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Abstract

Recursive subdivision on an initial control mesh generates a visually pleasing smooth surface in the limit. Nevertheless, users must
carefully specify the initial mesh and/or painstakingly manipulate the control vertices at different levels of subdivision hierarchy to satisfy a
diverse set of functional requirements and aesthetic criteria in the limit shape. This modeling drawback results from the lack of direct
manipulation tools for the limit geometric shape. To improve the efficiency of interactive geometric modeling and engineering design, in this
paper we integrate novel physics-based modeling techniques with powerful geometric subdivision principles, and develop a unified finite
element method (FEM)-based methodology for arbitrary subdivision schemes. Strongly inspired by the recent research on Dynamic Non-
Uniform Rational B-Splines (D-NURBS), we formulate and develop a dynamic framework that permits users to directly manipulate the limit
surface obtained from any subdivision procedure via simulated “force” tools. The most significant contribution of our unified approach is the
formulation of the limit surface of an arbitrary subdivision scheme as being composed of a single type of novel finite element. The specific
geometric and dynamic features of our subdivision-based finite elements depend on the subdivision scheme used. We present our novel FEM
for the modified butterfly and Catmull-Clark subdivision schemes, and generalize our dynamic framework to be applicable to other
subdivision schemes. Our FEM-based approach significantly advances the state-of-the-art in physics-based geometric modeling since it
provides a universal physics-based framework for any subdivision scheme. In addition, we systematically devise a mechanism that allows
users to directly (not via control meshes) deform any subdivision surface; finally, we represent the limit surface of any subdivision scheme
using a collection of subdivision-based novel finite elements. Our experiments demonstrate that the new unified FEM-based framework not
only promises a greater potential for subdivision techniques in solid modeling, finite element analysis, and engineering design, but that it will
further foster the applicability of subdivision geometry in a wide range of visual computing applications such as visualization, virtual reality,
computer graphics, computer vision, robotics, and medical imaging as@2000 Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction NURBS patches. Unfortunately, NURBS patching and
trimming suffers from the following difficulties:

Efficiently modeling and intuitively manipulating N _
complex shapes are of paramount significance to scientistsl' Trimming two NUR_BS patches to match along th_e|r
and engineers in geometric and solid modeling, engineering commaon boundary |_nvolves _the complex comput_atlon
design, manufacturing, animation and simulation, analysis of surface—surface |ntersect|or.1 (SSI), SSI algorlthms
and evaluation, rapid and virtual prototyping, visualization, generally are .bOth computationally expensive and

prone to numerical errors due to approximation; and

and interaction with virtual environments. Since 1970s, o L :
2. Complex and less intuitive continuity constraints across

tensor-product Non-Uniform Rational B-Splines (NURBS) di  (tri d) patch th f d1th hout
have become an industry standard because of their many adjacen (“”."me ) patches must be enforced thraughou
the deformation process.

attractive properties. Nevertheless, the surface of arbitrary
topology can not be represented using a single NURBS due|n general, considerable amount of human intervention is
to the global planar parameterization of NURBS. It requires required to guarantee that the patchwork of the underlying
that the surface be decomposed into a set of (timmed) geometry is seamless.

Recently, subdivision geometry has emerged as a power-
"+ Corresponding author. Tel 1-631-632-8450; faxs 1-631-632-8334.  [Ul geometric modeling technique which has been exten-
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disciplines, mainly because of many advantages that aresurfaces in Section 2. In Section 3, we discuss the prior
associated with subdivision geometry. In principle, the work of physics-based modeling techniques and highlight
recursive subdivision scheme produces a visually pleasingthe primary advantages of physics-based modeling in order
smooth surface in the limit by repeated application of a fixed to motivate our research contributions. Then, a dynamic
set of refinement rules on a user-specified initial control framework for the interpolatory (modified) butterfly subdi-
mesh. Subdivision principle, in particular, has exhibited vision scheme is detailed in Section 4. We reformulate the
attractive modeling potentials because of the following dynamic framework for the approximating Catmull—Clark
reasons: subdivision scheme using the proposed approach in Section
¢ A single subdivision surface can represent shape of arbi-5' The dynamic framework for I.‘OOP'S subdivision sch.eme
is presented in Section 6. Section 7 presents a solution on

trary topology. It requires neither trimming nor patching. how to develop a dynamic framework for any subdivision
Smoothness requirements can be automatically guaran-

teed. Subdivision naturally augments and generalizes B_sche_me. Ex_penments and applications are dls_cussed n
- Section 8. Finally, we conclude the paper in Section 9.
splines and NURBS.

