Given a Polynomial of Degree Bound 8

Find 8 Distinct Points to Efficiently Evaluate it at

A(x) = ag + a;x + a,x? + azx3 + ayx* + asx® + agx® + a;x”

A(xo) ap  +  aixg + ax(x0)* + az(x0)® + as(x)* + as(x)® + as(x0)® + a;(x)’
A(xq) a  +  axy + ap(x)? + az(x)? + as(x)* + oas(x)® + ag(x)® + ay(x)’
A(x;) ap +  ax; + a(0)? + a3()® + ai()* + oas(x)® + as(x)® + ay(xy)’
A(x3) ap  +  aixz  + a(x3)% + az(x3)® + as(x3)* + as(x3)® + as(x3)® + ay(x3)’
Xy = —Xo A(xy) ap  +  axs + ap(x)? + az(x)® + as(x)* + as(x)® + as(x)® + ay(xs)’
X5 = —X1 A(xs) ap  +  axs  + a(x5)® + az(x5)® + as(xs)* + as(x5)® + as(x5)® + ay(xs)’
Xe = —X A(xg) ap  +  aixe  + a(x6)* + az(x6)® + as(xe)* + as(x6)® + as(x6)® + a;(xe)’
X7 = —X3 A(xy) ap +  ax; + a()? + az3(x,)® + as(x)* + as(x,)® + as(x,)® + a;(x;)’

STRATEGY: Set x4,; = —x;for0 <i < 4




Given a Polynomial of Degree Bound 8

Find 8 Distinct Points to Efficiently Evaluate it at

A(x) = ag + a;x + a,x? + azx3 + ayx* + asx® + agx® + a;x”

A(xo) ap  +  aixg + ax(x0)* + az(x0)® + as(x)* + as(x)® + as(x0)® + a;(x)’
A(xq) a  +  axy + ap(x)? + az(x)? + as(x)* + oas(x)® + ag(x)® + ay(x)’
A(xz) ap +  ax; + a(0)? + a3()® + ai()* + oas(x)® + as(x)® + ay(xy)’
A(x3) ap  +  aixz  + a(x3)% + az(x3)® + as(x3)* + as(x3)® + as(x3)® + ay(x3)’
Xy = —Xo A(—xq) ag  — aixg + a(x0)® — az(x0)® + as(x0)* — as(x0)® + as(x0)® — as;(x)’
X5 = —X1 A(=x1) a — ax;  + a(4)? = az3()® + au()* - as(x)® + ag(x)® - a;(x)’
Xe = —X A(—x3) a  — Xy + a(0)% — a3()® + as()* = as(x)® + as(x)® — as(xp)’
X7 = —X3 A(—x3) ap  — axz  + a(x3)% — az(x3)® + as(x3)* — as(x3)° + as(x3)® — a;(x3)’

STRATEGY: Set x4,; = —x;for0 <i < 4




Given a Polynomial of Degree Bound 8

Find 8 Distinct Points to Efficiently Evaluate it at

A(x) = ag + a;x + a,x? + azx3 + ayx* + asx® + agx® + a;x”

A(xo) ap  + a(x0)* + as(x0)* + as(x0)® + a;xg + az(x)® + as(x)® + a;(x)’
A(xq) ap  + a;(x1)* + a,(x)* + ag(x)® +  axy 4+ az(x)® + as(x)® + ay(x)’
A(xz) ap  + a()% + as()* + as(x)® +  ax,  + az(x)® + oas(x)® + ay(xp)’
A(x3) ap  + a(x3)% + as(x3)* + as(x3)® +  aixz  + az(x3)® + as(x3)® + ay(x3)’
Xy = —Xo A(—xq) ap  + a(x0)* + as(x0)* + as(x0)® — a;xg — az(x)® — as(x0)® — a;(x)’
X5 = —X1 A(=x1) ap  + a(x)® + a,(x)* + ag()® —  axy = az()® = as(x)® — ay(x)’
Xe = —X2 A(—x3) ap  + a()% + as()* + as(x)® —  ax,  — a3(x)® — as(x)® — a;(xp)’
X7 = —X3 A(—x3) ap  + a(x3)% + as(x3)* + as(x3)® —  axz  — a3(x3)® — as(x3)® — ay(x3)’

STRATEGY: Set x4,; = —x;for0 <i < 4




Given a Polynomial of Degree Bound 8

Find 8 Distinct Points to Efficiently Evaluate it at

A(x) = ag + a;x + a,x? + azx3 + ayx* + asx® + agx® + a;x”

