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Coefficient Representation of Polynomials

g + a;x + ax? + -+ a,_{x"1
A(x) is a polynomial of degree bound n represented as a vector
a = (ag, a4, ,a,_1) of coefficients.

The degree of A(x) is k provided it is the largest integer such that
a; is nonzero. Clearly, 0 < k <n — 1.

Evaluating A(x) at a given point:
Takes ®(n) time using Horner’s rule:

A(xy) = ag + a;xg + ay(xg)* + -+ ap_1(x)" !

= Ay + X0 (a1 + xO(az + -+ xO(an—Z + xo(an—l)) ))



Coefficient Representation of Polynomials

Adding Two Polynomials:
Adding two polynomials of degree bound n takes ®(n) time.

C(x) =A(x) + B(x)

n—1 n-1
where, A(x) = z ajx) and B(x) = Z bix/.
j=0 j=0
n-—1

Then c(x) = z cix), where, ¢;=a;+b; for 0<j<n-1.
j=0



Coefficient Representation of Polynomials

Multiplying Two Polynomials:

The product of two polynomials of degree bound n is another
polynomial of degree bound 2n — 1.

C(x) = A(x)B(x)

n-—1 n-—1
where, A(x) = z ajxj and B(x) = Z bjxj.
=0 j=0
2n-2 ]
Then c(x) = Z cixj where, ¢ = Zakbj_k for o<j<2n-2.
j=0 k=0

The coefficient vector ¢ = (cy, ¢1,***,C21—2), denoted by c = a ® b,
is also called the convolution of vectors a = (ay, a4, -+, a,_1) and

b= (bO) bl) Y bn—l)-

Clearly, straightforward evaluation of ¢ takes ®(n?) time.



Convolution

a,x

asx




Convolution

ao + a;x a,x asx
b3x bzx blx + bO
agbix | +| a1bpx




Convolution

Ay ax a,x asx
b3x bzxz blx bo
aobzxz alblxz azboxz




Convolution

ag + | ax a,x? asx3
b3x3 + bzxz blx bO
aghsx3 | + | a;byx3 a,byx3 asbyx3




Convolution

a1b3x4 + a2b2x4 + a3b1x4




Convolution

ao + a;x a,x asx
b3x3 bzxz blx bO
a2b3x5 a3b2x5




Convolution

a,x




Coefficient Representation of Polynomials
Multiplying Two Polynomials:

We can use Karatsuba’s algorithm (assume n to be a power of 2):

n—1 %—1 %—1
. . n . n
Alx) = Z ajx’ = z ajx’ + x2 Z agﬂ.xf = A;(x) + x24,(x)
j=0 j=0 =0 °
L L

Then ¢(x) = A(x)B(x)
= A;(x)B1(x) + x2[A;(x)B(x) + A;(x)B1(x)] + x™ A5 (x)B; (x)

But A4;(x)B,(x) + A;(x)B;(x)
= [A;(x) +A4; (X)][B1(x) +B, (x)] — A1 (x)B1(x) — Ay (x)B,(x)

3 recursive multiplications of polynomials of degree bound %

Similar recurrence as in Karatsuba’s integer multiplication

algorithm leading to a complexity of O(n!°82 3) = O(n159).



Point-Value Representation of Polynomials

A point-value representation of a polynomial A(x) is a set of n point-

value pairs {(xg, ¥o), (X1, V1), ..., (X,—1, Yn—1)} such that all x;, are
distinctand y, = A(xy) for0 <k <n-—1.

A polynomial has many point-value representations.

Adding Two Polynomials:
Suppose we have point-value representations of two polynomials
of degree bound n using the same set of n points.

A:{(x0,¥0), (x1, Y1), o) (Xn_1, Yn—1)}
B:{(x0,¥8), (x1,¥2), oo, (-1, ¥5-1)}
If C(x) =A()+B(x) then
C:{(x0, ¥ +¥8), (xr, ¥ + ¥2), o, (ner, Yoy + ¥h-1))

Thus polynomial addition takes ®(n) time.



Point-Value Representation of Polynomials

Multiplying Two Polynomials:
Suppose we have extended (why?) point-value representations of
two polynomials of degree bound n using the same set of 2n points.

A: {(x0,y6), (e, ¥1)5 s (X2n—1, Yan-1)3
B:{(x0,¥8), (%1, ¥1), -, (X2n—1,¥5n—1)}
If C(x) = A(x)B(x) then
C:{(x0, y&y2), (21, YEY?), o) (Xt Yoro1¥E0—1))

Thus polynomial multiplication also takes only ®(n) time!
( compare this with the ®(n?) time needed in the coefficient form )



Faster Polynomial Multiplication?

