one correspondence) is a
function giving an exact pairing of the elements of two sets.

* Bijective function f: X — Y is a one to one and onto mapping of a
set XtoasetY.

X
1

2

HoO U )N

3

:r-ﬁ&':lﬁ)t-q‘

A bijection composed of an injection (left)
and a surjection (right).


http://en.wikipedia.org/wiki/Bijection

Review Bijection cont.

Theorem 1. f is a Bijective function between Hy(G) and H,(G’), and
for any path h € Hy(G) we have
fiHo(G) - Hi(G")

{ [(h|G) = T'(f(W)|G)
p(h|G) = p'(f(W)|G)

Corollary 1. For any two graphs G; and G,, the marginalized graph
kernel can be expressed in terms of the transformed
graphs G'; and G', by:

KGLG) = ) pitDpa() Kl (h)

(hihp)e(z1) x(23)
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