A(xg) ( a4+ ay(x)? + as(x)* + ag(x0)® ) + x( a + asz(x)? + as(xe)* + a;(x0)°® )
A(xy) ( ay 4+ ay(x)? + as(x)* + ag(x)® ) + x( a; + az;(x)? + as(x)* + a;(x)°® )
A(xy) ( ay + ay(x)? + as(x)* + ag(x)® ) + x( a; + az(x)* + as()* + a;(x)® )
A(x3) ( ay 4+ ay(x3)? + as(x3)* + ag(x3)® ) + x3( a; + az(x3)? + as(x)* + a;(x3)® )
X4 = —Xg A(—xp) ( ay + ay(x)* + as(x)* + ag(x0)® ) — x( a + az(x)* + as(xe)* + a;(x0)® )
X5 = —X1 A(—x7) ( ay + ay(x)? + as(e)* + ag(x)® ) - x( a; + az;(x)? + as(x)* + a;(x)°® )
Xe = —X A(—x;) (a4 ay(x)? + as(x)* + ag(x)® ) — x( a + az(x)? + as(x)* + a;(x)° )
X7 = —X3 A(—x3) ( ay + ay(x3)® + as(x3)* + ag(x3)® ) — x3( a; + az(x3)* + as(x3)* + a;(x3)® )

STRATEGY: Set x4,; = —x;for0 <i < 4




Given a Polynomial of Degree Bound 8

Find 8 Distinct Points to Efficiently Evaluate it at

A(x) = ag + a;x + a,x? + azx3 + ayx* + asx® + agx® + a;x”

Appen () = ag + azx + azx? + agx3

Apga(x) = a; + asx + agx? + a;x3

A(xo) ( a + a(x3) + a,(x2)” + ag(x3)’ ) + x( a + a(x@) + a5(x2d)” + a,(x2)° )
Axy) ( a + a(x2) + a(x2)” + as(x2)’ ) + u( a + a(d) + as(x?) + a,(x2)° )
A(x;) ( a + a(x3) + a,(x2)” + as(x2)’ ) + x( a + a(?) + as(x2)’ + o,(x2)° )
A(x3) ( a + a(x3) + a(x2)” + ag(x2)’ ) + x( a + a(x?) + a5(xd)” + a,(x2)° )
X4 = —Xg A(=xp) (a0 + () + a(xd)’ + a(xd)’ ) - x( a + a(xd) + as(x2)’ + a(xd)’ )
Xs = —%  A(—x;) ( a + () + a(x?)’ + a(x®)’ ) - u( a + alx}) + ay(x2)’ + (D)’ )
Xe = —X; A(=x,) (a0 + @) + a(2) + a(x2)’ ) - % a + a) + a(2) + (=) )
X7 = —X3 A(—x3) ( a + a(3) + a(2) + a(x®)’ ) - % a + a(x3) + a5(x3)° + a,(x2)° )

STRATEGY: Set x4,; = —x;for0 <i < 4




Given a Polynomial of Degree Bound 8
Find 8 Distinct Points to Efficiently Evaluate it at

A(x) = ag + a;x + a,x? + azx3 + ayx* + asx® + agx® + a;x”

Appen () = ag + azx + azx? + agx3

Apga(x) = a; + asx + agx? + a;x3

Alxg) = Acven(x5) + Xo Aoaa(x3)
Ax) = Aeven(xF) + x1 Aoga(xF)
Alxp) = Acven(x3) + x; Aoaa(%3)
Alx3) = Acven(x3) + X3 Aoqa(%3)
X4 = —Xo A(=xp) = Acven(%3) - Xo Aoda(x5)
X5 = —X1 A(—x) = Acven(*) - %1 Aoaa (¥)
Xe=—X  A(-x) = Aeven(x3) - %2 Aoaa(%3)
X7 = —X3 A(—x3) = Acven(x3) - X3 Aoaa(x3)

STRATEGY: Set x4,; = —x;for0 <i < 4




Given a Polynomial of Degree Bound 8

Find 8 Distinct Points to Efficiently Evaluate it at

A(x) = ag + a;x + a,x? + azx3 + ayx* + asx® + agx® + a;x”

