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Akra-Bazzi Recurrences

Consider the following recurrence:

(9(1), if 1<x<x,,
K
T(x) =1 :
(%) Z a;T(b;x) + g(x), if x > xp;
\ =1
where,
1. k = 1isaninteger constant
2. a;>0isaconstantforl <i <k
3. b;€(0,1)isaconstantforl <i <k
4. x = 1lisareal number
5. xOZmaX{l, - }isaconstantforlSiSk
b; 1-b;
6. g(x)is anonnegative function that satisfies a

polynomial-growth condition ( to be specified soon )



Polynomial-Growth Condition

We say that g(x) satisfies the polynomial-growth condition if
there exist positive constants ¢; and ¢, such that forall x = 1,
forall1 <i < k,andforallu € |b;x, x],

c1g(x) < g(u) < c9(x),

where x, k, b; and g(x) are as defined in the previous slide.



The Akra-Bazzi Solution

Consider the recurrence given in the previous two slides under

the conditions specified there:

(e(1), if1<x<x,
k
T(x) =
(%) = - Z a;T(b;x) + g(x), if x> x,.
\ =1

Let p be the unique real number for which Zﬁ‘zl al-bl?9 = 1. Then

T(x) =0 (xp (1 + fxizglﬁ du))




Examples of Akra-Bazzi Recurrences
Example 1: T(x) = ZT( ) + 3T( ) + O(xlog x)

xulogu

Thenp = 1and T(x) = ( (1 + /. du)) = O(x log® x)

ExampIeZ:T(x)=2T()+ T( )"‘@( 2)

log x

Thenp =2andT(x) = ( (1 +17 uZ/logud’u)) =0 (loggi:)g x)

Example3:T(x) =T (g) + ®©(log x)

Thenp = 0and T(x) = (1 + fx logu ) = O(log* x)
Example 4: T (x) = %T (g) +0 (l)

Thenp =—1andT(x) = ©® ((1+f - )):@(logx)

X




A Helping Lemma

Lemma: If g(x) is a nonnegative function that satisfies the
polynomial-growth condition, then there exist positive constants c;
and c, suchthatforl1 <i < kandallx = 1,

c3g(x) < xP T 9w du < c,g(x)
34 = L UPFLT T 49\X)-
Proof: bix =u=x
1 - 1 - 1
:maX{(bix)p+1lxp+1} — up+1 — min{(bix)p+1’ xp+1}
xPe.alx x X g(u xPc,g(x x
max{(b;x)P+1,xP+1} ), pyxe WP min{(b;x)P**, xPT1} ]
(1—by)cy jx gu) (1 —b;)c,
x) < xP du < (x)
max{1, blpﬂ}g( ) pyx UPTH min{1, blpﬂ}g

X
=c39(x) < xpj P du < c,g(x)
X

i



Pariitioning the Domain of x

Let [y = [1,x0] and I; = [xo +j — 1,x¢ + j] forj = 1.

if x isl here

_______

____________________________________________

then b;x must be somewhere here

That allows us to use induction in the proof of:

(9(1), if1<x<x,
k
T = Z a;T(b;x) + g(x), if x> x,.

\ =1



Pariitioning the Domain of x

Let [y = [1,x0] and I; = [xo +j — 1,x¢ + j] forj = 1.

if x isl here

_______

____________________________________________

then b;x must be somewhere here
Proof:

= bi(xg+j—1) < bijx < b;(xg +j)
= bixg < bix < bixg+]

= 1<bx<xo+j—(1—>b;)xg
> 1<bx<xy+j—1



Derivation of the Akra-Bazzi Solution

Lower Bound: There exists a constant cc > 0 such that for all x > x,,

T(x) = cgxP (1 + fxizglﬁ du).

Proof: By induction on the interval /; containing x.

Base case (j = 0) follows since T(x) = ®(1) whenx € [, = [1, x].
k k
lxg( )
L a;cs(b;x)P <1 + L " > + g(x)

Induction: T(x)= ) a;T(b;x) + g(x) >
K
g(u ) *g(u)
= CSpoal-bip <1 +J1 up+1 Jbixup+1 du> + g(x)

9w a O\
> coxP 1+j up+1du——g(x) zaibi + g(x)
1 i=1
g

=cxP |1+ ol du |+ (1 —cucs)g(x) = csxP 1+ xg(u)du
5 | upt 4C5)9 = Cs | upt

(assuming cucs < 1)




Derivation of the Akra-Bazzi Solution

Upper Bound: There exists a constant ¢, > 0 such that for all x > x,,

T(x) < cgxP (1 + fxizglﬁ du).

Proof: Similar to the lower bound proof.