e Subdivision allows modelers to arrange control vertices
in a more natural way, without the need to maintain a
rectangular structure as required by NURBS. It greatly
facilitates the creation of geometric features.

e Subdivision potentially allows the initial model to be
refined locally. However, local refinement is not possible
with NURBS, since an entire row and/or column of
control points must be added to preserve the rectangular
structure.

2. Background

Chaikin [3] first introduced the concept of subdivision to
the modeling community for generating a smooth curve
from an arbitrary control polygon. Subsequently, a wide
variety of subdivision schemes for modeling smooth
surfaces of arbitrary topology have been derived following
Chaikin’s pioneering work on curve generation. The exist-

Despite the prevalence of diverse subdivision schemes ining subdivision schemes can be broadly categorized into
the graphics and geometric modeling literature, it is almost two distinct classes namely, (1) approximating subdivision
impossible to manipulate the limit surface (obtained through techniques, and (2) interpolating subdivision technigues.
procedure-based subdivision) in a direct, natural, and intui- Among the approximating schemes, the techniques of
tive way. The current state-of-the-art only permits modelers Doo and Sabin [5] and Catmull and Clark [2] generalize
to interactively obtain the desired effects on the smooth the idea of obtaining uniform biquadratic and bicubic B-
surface by kinematically manipulating the control vertices spline patches, respectively, from a rectangular control
at various levels of subdivision hierarchy. This design mesh. In Ref. [2], Catmull and Clark developed an algo-
process is rather clumsy and laborious, in spite of the rithm for recursively generating a smooth surface from a
existence of many modern interactive hardware devices. polyhedral mesh of arbitrary topology. The Catmull—
Moreover, existing subdivision-based surfaces raoe yet Clark subdivision surface, defined by an arbitrary initial
readily applicable for the efficient and accurate data mesh, can be reduced to a set of standard B-spline patches
exchange with standard formats such as B-splines andexcept at a finite number of degenerate points. Loop [14]
NURBS, hampering their widespread usage in solid model- presented a similar subdivision scheme based on the gener-
ing and engineering design applications. In this paper, we alization of quartic triangular B-splines for triangular
address the challenging problem of directly manipulating meshes. Hoppe et al. [10] further extended Loop’s work
the limit subdivision surface at arbitrary locations/areas, to produce piecewise smooth surfaces with selected discon-
and offer a novel solution to this problem by embedding tinuities. Halstead et al. [9] proposed an algorithm to
purely geometric subdivision schemes in a physics-basedconstruct a Catmull-Clark subdivision surface that inter-
modeling framework. Unlike the existing geometric polates the vertex mesh of arbitrary topology. Peters and
solutions that only allow operations on control vertices, Reif[18] proposed a simple subdivision scheme for smooth-
our methodology and algorithms permit users to physically ing polyhedra. Most recently, non-uniform Doo—Sabin and
modify the shape of subdivision surfaces at desired loca- Catmull—Clark surfaces that generalize non-uniform tensor-
tions viaforces Consequently, this gives the user an intui- product B-spline surfaces to arbitrary topologies were intro-
tive and natural feeling that is uniquely produced while duced by Sederberg et al. [24]. All the aforementioned
modeling with real clay/play-dough. Additionally, we will schemes generalize recursive subdivision schemes for
demonstrate that the proposed model can efficiently recovergenerating limit surfaces with a known parameterization.

shapes from a cloud of 3D points. Various issues involved with the use of these approximating
subdivision schemes for character animation were discussed
1.1. Overview at length by DeRose et al. [4].