Appen () = ag + azx + azx? + agx3

Apga(x) = a; + asx + agx? + a;x3

A(xo) Agven(x3) + X0 Agaa(%3)
Axy) Acven(#7) + %1 Aoaa(%7)
A(x) Agven(x3) + %2 Aoaa (%3)
Alx3) _— Aeven(%3) + %3 Aoaa(%3)
Xg = —Xo A(—x) Agven (%) - X0 Aoga(%8)
X5 = —X1 A(=x4) Agven(x3) - x1 Aoaa(*7)
Xe=—%  A(-xp) Aeven(%3) - %z Aoaa ()
X7 = —X3 A(—x3) Agven(x3) - x3 Apaa(x3)

STRATEGY: Set x4,; = —x;for0 <i < 4

We save roughly half the work.




Given a Polynomial of Degree Bound 2
Find 2 Distinct Points to Efficiently Evaluate it at

Ax) =ay + a1x

A(xo) = a *+ a1%

X1 = —Xp A(xq) = aq + ax

STRATEGY: Set x1,; = —x; for0<i <1




Given a Polynomial of Degree Bound 2
Find 2 Distinct Points to Efficiently Evaluate it at

Ax) =ay + a1x

A(xo) = a *+ a1%

X1 = —Xo A(=x9) = a — aXg

STRATEGY: Set x1,; = —x; for0<i <1




Given a Polynomial of Degree Bound 2
Find 2 Distinct Points to Efficiently Evaluate it at

Ax) =ay + a1x

STRATEGY: We will evaluate any polynomial of degree bound 2 at
Xog = 1
X1 = -1




Given a Polynomial of Degree Bound 4
Find 4 Distinct Points to Efficiently Evaluate it at

A(x) = ag + ayx + a;x? + azx3

A(xo) = a + axg + ay(x)?* + az(x)?
A(xq) = a + ax + a()? + az(x)?
Xy = —Xo Al) = ap +  ax;  + a(x)® + az(xp)?
X3 = —Xy A(x3) = a + ax3 + ay(x3)® + az(x3)?

STRATEGY: Set x,,; = —x;for0 <i < 2




Given a Polynomial of Degree Bound 4
Find 4 Distinct Points to Efficiently Evaluate it at

A(x) = ag + ayx + a;x? + azx3

A(xo) = ay + axg + ay(x)* + az(x)’
A(xy) = a + ax; o+ ax)? + az(x)?
Xy = —Xo A(=x) = a9 — aixp + a(x)® — az(xp)’
X3 = —X A(=x1) = a9 — ax; + ax)? — az(q)?

STRATEGY: Set x,,; = —x;for0 <i < 2




Given a Polynomial of Degree Bound 4
Find 4 Distinct Points to Efficiently Evaluate it at

A(x) = ag + ayx + a;x? + azx3

A(xo) = ao + ay(x)® + axg + az(x)?
A(xy) = ap + ax)?* + axy + az(x)’?
Xy = —Xo A(=x) = ag + a(x)*> — aixp — az(x)’
X3 = —X A(=x1) = ag + a;(x)* - ax; — az(q)?

STRATEGY: Set x,,; = —x;for0 <i < 2




Given a Polynomial of Degree Bound 4
Find 4 Distinct Points to Efficiently Evaluate it at

A(x) = ag + ayx + a;x? + azx3

Alxg) = ( ay + ay(x0)* ) + x( a + az(x)? )
Alx)) = ( a + a(x)?* ) + x( a + az(x)? )
X3 = —Xp A(=x) = ( a9 + a;(x0)? ) — x( a + az(x)? )
X3 = —Xq A(=x) = ( a3 + a(x)? ) = x( a + az(x)? )

STRATEGY: Set x,,; = —x;for0 <i < 2




Given a Polynomial of Degree Bound 4
Find 4 Distinct Points to Efficiently Evaluate it at

A(x) = ag + ayx + a;x? + azx3

Aeven(x) = ap + azx

Apga(x) = a; + aszx

Alxg) = ( ao + ay(x3) ) + x%( a + az(xZ) )
Alx)) = ( ap + a(x?) ) + x( a + as(x?) )
Xy = —X A(=x0) = ( a + a(xf) ) - x%( a + a(xf) )
X3==x  ACx) = ( a + a(}) ) - x( a + a(xf) )

STRATEGY: Set x,,; = —x;for0 <i < 2




Given a Polynomial of Degree Bound 4
Find 4 Distinct Points to Efficiently Evaluate it at

