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LECTURE 21
GRAPH KERNELS

Resources:
* Gartner, T., Flach, P., & Wrobel, S. (2003). On graph kernels: Hardness results and efficient alternatives.

Learning Theory and Kernel Machines (pp. 129-143).
 Kashima, H., Tsuda, K., & Inokuchi, A. (2003). Marginalized kernels between labeled graphs. ICML2003.
e Mahé, P, Ueda, N., & Akutsu, T. (2004). Extensions of marginalized graph kernels. ICML2004.
* Also their slides presented in ICML2004



GRAPH KERNELS

G1 a2) (63) ... (6N How to define a valid kernel function

K(G;, Gj), between two graphs G; and ;.

®
= \
K(G1, G2 * K(Gj, G;) should provide relationship
2 (similarity / dissimilarity / correlation
etc.) measure for between two graphs.
o Kernel matrix K
* K(Gj, G;) should be able to be applied
in kernel based machine learning
methods such that it provide optimal
D
pZa

classification / clustering performance.

We will look at graph kernels that states similarity between kernels.



MARGINALIZED KERNELS BETWEEN LABELED GRAPHS

(Kashima et al., ICML 2003)

Marginalized Kernels

 Assume hidden variables h ( ex> walk of a graph ) and make use of the
probability distribution of visible variables x, x’ ( structured data ex>
Graph) and hidden variables

Marginalized Kernels: Expectation of the joint kernel over all possible

values of h and h’
posterior probability

—
K@x)= ) > K,z 2)phlxphix)
h hr

\

posterior probability p(h|x) can be interpreted as a feature extractor
that extracts informative features for classification from x

Joint kernel & z = [x;h]



GRAPH KERNELS TERMINOLOGY

e AgraphG=(V,E, ),
e V isthe set of vertices,

e E c (V XV)isthe set of undirected edges (Changed to directed for
random walk), and

e [: V,E - X isafunction that assigns labels from an alphabet X to
nodes in the graph.

Changing undirected graph to directed graph

 ’s’and ’d’ denote single and
double bonds, respectively.

 Kernel assumes a directed
graph, undirected edges are
replaced by directed edges




FIRST ORDER MARKOV RANDOM WALKS ON GRAPHS

Hidden variable: Random Walks on Graphs K(z,a') =% "% K.(z,z')p(h|lz)p(h’|z').

h R

* Hidden variable h = (h4, ..., h;) associated with graph G is a sequence of

natural numbers from 1 to |G|. G| : number of vertices

* his generated by a random walk uniform distribution can be used for
uninformative prior

1-st step) hy is sampled from the prior probability distribution p,(h).

i-th step) h; sampled subject to the transition probability p;(h;|h;_1)
and with walk termination probability p,(h;—4):
Lz
Z_J:n__r{j i) + pglt) = 1.
i=1
» Posterior probability for the walk A . p(h/G)
¢

p(h|G) = ps(h1) Hpt(h-i|hi—1)pq{hf}-, where 1 is the length of A
i—=2

e traversed labels are listed: Vh1€h1hoVhoEhohqUhy = = °



DEFINE JOINT KERNEL

Define vertex kernel & edge kernel

Assume that two kernel functions are
readily defined:

* K(v; V') : Kernel between vertex labels
* K(e; €’): Kernel between edge labels,

Constrain both kernels to be nonnegative
K, v')>0; K(e; ') =0

K(z,z") = E Z K_(z,z"\p(h|z)p(h'|z").
h R

Example of the vertex label kernels

Dirac kernel: For Discrete labels
K(v,v") =é8(v=1"),
Gaussian kernel: For Real value labels

K(v,v")=exp(— || v—2"]||* /207)

Joint Kernel
0 (£#0)
K.(z,2') =4 K(h;, Ups ) Hfzz K(eh,_ih,; €hr  h1) X
K(vp,,vp,) (£=1)

where z = (G. h).



COMPUTING JOINT KERNEL

K(G,G")
o0 £
=>_2_ > _ps(h) [ pr(hilhio1)pq(Pa) x Where n = Yhiq - Sy
=1 h R i=2
‘ .
Y PPNy Fpp The straightforward
Ps(h1) Hp*{hﬂhj‘l}p‘?(hf} 8 enumeration is impossible,
because [ spans
K('Uhu'l‘r’h'i} H K(Eh.‘:—lhk:ELL_l,hi )K(t‘hk!t"’h'k): from 1 to Inflmty'
k=2
4 ! . L ¥ B EE 2
K(G,G") = hZ}; S(hlghl}Lll_}mx;rf(hlghl} s(hi, ) = pe(ha)pl(RY)K (vh,, vhy)
1,79 =
— Z S(h'].: {J.}Lh_}mleL{hl,h{l}* t{hi:h; i—11 }11 1:] = pt(h |hi 1 pt(h |h'1 1:] X
hhy K (vh,, v ) K (€h, 1he»€hs_ hr)
'rﬁ{hlghi} _ , o i 1—1""1
q(he, lrg) = pq(he)pg(hy)
= | 2 tlha gy hu ) | D t(hay b Bo)x |y ) = q(ha, ).
ha.hi, hs kY, .
' ’ ’ RL{hlhi) = f‘f(h.]_, {l)
( (Z t(hfsh‘Eshf—lshE—l}Q{hf:hf})) ) . fzzzl

he k!