The most well-known interpolation-based subdivision
The remainder of this paper is organized as follows. We scheme is the “butterfly” algorithm proposed by Dyn et al.
shall briefly review the previous work on subdivision [7]. Butterfly method, like other subdivision schemes,
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makes use of a small number of neighboring vertices for
subdivision. It requires simple data structures and is rather
straightforward to implement. Nevertheless, it needs atopo- 3D graphics interaction tools, these indirect geometric
logically regular setting of the initial (control) mesh in order operations remain non-intuitive and laborious in general.
to obtain a smoottC* limit surface. Zorin et al. [28] has e Oftentimes it may not be enough to obtain the most “fair”

developed an improved interpolatory subdivision scheme  surface that interpolates a set of (ordered or unorganized)
(which we call themodifiedbutterfly scheme) that retains data points. Typical design requirements may be posed in
the simplicity of the butterfly scheme and results in much  both quantitative and qualitative terms. For example, a
smoother surfaces even from irregular initial meshes. These certain number of local features such as bulges or inflec-
interpolatory subdivision schemes have extensive applica- tions may be strongly desired while requiring geometric

accurately quantify the refinement effect at arbitrary
localized regions. Despite the advent of many modern

tions in wavelets on manifolds, multiresolution editing, etc.

A variational approach for interpolatory refinement has
been proposed by Kobbelt [11,12] and by Kobbelt and
Schralder [13]. In this approach, the vertex positions in the

objects to satisfy global smoothness criteria in solid
modeling and/or interactive graphics applications. There-
fore, it can be very frustrating to enforce a diverse set of
heterogeneous criteria simultaneously via the indirect

refined mesh at each subdivision step are obtained by

solving an optimization problem. Therefore, these schemes . : .
. o In contrast, physics-based modeling can provide a super-
are global, i.e. every new vertex position depends on all the .

vertex positions of the coarser level mesh. The local lor approach to shape modeling that can overcome most of

refinement property which makes the subdivision schemes.the limitations associated with traditional geometric model-

. : S . o ._ing approaches. Free-form deformable models governed by
attractive for implementation in the graphics applications is ; : :
: : I the laws of continuum mechanics are of particular relevance
not retained in the variational approach.

o . : . in this context. Physics-based design augments (rather than
The derivation of various mathematical properties of the . . ; .
- L : .~ supersedes) standard geometric design, offering attractive
limit surface generated by the subdivision algorithms is

rather complex. Doo and Sabin [6] first analyzed the new advantages:
smoothness behavior of the limit surface using the Fourier ¢ Dynamic models respond to simulated force in a natural

approach.

transform and an eigen-analysis of the subdivision matrix.
Ball and Storry [1] and Reif [22] further extended Doo and
Sabin’s prior work on continuity properties of subdivision

and predictable way. The dynamic formulation marries
the model geometry with time, mass, damping, and
constraints via a force balance equation. Dynamics facil-

surfaces by deriving various necessary and sufficient condi-
tions on smoothness for different subdivision schemes. interactive sculpting of complex geometric models for
Specific subdivision schemes were also analyzed by several real-time shape variation.

other researchers [8,19,23,29]. Most recently, Stam [25,26] ¢ Geometric design is a time-varying process because

itates interaction, especially direct manipulation and

developed an exact point evaluation algorithm for both
Catmull-Clark subdivision scheme and Loop’s triangular
subdivision scheme.

3. Motivation

Subdivision geometry has offered users extraordinary

power and flexibility especially when used for modeling
complex shapes of arbitrary topology. Nevertheless, it

constitutes a purely geometric representation, and hence

does not exploit the full potential of the underlying
geometric formulation owing to the following reasons:

e Modelers are faced with the tedium of indirect shape
refinement through time-consuming operations on a
large number of topologically irregular control vertices
and less intuitive modification on various subdivision

rules. This process is clumsy and laborious especially o

for effectively representing and deforming highly
complicated objects.

