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Parallel
Matrix Multiplication



Parallel terative MM

Iter-MM ( Z, X, Y') { X, Y, Zare n x n matrices,
where n is a positive integer }

1. fori«< 1tondo

2 for j < 1 tondo

3 Z[il[jl1«O

4, for k< 1 tondo

5 ZLilljleZLilj1+XUillk]-YLkI[j]

Par-Iter-MM ( Z, X, Y) { X, Y, Zare n x n matrices,
where n is a positive integer }

1. parallel for i« 1tondo

2 parallel for j < 1 to n do

3 Z[il[jl« O

4, for k < 1 tondo

5 ZLiljle i1+ XUillk]-YLk]I[j]




Parallel terative MM

Par-Iter-MM ( Z, X, Y)

1. parallel for i« 1tondo

2 parallel for j < 1 ton do

3 Z[il[jl1«O

4, for k< 1 tondo

5 ZLilljleZLilj1+XUillk]-YLkI[j]

{ X, Y, Zare n x n matrices,
where n is a positive integer }

Work: T;(n) = ©(n3)

Span: T,(n) =0O(n)

Parallel Running Time: T,(n) = O (Tl(n) + Too(n)> = O(

T1(n)

Parallelism:
Too (M)

p

= O(n?)



n/2

l—

Parallel Recursive MM
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Parallel Recursive MM

Par-Rec-MM ( Z, X, Y) { X, Y, Zare n x n matrices,
where n = 2k for integer k >0 }

1. if n=1 then

2 L—7+X-Y

3. else

4.  spawn Par-Rec-MM ( Zy;, Xi1, Yi1)
5. spawn Par-Rec-MM ( Z,5, Xy1, Y12)
6 spawn Par-Rec-MM ( Z,;, X5, Yi1)
7 Par-Rec-MM ( Z,,, X531, Yq3)
8 sync

9.  spawn Par-Rec-MM ( Zy1, X135 Ya1)
10.  spawn Par-Rec-MM ( Z5, Xip Y2, )
11.  spawn Par-Rec-MM ( Zy4, Xy, Yo1)

( )

13. sync

14. endif




Parallel Recursive MM

Work:
Par-Rec-MM (Z, X, Y) { X, Y, Zare nx n matrices, ®(1)'
where n = 2 for integer k >0} T; (n) = n
1. if n=1 then 2
2 L—7+X-Y
3. else = ®(n3)
4 spawn Par-Rec-MM ( Z,;, X1, Y1q) Span:
5 spawn Par-Rec-MM ( Z,,, X1, Y13)
6.  spawn Par-Rec-MM ( Z,;, X514, Y1) ®(1);
7 Par-Rec-MM ( Zyy, Xy1, Y42) To (n) = n
2T | =
8 sync 2
9 spawn Par-Rec-MM ( Z,,, Xi3, Yor)
10.  spawn Par-Rec-MM ( Z,,, X5, Yo5) = ®(n)
1. spawn Par-Rec-MM ( Z,,, Xy, Y1) . T. (n
Parallelism: 2% — O(n?)
12. PCII"RGC-MM( Zzzy X22) Yzz ) Too(n)
13. sync
14. endif Additional Space:

Seo() = O(1)

ifn=1,
8T, (—) + ©(1), otherwise.

[ MT Case 1]
ifn=1,
) + ©®(1), otherwise.

[ MT Case 1]



Recursive MM with More Parallelism
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Recursive MM with More Parallelism

Par-Rec-MM2 ( Z, X, Y) { X, Y, Zare n x n matrices,
where n = 2k for integer k >0 }

1. if n=1 then
L—7Z+X-Y

. else { T is a temporary n x n matrix }

spawn Par-Rec-MM2
spawn Par-Rec-MM2

spawn Par-Rec-MM2

2

3

4

5

6. spawn Par-Rec-MM2
7

8

9 spawn Par-Rec-MM2
0

1

(
(
(
(
spawn Par-Rec-MM2 ( T,,, X,
(
(
(

1 spawn Par-Rec-MM2 ( Ty, X9, Yo

1 Par-Rec-MM2 ( Ty, X9, Yo
12. sync

13. parallel for i < 1 to ndo

14. parallel for j < 1 to n do

15. ZLilljle 2[00+ TIillj]

16. endif




Recursive MM with More Parallelism

Par-Rec-MM2 (Z, X, Y) { X, Y, Zare n x n matrices,

where n = 2k for integer k >0 }

1. if n=1 then

2 Z—7Z+X-Y

3. else { T is a temporary n x n matrix }
4 spawn Par-Rec-MM2 ( 2y, Xy1, Yq1)
5 spawn Par-Rec-MM2 ( 2,5, X1, Y12)
6. spawn Par-Rec-MM2 ( Z,,, X571, Yi1)
7 spawn Par-Rec-MM2 ( Z,,, X51, Y43)
8 spawn Par-Rec-MM2 ( Ty, X135, Y1)
9 spawn Par-Rec-MM2 ( Ty, X125 Y22)
10.  spawn Par-Rec-MM2 ( T,y, X55, Yoq)
1. Par-Rec-MM2 ( Ty, X9, Yo7 )
12. sync
13. parallel for i < 1 to n do
14. parallel for j < 1 ton do
15. ZLilljleZi]j1+Ti]0J]
16. endif

