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MODEL SELECTION OUTLINE

Selecting number of components

1. Selecting best model among ones that use different number of components
For k1 ... kG

Computer score of the model that use kg components
End for

Use the best one or use weighted combination.

2. Learn in the model

Indirectly model the number of components



CRITERIA FOR CHOOSING THE NUMBER OF MIXTURE
COMPONENTS

Consider univariate Gaussian mixture model with G

components o

p(usl, o X) = D Mg f (Wil ptg. 77).
g=1

Maximum a postriori (MAP) estimate of G

Bayesian information criteria (BIC) estimate of G
-> High data count, less complexity

Deviance information criterion (DIC) estimate of G
|ICL estimate of G

Akaike information criterion (AIC) estimate of G
-> Low data count, strives for less complexity



MAXIMUM A POSTERIORI (MAP) ESTIMATE OF G

a point estimate of an unobserved quantity on the basis of empirical data

-> Estimate an unobserved population parameter #on the basis of observations z.

Maximum Likelihood Maximum a Posteriori
Prior
f(z]0)@g(6)
0 — f(0|z)=
0 — f(x|6) Ol f Fz|v) g(?) dv
e

() = e fz19) - f(z|8) g(0)
Onap(r) = arg max |
[ ety gan

v

= argmax f(z[0) g(6).



COMPUTING MAP ESTIMATES

When conjugate priors are used, MAP can be computed
analytically
mode(s) of the posterior distribution can be given in closed form.

Via numerical optimization methods
Ex> conjugate gradient method; Newton's method.

Usually requires first or second derivatives, which have to be evaluated
analytically or numerically.

Via a modification of an expectation-maximization algorithm.
This does not require derivatives of the posterior density.

Via a Monte Carlo method using simulated annealing



MODEL SELECTION: AKAIKE INFORMATION CRITERION (AIC)

A measure of the relative goodness of fit of a statistical model

Offering a relative measure of the information lost when a given model
IS used to describe real distribution

Tradeoff between bias (accuracy ) and variance (complexity) in model
construction,
Best known (but not the best performing) of the information
criteria used for determining the number of components

d: number of free
/ parameters in the mixture

AIC(G) = —2Inp(y|£,G) H2d |

The penalty term
is larger in BIC
than in AIC.

p: maximized value of the likelihood
function for the estimated model

Assumes a Gaussian prior for each of the u; with

prior mean Ej and prior variance ajzrj.



MODEL SELECTION: AIC CONT.

Justification:

Choosing the minimum value of the AIC asymptotically minimizes the
mean K-L divergence for discrimination between the proposed
distribution (q) and the true distribution (p),

Reality:
Overestimates the number of components for mixtures,

Most likely due to violations of the “regularity conditions” required for the
approximation to hold

The estimate is only valid asymptotically;
If the number of data points is small, then some correction is often necessary
How to apply AIC in practice
Start with a set of candidate models
Find corresponding AIC values

Find relative probability that the ith model minimizes the (estimated)
information loss by computing (AIC_ . is the min AIC value calculated)

min

exp((AlC,;,—AIC)/2)



MODEL SELECTION: BAYESIAN INFORMATION CRITERION (BIC)

BIC is a criterion for model selection among a finite set of
models

d: number of free
/ parameters in the mixture

BIC(G) = —2p(yl%,G) +d In(n) ) mepenatyam

is larger in BIC
than in AIC.

BIC is consistent for choosing the number of components in a
mixture model

Schwarz, G. (1978). Estimating the dimension of a model. The
Annals of Statistics 6, 461-464



MODEL SELECTION: DEVIANCE INFORMATION CRITERION

Number of effective model parameters is used for likelihood
penalization criterion
Unlike the actual number of free parameters in the model as in AlC

DIC(G) = —2Inp(y|T,G) + 2py

Pa = Eqriy) (Inp(y[1)) — Inp(y|©)
T

.1 .