¢ Control point manipulation is not natural due to the fact
that control points generally do not reside on the sculpted

objects, hence, it often requires designers to make many

non-intuitive decisions, and it is even more difficult to

designers are often interested in not only the final static
equilibrium shape but the intermediate shape variation as
well. Dynamic models produce smooth, natural motions
that are familiar and can be easily controlled.

The equilibrium shape of a geometric object is character-
ized by a minimum of its potential energy, subject to
imposed constraints. It is possible to formulate potential
energy functionals that satisfy local and global design
criteria. In particular, the elastic energy functionals will
allow the imposition of global qualitative “fairness”
criteria through quantitative means.

e Physics-based shape design can free designers from

having to make non-intuitive decisions, such as moving
control points to prescribed locations. In addition, non-
expert users are able to concentrate on visual shape varia-
tion without necessarily comprehending the underlying
mathematical formulation.

Physics-based modeling techniques and real-time
dynamics integrate geometry with physics in a natural
and coherent way. The unified formulation is potentially
relevant throughout the entire modeling, simulation,
analysis, and manufacturing process. More importantly,
it is potentially possible to introduce manufacturing
constraints in the earlier design stage.
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The dynamic approach subsumes all of the aforementioned3. The limit surface of any subdivision schemes has been
modeling capabilities in a formulation which grounds represented using a single type of novel subdivision-
everything in real-world physical behavior. based finite elements.

Free-form deformable models were first introduced to the 4. Our subdivision-based finite elements are potentially of
modeling community by Terzopoulos et al. [27], and were  great interest to FEM communities.
refined by a number of researchers over the years. Qin and
Terzopoulos [20] developed D-NURBS which are very
sophisticated physics-based models suitable for represent- ) o
ing a wide variety of free-form as well as standard analytic 4- Dynamic butterfly subdivision surfaces
shapes. The D-NURBS have the advantage of interactive
and direct manipulation of NURBS curves and surfaces,
resulting in physically meaningful thus intuitively predict-
able motion and shape variation. However, a severe limita-
tion of the existing deformable models, including D-
NURBS, is that they are defined on a rectangular parametric

domain. Therefore, it can be very difficult to model surfaces detailed L hod is th dto deri
of arbitrary genus using these models. Subdivision schemes d€tailed. Our parameterization method is then used to derive

in contrast, can model complex surfaces of arbitrary topol- "€ NeW triangular FEM for thbutterflybasedsubdivision
ogy, and hence are a good candidate for incorporation of Scheme. Finally, f[he |mplementat|o_n details are _descrlbed.
physics-based principles where by the modeler can directly NOt€ that, we will further generalize our physics-based

manipulate the (complicated) limit surface in an intuitive formplatlon for other interpolatory subdivision schemes in
way. Section 7.