A(x) = ag + ayx + a;x? + azx3

Aeven(x) = ap + azx

Apga(x) = a; + aszx

Alxy) = Acven(x5) + X0 Agaa(%3)
Ax) = Aeven(x7) + x1 Aoaa(x7)
Xz = —Xo A(—xp) = Aeven(x5) - Xo Aoqa(x§)
X3 = =X, A(—x) = Aeven(x7) - X1 Aoaa (%)

STRATEGY: Set x,,; = —x;for0 <i < 2




Given a Polynomial of Degree Bound 4
Find 4 Distinct Points to Efficiently Evaluate it at

A(x) = ag + ayx + a;x? + azx3

Agpen(x) = ag + azx

Apga(x) = a; + aszx

Alxg) = Aeven(%3) + Xo Aoaa(*5)
A(xy) = C Agpen(xF) + CM Apaq(x?)
X2 = —Xo A(=x) = Q Aeven(x5) - on Apaa(x§)
X3 = —X1 A(=x) = Aeven(xf) - %1 Apaa(x?)

STRATEGY: Set x,,; = —x;for0 <i < 2




Given a Polynomial of Degree Bound 4
Find 4 Distinct Points to Efficiently Evaluate it at

A(x) = ag + ayx + a;x? + azx3

Agpen(x) = ag + azx

Apga(x) = a; + aszx

Alxg) = Aeven(%3) + Xo Aoaa(*5)
A(xy) = C Agpen(xF) + CM Apaq(x?)
X2 = —Xo A(=x) = Q Aeven(x5) - on Apaa(x§)
X3 = —X1 A(=x) = Aeven(xf) - %1 Apaa(x?)

Observe that we evaluate both A,pe (x) and A,44(x) at x = x2 and x = xZ.

But we decided to always evaluate polynomials of degree bound 2 at x = 1 and x = —1.

So,xf =1=>xy=1landx?=-1>x =V-1= 1.




Given a Polynomial of Degree Bound 4
Find 4 Distinct Points to Efficiently Evaluate it at

A(x) = ag + ayx + a;x? + azx3

Agpen(x) = ag + azx

Apga(x) = a; + aszx

A(xo) = Agven(x3) + xo Apaa(x3)
Alx)) = & Aeven(x7) + Cxl Aoaa(xf)
= —x  ACx) = Q Avyen(33) - Q Aoaa (x2)
X3 = —X; A(—x) = Agven(x?) - X1 Aoqa(x?)

So, we evaluate any polynomial of degree bound 4 at
Xo=1, x; =1
and
X =—Xg=—1, x3=—x1=-1




Given a Polynomial of Degree Bound 8

Find 8 Distinct Points to Efficiently Evaluate it at

A(x) = ag + a1x + axx? + azx® + a,x* + asx® + agx® + a;x’

Appen(X) = ag + azx + azx? + agx®
Apaa () = a; + azx + asx? + a;x3

A(xo) Agpen (%) + X0 Aoga(%3)
A(xq) Agven(x3) + X1 Agaa(x?)
A(x;) Agven(x2) + x Apaa(x3)
A(x3) _— Aeven(xg) + _—*3 Aodd(xg)

X4 = —Xp A(=xo) Aeven(x(%) - Xo Aodd(xg)

Xs = —X; A(=x4) Agven(x?) - x1 Apaa(x?)

Xe = —X A(—x3) Agven(x3) - X3 Aoqa(x3)

X7 = —X3 A(—x3) Aeven(x's%) - X3 Aodd(XBZ')
Observe that we evaluate both Agpen (x) and 4,4 (x) at x = x2, x = xZ, x = x2 and x = x2.

But we decided to always evaluate polynomials of degree bound4atx =1, x =i, x = —1and x = —i.
So,x. =1=>xy=1,xf=i>x =1Tzi,x22 =—1>x,=i,andx? =—i > x5 =—J5+i.