Pa = TZ(lnp(ylrt)) — Inp(y|?)
t=1

To estimate 7, find the largest posterior mode: 7



INFORMATION CRITERION BASED OF COMPLETE DATA
LIKELIHOOD: ICL

Information criterion based on the complete data
likelihood

p(y,26) = j (. 27, §)p(r)dr > Lo

o
p(ylz, G)p(z|G) = jp(ylz,r, G)p(z|G, T)p(r)dt é}‘éu (1
| {
Approximate &
Inp(ylz,G) = In(p(ylz,1,G))) —d/2In(2)

ICL = -2« log(p(y|Z,7".G))) + G {g —1) #log(n) — 2+ K(2')

K(z) = [p(z|A, G)p(A|G)



ILLUSTRATION: VARIATIONAL MIXTURE OF GAUSSIANS

conditional distribution of Z, given the mixing
coefficients 7

N K - [ ) A
p(Zlm) = [ ][] =i O_
n=1 k=1
conditional distribution of the observed "
data vectors, given the latent variables and the
component parameters

N K
E:’{X|Z,‘_¢. ﬁj' — H H..-""u'r {:Kn ﬂk.ﬂgljsrlk

n=1 k=1 Directed acyclic graph representing

the Bayesian mixture of Gaussians

where pu = {p;} and A ={A}. model, in which the box (plate)
denotes a set of N i.i.d. observations.
where u = {u,} and A ={A;].



INTRODUCE CONJUGATE PRIOR DISTRIBUTION

Dirichlet distribution over the mixing coefficients 7 Dirichlet distribution

. Yy — o —1
normalization constant forthe /(%1 --» a1 an) = gro EI
Dirichlet distribution 1%, T(ew)

. B — a=1 _ — o
(@) I(>F, )’ a=(a,..., oK)

K
p(m) = Dir(m|ap) = Clan) H o
k=1

a Effective prior number of observations associated

with each component of the mixture.

a0 is small, then the posterior distribution will be
influenced primarily by the data rather than by
the prior

independent Gaussian-Wishart prior governing the mean and precision A of each
Gaussian component

plp,A) = plp|A)p(A)

K
— H _.-"'l.-"d (-u'ﬁ. |111.:;.. |:.l'j[] ."1,[;}_1'} 1"1"[4'1}. |13‘"TEJ~ ”[]}
k=1



VARIATIONAL DISTRIBUTION

e Joint distribution of all of the random variables
p(X.Z,m, pu, A) = p(X|Z, p. A p(Z|m)p(m)p( | A)p(A)
e Variational distribution which assumed to factorizes between the latent
variables and the parameters
'?{Z~ Ty, A-:I —\4q! Z :.T{'JT, e ﬁ:'
e Derivation of the update equation for the factor g(Z)
Ing*(Z) =E; ya[Inp(X, Z, 7, e, A)] + const.

= Ex[In ;J{Zhr]] + Epallnp(X|Z, g, A)] + const.

s
=

1 D
— Znk In Pni + const Inpne = E[llnme]+ §E In|Ag|] — 3 In(27)
same functional formJ n=1 k=1 _%]Eﬁk:ﬁk [(n — 1) Ak (3 — pas)]
as the prior p(Z| m)
N K
ijt}‘ - LY L) -
= 11117 e responsibilities

1k=1 ZPn:

Ti



define three statistics of the observed data set evaluated with respect to the
responsibilities

N
—H'"L — E Tk
n=1
N
. 1
X = _E FnkXn
_'nﬁrlil_-
n=1
N
| 1 L .
E’R — N E Trnk\ Xn }{FL]“:KH }{FL]'
4 lEl_-



a(Z, 7,1, A) = a(Zfg(m. 1. )

Ing*(m,pu, A) = Inp(w —|—Zlnp pt. Ay) + Egz [Inp(Z|m)]

k=1

+ ZZE[E“‘“] In N (% |pep, AL ') + const.

k=1 n=1

q(m p, A) = Hq s M)

=1

q" (w) = Dir(m|ax)

q (g Ag) =N (pmy, (BeAx) ™) WAL Wi, 1)



UPDATE RULE:

Update equations are analogous to the M-step equations of the EM

N
N, = Tk
4" () = Dir(ar|a) i
B |
XL = mz_:lf‘nkx
. N
ﬁk - f...t[]. + J.nllflk. S; = %Zrnk(xn — Xk )(%n _ik:'—[-
0 (. Ar) =N (pg/mp, (BeAr) ") WAL Wi, 1)
"::EF., = .'ﬁc. + 1"|'|rrli;
1 —
mig = B (Bomg + NiXk)
Mk
Wr_l = wl__l + P"rrk Sk + —-'Ij[}ﬂ'r.f.: (ijb — l'ﬂ[}:l{i},: — l'ﬂ[].]T
k v ,-':]J[]. + I"'lr' I

v = g+ Np.