COMPUTIN

G JOINT KERN

Restate this problem in recursive form

Tf(hl 7 hi)

Z fj(hg,h;., h‘l'.v h’;_)
o, ki

ri(hi, ) = q(h, )
L
RL(hlﬁhi) ::Z 'rf(hla h';.)
=1

Z t(hﬂ! h;1 h‘ﬂ! hrﬂ)x
hg.hy

he,hl

ri(he, By) = (3,4, by, B (i, ).

i,J

T
+ Z rk(hlvh;)

= r1(h, h1)+ZZt (i, j, b1, b

k=2 i3

= j'ﬂl(h'la h'fl) +Z t(i:jv hlvh;)RL—l(i!j)' (

P,

RL(hlv h;l) - 'rl(h'lz h'rl)

1)rk—1(1, j)

e

Equilibrium equation:
R (h.]_ h!) —?"1 hl

L<
)+Z T-_j‘h.]_

R (i,7)




COMPUTING JOINT KERNEL CONT.

computation of the marginalized kernel finally comes down to

iteratively solving for -

Rp(hy, By) = ri(hy, By) + > ri(ha, hY) ri(hy, By) =) 13,4, by, Bk (3, 5).
k=2 t,J
T
= ri(he, hh) + ) Y t(i, 4 ha h)re-a (i, 5)
k=2 i.j
=ry(hy, hy) + > t(6, 5, he, By RL_1 (3, ). (
i, ]
until convergence starting from Proof of convergence in
, , , Section 3.4 of Kashima et al.,
Ry(hq,hy) = ri(ha, hy) = q(hy, h) 2003
q(he, hy) = pglhe)pg(hp)
and substituting the solutions into
L
K(GG) = > s(h1, ) lim > re(hahy) o s(hahy) = pa(ha)pl (R K (vhy, vy )
hi.h) T =1

= Z S{.FI.]_.IFI-1) 11111 RL{hl'.h].}:-
hi__h“l Li—oc



EXTENSION TO MARGINALIZED GRAPH KERNEL

(Mahé et al. ICML 2004)
Model: Marginalized Graph Kernel with Dirac joint kernel

Approaches:

1) size of product graph affects runtime of kernel computation
 The more node labels, the smaller the product graph

* Trick: Introduce new artificial node labels

lterative Label Enrichment:
Morgan Index (1965)

2
Focusing on non-tottering walks is a way to get closer to the path kernel

Reduce Tottering effect by
Using 2nd Order Markov Random Walk instead of 1st order




SIMPLIFIED MARGINALIZED GRAPH KERNEL

K: Marginalized graph kernel 0 (£ £ )
|  Eu(z,2) =4 Kon o) Lo K(en ey p)x
K(z,a') =) Y K.(z,z")p(h|e)p(h'[z"). K (vn,, v},) (£=10)

h R
where z = (G, h).

Simplified by
1) not using edge kernel-defined
2).Using Dirac vertex-kernel

KGG6Y= ) pRIG WICKAMW), I(RY)

(h,h")ev*xv'
K, : Dirac kernel between labeled sequence plvr...vg) = ps(vr) ]_—_[Pf{’*’f'-ih'f'-i—ﬂ-
kary={t =l Pa(0) = Do) (0)
0 otherwise —pa (v
pilulv) = S OR Lp (1] 0) py (1),



SIMPLIFIED MARGINALIZED GRAPH KERNEL IN MATRIX
FORMAT

two labeled graphs Gy = (V1. By ) and Gs = (V5. Es)

Tensor product graph id defined as labeled graph G, = (V,,E,) with V,, € V; X
IV, are pairs of vertices with identical labels
(v1,v2) €V, iff U(v1) = U(vy)
and edges connecting the vertices
(uy, uz)and(vy, vo) if f (uy, v;) € Ep, for i =1,2,...1