Given a Polynomial of Degree Bound 8
Find 8 Distinct Points to Efficiently Evaluate it at

A(x) = ag + a1x + axx? + azx® + a,x* + asx® + agx® + a;x’

Appen(X) = ag + azx + azx? + agx®
Apga(x) = a; + asx + asx? + a;x3

A(xo) = Acven(x5) + X0 Aoaa(x5)
Aw) = Acven(xF) + x1 Aoga(*F)
Alxp) = Acven(x3) + %3 Aoaa(¥3)
Alxs) = _— Aeven(x3) + %3 Aoaa(*3)
Xy = =X A(—xp) = Acven(%3) - Xo Aoaa(x3)
X5 = —Xq A(—xy) = Agven(x?) - x; Apaa(x?)
Xe = —Xp A(—xy) = Acven(*3) - Xz Aoaa(x3)
X==x3  A(-x3) = Aeven(%3) - x3 Aoaa(¥3)

So, we evaluate any polynomial of degree bound 8 at

_ 1+ . _ —1+i
xo—l,xl—ﬁ,xz—l,x3—f
and

_ 1+ _ . -1+
x4=—x0=—1,x5——x1——ﬁ,x6——x2——l,x7——x3——\/E




Given a Polynomial of Degree Bound n = 2k
Find n = 2* Distinct Points to Efficiently Evaluate it at

degree | how did we find the points to evaluate the the points oint bropert
bound polynomial at? P P property
ol | _11 all 2" roots of unity
take positive and negative square roots of 1 ]
22 points used for degree bound 2! _i _l‘l. all 4th roots of unity
which are already the 2" roots of unity '
1+i —1+i
take positive and negative square roots of 1, Tl i, 7 l,
23 points used for degree bound 22 13_ ; —f+ ; all 8t roots of unity
i th i _1P =] _il -
which are already the 4" roots of unity NG NG
take positive and negative square roots of ) 2+ ‘/E+ i\/2 _ ‘/i,
24 points used for degree bound 23 2 2 ’ all 16 roots of unity
which are already the 8t roots of unity 1 —<\/2+ﬁ+i\/2_ﬁ)
) 2 2 )

take positive and negative square roots of
points used for degree bound 22 | e
which are already the 2K~2th roots of unity

all 2¥=1th roots of unity

take positive and negative square roots of
n =2k points used for degree bound 2kK~1
which are already the 2K~1th roots of unity

all 2¥th roots of unity
(i.e., nt" roots of unity)




How to Find all n'" Roots of Unity

The nth roots of unity are: 1, w,, (w,)?, (wy)3, ... ... ... )

2 . . 2;m 2 N .
where w,, = Cos— + isin—=en is known as the primitive nt roots of unity.

The result above can be derived using Euler’s Formula.

Euler’s Formula: For any real number &, cosa + isina = e'®

Euler’s formula follows very easily from the following three power series each of which holds for —co < a < +00:

2 4 6 8
(04 (04 (04 (24
cosa=1-r+g—gtg =

sina = 3! 5! 7! 9!

al  a* a5  a®  a’  aB

o2
€a=1+a+;+;+z+a+a+7+a+'“



How to Find all n'" Roots of Unity

Observe that for (any) real numbers a and p,
(cosa +isina)? = (ei“)p = ¢!P®) = cos(pa) + i sin(pa)

Also observe that for any integer k, cos(k X 2IT) + isin(k X 2II) =14+ix0=1
1 1
Then the nth root of 1 (unity) is = 1» = (cos(k X 2IT) + i sin(k X 2I1))» = cos (k X %) + i sin (k X %)

Observe that cos (k X %) + isin (k X %) takes n distinct values for 0 < k < n, and then simply repeats
those values for k < 0 and k = n.

When k = 1, we have cos (k X %) + i sin (k X %) = cos (%) + i sin (%) = w,, = primitive n'" root of 1.
k
Clearly, for any k, cos (k X %) + i sin (k X %) = (cos (%) + i sin (%)) = (w,)"
1

Hence, 1n = cos (k X %) + isin (k X %) = (w,)*, fork=0,1,2,...,n — 1.

In other words, the nt" roots of 1 (unity) are: 1, w,, (w,)?, (w,)3, ... ... ... , (w1



Coefficient Form = Point-Value Form

Rec-FFT ((@g, Gy, vy Gp.1))  {n=2Kfor integer k >0}
1. ifn=1then
2. return (ag )

3. o, <« e2ni/n

4, o<« 1

5. y&¥en « Rec-FFT ( (Qgy Gyy vy Gn.2) )
6. y°U < Rec-FFT (( Gy, 3, wwey Gn-1))
7. forj«O0ton/2-1do

8. yj < yjeven + o ijdd
dd
9. Vs < Y- oy°
10. W< O O,

11. returny

Running time:

(1), ifn=1,

T(n) = 2T (g) + ©®(n), otherwise.

= O(nlogn)