(in Coefficient Form )

Alx) =ag+ayx + -+ ay_qx™1
B(x) =bg+ byx+ -+ b,_qx"1

evaluation
Time?

I A
A(xg), B(xo)
A(x1)».B(x1)

A(xZn—l)r.B(xZn—l)

ordinary
multiplication
————— C(x) =co+cyx+ -+ Cyppqx?™ 1
Time @(n?) y
C
Q0
|
ol €
==
Q
=
pointwise
multiplication
Time ©®(n)




Faster Polynomial Multiplication?
(in Coefficient Form )

Coefficient Representation = Point-Value Representation:
We select any set of n distinct points {xy, x4, ..., X,—1}, and
evaluate A(x;,) for0 < k <n-—1.

Using Horner’s rule this approach takes ®(n?) time.

Point-Value Representation = Coefficient Representation:
We can interpolate using Lagrange’s formula:

A(x) = z Hjik(x

]ik( k

This again takes ®(n?) time.

In both cases we need to do much better!



Coefficient Form = Point-Value Form

A polynomial of degree bound n: A(x) = ag + a;x + -+ + a,_x™ 1
A set of n distinct points: {xo,x1, ..., xp—1}

Compute point-value form: {(xo, 4(xo)), (x1, ACGe1)), ov) (xn_1, AGtn_1))}

Using matrix notation: [ A(xo) T [1  xo  (x0)® - (x)™ " 1 %o 7
A(xq) 1 x4 (x)2 - ()™ a,
A(Xp—1)] 1 xp-q (xn—l)z (xn—l)n_l_ Hn—1.

We want to choose the set of points in a way that simplifies the
multiplication.

In the rest of the lecture on this topic we will assume:

n is a power of 2.




Coefficient Form = Point-Value Form

Let’s choose xp, /24 = —x; for 0 < j <n/2 — 1.Then
A(xg) 1 |1 Xo (x0)* (xo)™ 1
A(xl) 1 X1 (xl)z coe (xl)n_l i ZO ]
: . 1
2 —1 .
A(xn/Z—l) 1 Xn/2-1 (xn/2—1) (xn/2—1)n .
A(xn/2+0) 1 —Xp (—x0)? (—xo)™ 1
A(xn/2+1) 1 —X1 (—x1)* (—x)" .
. . . . , * 1 an—l
ACtn/zemz-0)]l |1 —xpoe1 (=%nj2-1)” = (%njae1)”
k }
(xj) , if k = even,

k
< jT < — 1. n/2+j) —
Observe thatfor 0 < j < n/2 — 1: (xn/2+)) {_(xj)k, if k = odd.

Thus we have just split the original n X n matrix into two almost

similar > X 1n matrices!



Coefficient Form = Point-Value Form

How and how much do we save?

n—-1 n/2-1 n/2-1
Alx) = Z a;xt = Z ayx?t + z Ay x 2ttt
=0 =0 [=0
n/2-1 n/2-1
_ 241 2N _ 2 2
= z az (x9)" +x z Az141(x%)" = Agpen(x®) + xApqq(x7),
1=0 [=0
n/2-1 n/2-1
where, Agpen(x) = z ayx' and A,qq(x) = z A1
=0 1=0
Observe thatfor0 <j <n/2 —1: A(%)) = Agven(x?) + xjA0qa(x?)

A(xn/2+j) = A(_xj) = Aeven(sz) — XjAoaa (sz)

So in order to evaluate A(xj) forall0 <j <n -1, we need:

n/2 evaluations of A, and n/2 evaluations of 4,44
n multiplications
n/?2 additions and n/2 subtractions

Thus we save about half the computation!



Coefficient Form = Point-Value Form

If we can recursively evaluate 4,,,., and 4,44 using the same
approach, we get the following recurrence relation for the running
time of the algorithm:

0(1), ifn=1,
T(n) = T (g) + ©(n), otherwise.

= ®(nlogn)
Our trick was to evaluate A at x ( positive ) and —x ( negative ).
But inputs to A,y and 4,44 are always of the form x# ( positive )!

How can we apply the same trick?