Previously we had introduced dynamic Catmull-Clark
subdivision surfaces [15,16,21] where the smooth limit 4 1 The (modified) butterfly subdivision
surface generated by the Catmull-Clark subdivision scheme
was embedded in a physics-based modeling framework. The The butterfly subdivision scheme [7] starts with an
current research differs significantly from our prior work initial triangular mesh (a.k.a. the control mesh) defined
because the new approach taken in this paper is muchby a set of control vertices. In each step of subdivision,
more general. It aims to develop a systematic and universalthe initial (control) mesh is refined through the transfor-
mechanism with which any subdivision scheme can be mation of each triangular face into a patch with four
formulated within the physics-based framework. The smaller triangular faces. After one step of refinement,
primary mathematical technique we resort to is finite the new mesh in thdiner level retains the vertices of
element analysis. We shall first formulate a dynamic repre- each triangular face in the previous level and hence, inter-
sentation and equation for an interpolatory subdivision polates thecoarsermesh in the previous level. In addi-
scheme—the modified butterfly subdivision method— tion, every edge in each triangular face is split by adding
where the limit surface, unlike other generalized spline- a new vertex whose position is obtained by an affine
based subdivision schemes, does not have any closed-forntombination of the neighboring vertex positions in the
analytic formulation [17]. Moreover, we shall reformulate coarser level. For instance, the mesh in Fig. 1(b) is
the dynamic Catmull-Clark subdivision surface model obtained by subdividing the initial mesh shown in Fig.
using this novel methodology, and describe how to develop 1(a) once. Note that, all the newly introduced vertices
a unified dynamic framework for any subdivision scheme. corresponding to the edges in the original mesh have
The key contribution of this unified approach is to represent degree six, whereas the position and degree of all original
the smooth limit surface of any subdivision scheme using a vertices do not change in the refined mesh.
collection of a single type of novel finite elements. The In the original butterfly scheme, the new vertices corre-
geometric and physical features of our subdivision-based sponding to the edges in the previous level are obtained
finite elements depend only on the subdivision scheme using an eight-point stencil. It produces a smodth
involved. Our finite element method (FEM)-based approach surface in the limit except at thextraordinary points
significantly advances the state-of-the-art in physics-basedcorresponding to theextraordinary vertices (vertices
geometric modeling because of the following. with degree not equal to six) in the initial mesh [28].
Since all the vertices introduced through subdivision
1. It provides a universal physics-based solution to any have degree six, the number of extraordinary points in
subdivision scheme beyond prevalent spline-like subdi- the smooth limit surface equals to the number of extra-
vision techniques. ordinary vertices in the initial mesh. Recently, tbegi-
2. A natural mechanism that allows users to intuitively nal butterfly scheme has been modified by Zorin et al.
deform any subdivision surface has been systematically [28] to obtain better smoothness properties at the extra-
devised. ordinary points. In thismodified butterfly subdivision

This section discusses a dynamic framework for an inter-
polatory subdivision scheme namely, the (modified) butter-
fly subdivision technique. First, a brief overview of the
(modified) butterfly subdivision scheme is presented.
Next, a local geometric parameterization technique for the
limit surface of the (modified) butterfly subdivision is
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Fig. 1. (a) The control polygon with triangular faces. (b) The refined mesh obtained after one subdivision step using butterfly subdivision rules.

technique, all the edges had been categorized into threestencil shown in Fig. 2(b) at each of those two extra-
classes: ordinary vertices.

1. Edges connecting two vertices of degree six (a 10 point 4.2. Formulation
stencil, as shown in Fig. 2(a), is used to obtain the new
vertex positions corresponding to these edges). This section systematically formulates the dynamic
2. Edges connecting a vertex of degree six and a vertex offramework for the modified butterfly subdivision scheme.
degreen # 6 (the corresponding stencil to obtain new Unlike the approximating schemes, the geometry of the

vertex position is shown in Fig. 2(b), whege=0.75 is limit surface obtained via modified butterfly subdivision
the weight associated with the vertex of degreg 6, does not have any closed-form analytic expression even
and s = (0.25+ cog2wi/n) + 0.5 cog4mi/n))/n, i = for a regular mesh. Therefore, the key issue is to define an
0,1,...,n—1, are the weights associated with the appropriate parametric domain and derive a local parame-
vertices of degree six). terization for butterflybased subdivision. These relevant
3. Edges connecting two vertices of degreg 6. geometric components are critical to the development of

our physics-based FEM for the limit surface of butterfly
The last case cannot occur except in the initial mesh scheme.
as the newly introduced vertices are of degree six, and The smooth limit surface defined by the modified butter-
the new vertex position in this last case is obtained by fly subdivision technique is of arbitrary topology where a
averaging the positions obtained through the use of global parameterization is impossible. Nevertheless, the

Fig. 2. (a) The weighing factors of contributing vertex positions for an edge connecting two vertices of degree 6. (b) The corresponding caseantegnone v
of degreen and the other is of degree 6.
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Fig. 3. The smoothing effect of the subdivision process on the triangles of the initial mesh.