Work:
O(1), ifn=1,
— n
T;(n) 8T, (E) + O(n?), otherwise.
= O(n3) [ MT Case 1]
Span:
o(1), if n=1,
— n
Too (n) Too (E) + @(l()g Tl), otherwise.
= O(log?n) [ MT Case 2 ]
... 1(n) _ n’
Parallelism: i C) (logz n)
Additional Space:
o(1), ifn=1
— n
S (1) 85, <§> + ®(n?), otherwise.
= Q(n3) [ MT Case 1]



Parallel Merge Sort



Parallel Merge Sori

Merge-Sort (A, p, r) { sort the elements inA[ p ...r ]}

1. if p<r then

2. q<lL(p+ryr2]

3 Merge-Sort ( A, p, q)

4, Merge-Sort ( A, g+1, r)
5 Merge ( A, p, q, )

Par-Merge-Sort (A, p, r) { sort the elementsinA[p..r]}

1. if p<r then

2 gel(p+r)/2]

3 spawn Merge-Sort ( A, p, q)
4, Merge-Sort ( A, g+ 1, r)
5 sync

6 Merge ( A, p, q, )




Parallel Merge Sori

Par-Merge-Sort (A, p, r) { sort the elementsinA[p..r]}

1. if p<r then

2 glL(p+r)/2]

3 spawn Merge-Sort ( A, p, q)

4, Merge-Sort ( A, g+ 1, r)
5 sync

6 Merge ( A, p, q,r)

O(1), ifn=1,
Work: T,(n) = n .
2T, > + ®(n), otherwise.
= ®(nlogn) [ MT Case 2 ]
‘ e(1), ifn=1,
pan: _ n
Too () To (E) + ®(n), otherwise.
= O(n) [ MT Case 3]
Parallelism: 2 — ®(logn)

Teo (1)




Parallel Merge

n1=7”1—p1+1 Tl2=T‘2—p2+1
subarrays to merge: T[p,..11] Tlp,..15]
| A
P ¢1 1 P2 q2 12
r ... <X X > X < X > X
suppose: nqy = n,
merge copy merge
A .. <Xx X > X
P3 {3 I3
L . J
merged output: Alps..13]

n3=7‘3—p3+1=n1+n2

Source: Cormen et al.,
“Introduction to Algorithms

”
’

3rd Edition



Parallel Merge

n=r—p+1

ng=1,—p2+1

subarrays to merge: Tp;..11] Tlp,..15]
| A
P1 q1 B P2 q» I
r ... <X I\I > X < X > X

suppose: nqy = n,

merge copy merge
A .. <Xx X > X
P3 {3 I3
L . J
merged output: Alps..13]

n3=7‘3—p3+1=n1+n2

Step 1: Find x = T|q4], where g, is the midpoint of T[p;..

Source: Cormen et al.,
“Introduction to Algorithms”,

3rd Edition



Parallel Merge

n1=7"1—p1+1 Tl2=T‘2—p2+1
subarrays to merge: T[p,..11] Tlp,..15]
A A
P1 q1 B P2 q» I
r ... <x I\I > X < X sz N
® S
88
suppose: ny = n, 23
et
Mmerge COpy merge € 5
5 O
o o
A .. <X X > X -
P3 3 3
L . J
merged output: Alps..13]

n3=7‘3—p3+1=n1+n2

Step 2: Use binary search to find the index g, in subarray T[p,..7,]
so that the subarray would still be sorted if we insert x between

T|lq, — 1] and T|q,]



Parallel Merge

n=r—p+1 Ny, =7, —0, +1

subarrays to merge: T[pll..rl] T[p%"rZ]

.'f-”l 41 f'1l '.f-”z 42 J"z‘

r ... <X ITI > X < X > X
suppose: n; = n,
merge copy merge
A .. <Xx u > X
‘Pa {3 I3 '

merged output: A[pgl..rg]

n3=7‘3—p3+1=n1+n2

Source: Cormen et al.,
“Introduction to Algorithms”,

3rd Edition

Step 3: Copy x to A[qs], where g3 = p3 + (g1 — p1) + (92 — P2)



Parallel Merge

ng=1,—p2+1

subarrays to merge: T[p,..11] Tlp,..15]
| A
P1 q1 B P2 q» I
T ... <X X > X e | <x | > x

suppose: nqy = n,

merge copy merge
A .. | <Xx I.\: > X
P3 {3 I3
L . J
merged output: Alps..13]

n3=T3_p3+1=n1+n2

Perform the following two steps in parallel.