Coefficient Form = Point-Value Form

Let us consider the evaluation ofAeven(xj) for0<j<n/2-1:

[ Aeen(x0) 1 |1 (x0)? (x0)* x)™ % g Ao 7
Agpen(x1) 1 (xl)z (x1)4 (xl)n_z a,
. _ . . . cee . a4
2 4 -2
_Aeven(xn/z—l)_ _1 (xn/z_l) (xn/z_l) (xn/Z—l)n | | Ap—2]

In order to apply the same trick on 4,,.,, we must set:

(xnas;) = —(x;) for0<j<n/4—1



Coefficient Form = Point-Value Form

In Agpen, We set: x,,zl/4+] x for0 <j <n/4—1.Then
A (xo) . 1 x(z) (Xo)z (xo)i_l
even\Xo 2 2 ——1 _ .
Agven (X1) 1 *1 (X1 ) .. (xl ) ZO
. 2
n_ a
Aeven(xn/4—1) 1 x§/4_1 (xi/4—1) (xvgz/4—1)2 N
Aeven(xn/4+0) 1 _xg (— xo)z (— xo)__l .
Aeven(xn/4+1) n_ .
| e G o | P
n—
_Aeven(xn/4+(n/4—1))- n_,
1 _x121/4—1 (_x121/2—1) ( xn/4 1)2

This means setting Xy /44 = ixj, where i = v—1 (imaginary )!

This also allows us to apply the same trickon A,44.




Coefficient Form = Point-Value Form

We can apply the trick once if we set:

Xns2+j = —x;for0<j<n/2-1

We can apply the trick ( recursively ) 2 times if we also set:
(%nj224;) = —(x) foro<j<n/22—1

We can apply the trick ( recursively ) 3 times if we also set:

(xn/23+j)22 = —(xj)22 for0 <j<n/2°-1

We can apply the trick ( recursively ) k times if we also set:

2f=1 Sk . .
(%nky;)  =—(x)" foro<j<n/2k-1



Coefficient Form = Point-Value Form

Consider the t'" primitive root of unity:

27T

Wy =et = coszTn+ i sinzTn (i = \/—1)

Then
2 _ 2 _
22 22
Zk_l Zk—l

(xn/2k+j) = _(xf) = Xpyokyj = Wok * Xj



Coefficient Form = Point-Value Form

If n = 2% we would like to apply the trick k times recursively.

What values should we choose for {xg, x1, ..., X;;_1}?

Example: Forn = 23 we need to choose {xg, X1, ..., X~ }.

Choose:
k = 3:
k = 2:
k=1

X0

X1

= W)

= ]

= W

= W}

21 .
(stl
1
w3 Wg
4.( )‘1
g
7
w5 g
8 ¥
—7 6
i |wg

complex 8" roots of unity



Coefficient Form = Point-Value Form

For a polynomial of degree bound n = 2%, we need to apply the
trick recursively at most logn = k times.

We choose xy = 1=a),({andsetxj =a),]1for1 <j<n-—1

Then we compute the following product:

v 1 [ AD 1 1 1 1 1 r ag -
V1 A((Un) 1 Wn ((Un)z (wn)n 1 aq
Vo _ A(wrzl) _ 1 (1)721 (w%)z (wn)n 1 a,

Yn—1. A(a) Bl 11 ot (0F 1)2 o (P Hrtlan -4

The vector y = (yy, V1, ", ¥n—1) is called the discrete Fourier
transform ( DFT ) of (ag, aq, -+, an_1).

This method of computing DFT is called the fast Fourier transform
( FFT ) method.



Coefficient Form = Point-Value Form

Rec-FFT ( (ay, G4y ..., @,.1) ) {n=2kforinteger k >0}
1. if n=1 then
2 return ( ay)
3. @, <« exn
4., w1
5. y&ven « Rec-FFT ( (ay, Gy, <oy Q.5 ) )
6. vy« Rec-FFT ((aq, @3, ey Gy 1))
7. forj«<0ton/2-1do

8. yj «— yjeven + ijdd
9 . ¢ \y.even _ g y.odd
. yn/2+] yJ yJ
10. W— 0o,

11. returny

Running time:

e(1), ifn=1,
T(n) = T (g) + ®©(n), otherwise.

= ®(nlogn)



Faster Polynomial Multiplication?
(in Coefficient Form )

ordinary
AX) = ag + a;x + - + a,,_,x™"1 | multiplication _
BE %—b0+b1 _|_..._|_bn S el B C(x) = cy + C1X + -+ + Cppy_q 22071
X) 207 uX n-1% Time @(n?) 'y

forward FFT
Time ®(nlogn)
interpolation
Time?

I S
A(w$,), B(w,) pr!nryvlsg
A(wi,), B(wi,) multiplication

Time O(n)

Alwzn™ ), B(wi ™)

Next Lecture will Cover Interpolation