[ ap by apbye - ap 519 """ by aibip - a, 519 ]
L a aiibay  aAybye oo ap 52q """ Ainbyy  Qinbos -+ aiy qu
] L a‘llb'pl 11 b_'pZ SRR (551 bpq """ fi1n bpl ﬂ-mbpz s fp bpq
o X o o = a AwB=
| | B ] .
{ | Gmibi1 @Gmibiz 0 @by - oo mnb11 CGgnbiz - Gnbig
i_. [ a amibar  Gpibay - Gy 529 """ Amnb2t  Cnboo -+ gy 529
;.:I L _aml bpl 1 bp? e g bpq """ Qmn bpl Qnn bp? Tt g bpq_
G H tensor product of agency matrix G X H

Fig: http://en.wikipedia.org/wiki/Tensor _product of graphs



http://en.wikipedia.org/wiki/Tensor_product_of_graphs

SIMPLIFIED MARGINALIZED GRAPH KERNEL IN MATRIX FORMAT

A function 7 on the set of walks(paths) H(G,)

with
1) 2)
To(ui ) = ps (u1)ps (u2),

(w01 ), va) oo (g, vp)
N (D) (20
me (v, ve) [(uy, ua)) = py (g |ug )py™ (w2 usz)

T
= s (uy.v) H e (g, v )| (w1, viq ) {
i
P2

T
ayby  apbp oo an blq """ a1byy @by - A, blq
L a11boy  @y1byo 11 b‘?q """ A1nbor  @inboy -+ aip b‘?q
L 11 E?p1 11 5p2 T gy 5pg """ Iin 53;1 tin bp? S Y5 T bpg
| II . . . . -
[ : :
I . AB=
. A &= e : :
[ ] o : : : : : :
[ Amibiy @bz - @by oo - Amnb11 Qb2 -+ G big
i. ,I m1 b‘?l Tl b‘?‘? Tt gy b‘?q """ Qrn I!}21 amﬂ.bZ‘Z Tt fgn b?q
Vol . . . . . .
I . . . . . .
o] _a"ml bpl n1 bp‘z T g bpq """ Qmn Ib1:#1 Qmn bp‘z Omn bpq




SIMPLIFIED MARGINALIZED GRAPH KERNEL IN MATRIX FORMAT
CONT.

K(Gll GZ)

= p1(h1|G1)p2(h2|G1)K, (I(hy), [(hy))

(hl,hz)EVl*XVZ*

I{{{:—;lf{jﬂj — Z ’Fl_l.rhj ) S
heH(G) K(Gy,G2) =) > wlh
n—=1 \he H(G},|h|=n
=m, (I-T0,) "1.

Y w(h)=a/T,

he HiG) | h|-—n



LABEL ENRICHMENT WITH MORGAN INDEX (1965)

Problems:

 The computation of graph kernels is time-consuming.

 Need to increase the relevance of the features used to compare
graphs.

Expected outcome:

 The computation of graph kernels is time-consuming.

e Need to increase the relevance of the features used to compare
graphs.



LABEL ENRICHMENT WITH MORGAN INDEX CONT.

Enrichment with vertex connectivity properties
— extended connectivity descriptor :

Algorithm :
o Mo(v)=1, Vv

s @ My(v) =D neig(oy Me-1(u)

N! N N e = New label :
o S 3 3
I[}.-"-’ ‘\\Q‘(]| |'::]..r"'f Q\H‘\()I {-l},f/‘ \::\\“'{} Ir-l: II: - II1I 11 Ns -"|I Jlr:_ (1)

Original Ciraph IST ITERATION TN ITERATION



M,,: vector of labels in graph
Given adjacency matrix A and setting M, = 1
My = A+ DM,

2
1 I 2 2 4 4
1 I 2 2 4 4
2
- -

| 5t iteration 2nd iteration

2 1
, | 4
— Family of kernels K, : {decreased kernel complexity (O(|G1 x G2|7))

(potential) increased kernel expressivity



PREVENTING TOTTERING

Tottering

A tottering walk isa walk w = v, ...v, withv; = v; + 2 for some i.

A walk can visit the same cycle of nodes all over again
Kernel measures similarity in terms of common walks

Hence a small structural similarity can cause a huge kernel value

Focusing on non-tottering walks is a way to get closer to the path
kernel (e.g., equivalent on trees).

— —. .
_\A_’) {A/_ .—C)—. Non-tottering

Tottering o 0 @
E’ ': ® @ Tottering

G G*



PREVENTING TOTTERING CONT.,

e Tottering path : h= (vy,...,vn), i : 012 = v;.
V2

/ @ Path: h h= (vl —> v2—>v3)
‘/) \ y == |_..1|:|1}=C—t:—c<:
© ©

h=({vl —= v2—=vl1)

vl V3

= preventing totters < filtering blue path.



PREVENTING TOTTERING CONT.

e Motivation:

Length 1 Length 2
C/ i "“*ur N/ w”

'F'U-I-

Every path of G5 can be matched to a tottering
path of (&1

= Compounds are considered as identical



PREVENTING TOTTERING CONT.