In order to perform this variational M step,
expectations E[z,...] = r,. representing the responsibilities is needed.

U . D
) .. In pk @ —E [In |[Ax|)] — = In(27)

obtained by normalizing the p, A 2
EH'-L_.."LJ_. ['::'-"‘:.'.' — M ].[-ii.'_.-'::xr.g — )

/
IEH #Ag [ An — ,u,k]TA AHn — Iu’.i;:}]

— 1'3;;1 + Vg (Xn — mk]ka{xn — my)
D

- e+ 1—14
InAr=E[n|A] = Zﬂ-‘( i 5 )+D1nz+1n|wk|

i=1

U i =Em] = v(aw)—v(@)

. D : .
rak o< T AL % exp { 2 (o — ) TWk 3¢, — mk)} |

268, 2



VARIATIONAL EQUIVALENT EM STEPS

E-like step: use the current distributions over the model parameters to evaluate the
moments in

Thus evaluate E[z,,] = Tk

E;.[k.ﬂ.k [{Xﬁ - P:',EL-}TAL'I:XH — l‘-’:'.i.jl]

= DB+ vp(x, — my, ) T Wi (x, — my) Vi = ) rmk
n=1
D . .
. . S+ 1—1 _ o
InAy =E[In|Ag|] = E v (RT) + DIn2 + In|Wy| R = \L ¥ vz,

i=1 i n=1
_— - - | T N e
nFe=Efnm] = lox) - (@) = SRR

Ny &

M-like step: keep these responsibilities fixed-and use them to re-compute the
variational distribution over the parameters.using

ap = ag + N

K

JIR = _.':jl(:. + N k
k=1 1 o
I!]I'I{Tl':l — DiI‘I:TI.' e mr = Ei\xi[]nlq—_-'\';;x;,-]
o BoN
* fa —1 T r—1 r—1 AT O HolVE — — T
g (P A) =N (pepmy, (BeAk) 7)) WAR[Wi, ) W = Wo +NSe+ B - IV, my ) (Xx — my)
v, = o+ Ni.

In each case, we see that the variational posterior distribution has the same functional form as the
corresponding factor in the joint distribution

p(X.Z, 7, pu, A) = p(X|Z, o, A)p(Zim)p(7)p(pe| A)p(A)
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Variational Bayesian
mixture of K = 6 Gaussians
applied to the Old Faithful
data set.

Components whose
expected mixing coefficient
are numerically
indistinguishable from zero
are not plotted.



Components that take essentially no responsibility for explaining the data
points have r,,, = 0 and hence N,, = 0.

So a;, = ay and other parameters revert to their prior values.

Variational Gaussian mixture model :
Expected values of the mixing coefficients in
the posterior distribution are

. . oar+ Ng
_*‘.[E.L- =

' Ka o+ N

e = 0and N, = 0.

If &y — 0, then E[m,] — 0and the component plays no role in the model,



A BAYESIAN METHOD OF MIODEL SELECTION CRITERIA FOR
GAUSSIAN MIXTURE MODELS

Finding the number of components
Modeling the parameters

1. Use the lower bound
as the model selection

P(D.u,T,sm)= P(D|u. T, 8)Pls|m)Plu)P(T). |score.

n

N
N M C—" i = lz Pin.
P(D|p,T,s) = [] TIN (znlps. T5)". 5( N
n=1i=1 \_ B Pin

M N .
P{HHJ=HHT}'?’”_ T . Tl i i

L4 = (In|T})/2 + In,

i—1 n=1 TN R p exp({ !

M I\_ S/ __/'I O —%Tl'{ {TL}{K:.KI - {#i.ﬁ-'-'{&.

P(u) = [] N Gul0, 1) ‘~ / 1)+ ()

i—=1

M ) 2. remove components
P(T) = H WIT: . V') W : Wishart distribution with very small mixing

=l coefficients

A. Corduneanu and C. Bishop. Variational Bayesian Model Selection for Mixture Distributions 2001
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