Source: Cormen et al.,
“Introduction to Algorithms”,

Step 4(a): Recursively merge T[p;..q; — 1] with T|p,..q, — 1],

and place the result into A[p3..q3; — 1]

3rd Edition



Parallel Merge

n=r—p+1

ng=1,—p2+1

subarrays to merge: Tp;..11] Tlp,..15]
| A
P ¢1 1 P2 q2 12
r ... <X X > X < X > X

suppose: nqy = n,

merge copy merge
4 < x v == [
P3 q3 I3
L . J
merged output: Alps..13]

n3=7‘3—p3+1=n1+n2

Perform the following two steps in parallel.

Source: Cormen et al.,
“Introduction to Algorithms”,

Step 4(a): Recursively merge T[p;..q; — 1] with T|p,..q, — 1],

and place the result into A[p3..q3; — 1]

Step 4(b): Recursively merge T|q; + 1..7;] with T[g, + 1..75, ],

and place the result into A[g; + 1..135]

3rd Edition



Parallel Merge

Par-Merge (T, py, Iy, Py, Iy A, P3)
1. nje—ri-p;+1, nye—r,-p, +1
2. if ny <n, then
3. P> Py, [, NN,

. if n, =0 then return
. else

g <L(py+r)/2]

QG<—pP;+(q-p1)+(q-py)
Alg;]1<Tlq]

4
5

6

7. g, < Binary-Search ( T[q,1, T, p,, ry)

8

9

0 spawn Par-Merge ( T, py, q4-1, Py, G,-1, A, pP3)

11. Par-Merge (T, qi+1, ry, G;*+1, 1y, A, G5+1)
12. sync




Parallel Merge

Par-Merge ( T, py, Iy, Py, 2, A, D3 )
1. n1er1-P1+1, nZFrZ_p2+1 We have,

2. if ny <n, then

n2Sn132n2Sn1+n2=n

3. P12 Py 1< Ny M

. if n; =0 then return

. else In the worst case, a recursive

4

5

6. g el(per)/2] call in lines 9-10 merges half
7. q, < Binary-Search ( T[q,1, T, p,, ;)
8

9

bt (ap) e (dp) the elements of T[p;.. 7] with

ALyl Tlar] all elements of T[p,..15].

10.  spawn Par-Merge (T, py, G;-1, Py, Go-1, A, P3)

11. Par-Merge (T, qi+1, ry, Go+1, 1, A, g3+1)

Hence, #elements involved in
12. sync

such a call:

nq n, m, N, ni+n, 2n, n
— < < — <
{2‘+”z—2+2+2 2 2 =27




Parallel Merge

Par'Merge(T) P1, ', P2y I A) p3) Span:
2. if ny <n, then ( ) 3' ’
To(n) =A< n :
3. Py, ren hon > To T + ®(logn), otherwise.
4. if n, =0 then return \
5. else
= ®(log?n) [ MT Case 2 ]
6. g —L(py+ry)r2]
7. g, < Binary-Search ( T[q,1, T, p,, Iy) Work:
8. G p3+(q-p)+(Gq,-py) C|ear|y’ Tl(n) — Q(Tl)
9. Algs ]« T[g]
10.  spawn Par-Merge ( T, py, Gi-1, Py, Gp-1, A, Py ) We show below that, T; (n) = O(n)
11. Par-Merge (T, qi+1, ry, Gy*1, 1y, A, q3+1) 1 3 _
For some a € [—,—], we have the following
12. sync 4" 4
recurrence,

Ti(n) = T;(an) + Tl((l — a)n) + O(logn)

Assuming Ty (n) < c;n — ¢, logn for positive constants c; and c,, and substituting on the right
hand side of the above recurrence gives us: T;(n) < c;n — ¢, logn = O(n).

Hence, T; (n) = ©(n).



Parallel Merge Sort with Parallel Merge

Par-Merge-Sort (A, p, r) { sort the elementsinA[p..r]}
1. if p<r then

2 glL(p+r)/2]

3 spawn Merge-Sort ( A, p, q)

4, Merge-Sort ( A, g+ 1, r)

5 sync

6 Par-Merge ( A, p, q, )

o(1), ifn=1,
Work: T,(n) = n
2T, (E) + ©(n), otherwise.
= ®(nlogn) [ MT Case 2 ]
: O(1), ifn=1,
pan: - n
Too (Tl) Too (E) + @(logz Tl), otherwise.
= O(log3n) [ MT Case 2 ]
Parallelism: ;1((1;)) =0 (10; n)