¢ Motivation:

y F“\. F’““._@

c - \C&J
_ Only “real” chemical path are matched
Length 1 Length 2, no tottering
™
C/\'&_/\ \%?_) = Compounds are now seen as different
'F"k_\__f"‘l

e Solution : increase the order of the random walk model :
= pa(h) = ps(vy)pe(va|vy) nllgpt(“ih’i—mvi—l)



2P ORDER MARKOV RANDOM WALK

c(h)

o

= ps(v1)pe(va

V1) ]_[:1:3 pe(vilvi_a,vi_1)

8

The function is stil
first order Markov

ps(v) = po(v) ;uq (),
| (v)
pi(ulv) = pul ,II Palulv)p, (u),
" (o)
h.'fa’:'(’f-'|’”f’a v) = Ipif; Do (u|w, v)p,(u).

| a valid kernel but the implementation described for the
random walk cannot be directly used anymore.

=> Instead of explicitly working with 2"d Order Markov Random walk,

transform the origi
information.

nal graph G to G' such that G’ contains the look ahead



GRAPH TRANSFORMATION CONT,

Transformation

e V' =VUE

e F'={(v,(v,t)) |lveV,(v,t) € E}

* Don’t confuse G’ used in the
last notation for compared Graph

- G=(V.E,l) = G = (V',E".l') where :

Uil(w,v), (v.1) | (u,v), (v.t) € E,u#t]

I{“-
O 3 @
/ 1 p
H—C/ ...... > - @{/;
\\\ CE W ij
Cl eb [ y4)
.




Transformation : G = (V,E,l) = G'= (V', E",l') where :
e V' =VUEFE

e ' = {(v,(v,t)) v eV, (vt) e E}
J{((u,v), (v, t)) | (u,v), (v, t) € E,u+# t}

F
/ 8] 3 v3 a
1
H—C < ...... > @q—";_f‘; 3 ’fi — @___@ @_.@
> »
Cl 6 (W ) N
b @

G=(V.E] ~—



Transformation : G = (V. E,l) = G' = (V',E",l') where :
e VI =VUF

o E'={(v,(v,t)) v €V, (v,t) € E}
U {((u,v), (v, t)) | (u,v), (v, t) € E,u#t}

H—C< ...... @...—"_@/ — @"‘@ @—:@

‘Ir CS Ly o
Cl @.—@l
- )

G=(VEI N~



Original Graph

I 0
H—C
Cl
vd
T gl r—afi
AN .
vl = a] VI ——— | @2
< » ’
el e
™~

Transformed Graph

Corresponding directed graph G = (V,E,|)

Labels in the transformed graph



MODIFIED KERNEL COMPUTATION CONT.

Hy(G) = {Non tottering paths of G}

e Consider : ,
H,(G") = {Paths of G’ starting from a node v € V' }

e Theorem: p’ factorizes as

T
p'(h) = P (o)) | | h(wilvl_y)
i=2

p(v') = ps(v')

I, 'Pt{HI'U’} if v eV and v’ = (t}’,u) = )
py(u'|v') = _ e ;o
Pt{H|U,’[L] if v/ = ('L-_. 'U'J]l and u' = (ﬂ;!u} c FE

e Corollary :

- graph transformation

. = tottering paths removed
- original graph kernel



MODIFIED KERNEL COMPUTATION

Hy(G) = {Non tottering paths of G}

e Consider : ,
H,(G") = {Paths of G’ starting from a node v € V' }

e The mapping [ : Hy(G) — H;(G’) defined by

1

)
v; = (vi_1,v;)

!
b= (v1, ..., v) = k' = (v], ..., v".) such that {”;
establishes a bijection between Hy(G) and H{(G')

e Let p’ be the image of ps by f:

vh € Hi(G'), p'(K):=pe(f~HR))



REVIEW BUJECTION

http://en.wikipedia.org/wiki/Bijection

» Bijection (or bijective function or one-to-one correspondence) is a function
giving an exact pairing of the elements of two sets.

» Bijective function f: X — Y'is a one to one and onto mapping of a set X to a
set Y.

oo )N

—
:nﬁ:‘:’:lﬁ)#d

A bijection composed of an injection (left)
and a surjection (right).


http://en.wikipedia.org/wiki/Bijection

Theorem 1. f is a Bijective function between H,(G) and H;(G’), and for any
path h € Hy(G) we have

f:1Ho(G) - Hy(G)

{l(hIG) =U'(f(MW|G)
p(h|G) = p'(f(W]G)

Corollary 1. For any two graphs G; and G,, the marginalized graph kernel
can be expressed in terms of the transfromed graphs G'; and G’, by:

KGLG)= ) plhdpshp) KB hDL(H)
CEAECAREA)
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