(a) (b)
® . ®
® ds af ®
/X
R--gg i
™ i ® 0 °
(c)

Fig. 4. Tracking a poink through various levels of subdivision: (a) initial mesh; (b) the selected section (enclosed by dotted lines) of the mesh in (a), after one
subdivision step; (c) the selected section of the mesh in (b), after another subdivision step.
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limit surface can be locally parameterized over the the collection of vertices at levglwhich control the smooth
geometric domain defined by the initial mesh. The idea is patch in the limit surface corresponding to the triangular
to track an arbitrary point on the initial mesh across the face uvw at thejth level of subdivision. Let2,. be the
mesh hierarchy obtained via the subdivision process (seecollection of vertices in the initial mesh that are within the
Figs. 3 and 4), so that a correspondence can be establishe@-neighbourhood of the verticesb andc (marked black in
between the point being tracked in the initial mesh and its Fig. 4(a)). Let the number of such vertices hél'hen, the
image on the limit surface. vectorvd,., which is concatenation of the,(y, z) positions
The modified butterfly subdivision scheme starts with for all ther vertices, is of dimensionr3Based on the above
an initial set of triangular faces. The recursive application observation of the Zeighborhoodproperty, the geometry
of the subdivision rules smoothes out each triangular of the smooth triangular patch in the limit surface corre-
face, and in the limit, we obtain a smooth surface consist- sponding to the triangular facgbc in the initial mesh is
ing of a collection of smooth triangular patches. The uniquely determined by thesevertices. Because of the
subdivision process and the triangular decomposition of recursive characteristic, there now exists four subdivision
the limit surface is depicted in Fig. 3. Note that, the limit matrices Azt (Aandl (Aandr and Agdm of dimension
surface can be represented by the same number of smootlf3r,3r) such that
triangular patches as that of the triangular faces in the

initial mesh. Therefore, the limit surface can be  vig = (ApdiVoe  Vied = (AabdiVibe
expressed as ) . ) . 2
n Ve = (AabdrVabe Vet = (AabcdmVabe
S= , 1 ) .
k;s‘ @D where the subscripts t, I, r and m denote tope, left, right and

middle triangle positions, respectively (indicating the rela-

wheren is the number of triangular faces in the initial mesh tive position of the new triangle with respect to thgginal
ands, the smooth triangular patch in the limit surface corre- triangle), andrigs, Vies Vie aNdvies are the concatenation of
sponding to thekth triangular face in the initial mesh. the , y, 2) positions for the vertices in the 2-neighborhood

We now describe the parameterization of the limit surface of the corresponding triangle within the newly obtained
over the initial mesh. The procedure can be best explainedrefined mesh after one subdivision. Note that, the new
through the following example. A simple planar mesh vertices in this level of subdivision are lightly shaded in
shown in Fig. 4(a) is chosen as the initial mesh. An arbitrary Fig. 4(b). The 2-neighborhood configuration of the vertices
point X inside the triangular facabc is tracked over the inthe newly obtained triangles is exactly the same as that of
meshes obtained through subdivision. The vertices in thethe original triangle, hence local subdivision matrices are
initial mesh are darkly shaded in Fig. 4. After one step of square and the vector dimensions on both sides of Eq. (2) are
subdivision, the initial mesh is refined by addition of new the same.
vertices, which are lightly shaded. Another subdivision step  Carrying out one more level of subdivision, a new set of
on this refined mesh leads to a finer mesh with introduction vertices which are unshaded in Fig. 4(c) are obtained along
of new vertices which are unshaded. It may be noted that with the old vertices. Adopting a similar approach as in the
any point inside the smooth triangular patch in the limit derivation of Eq. (2), it can be shown that
surface corresponding to the face abc in the initial mesh

depends only on the vertices in the initial mesh which are vﬁgi = (ApedtVies vﬁhg = (Aped) Vied

within the 2-neighborhood of the verticasb andc due to ©)]
the local nature of the subdivision proceg$ise k-neighbor- Vain = (Aped)Vied véhi = (ApedmVied

hood of a vertex includes all the vertices that can be reached

following at mostk edges from the given vertex). For exam- The relative position and geometric structure fdgein

ple, the vertexd, introduced after first subdivision step, can Fig. 4(c) with respect to the triangular fabedis topologi-
be obtained using the 10 point stencil shown in Fig. 2(a) on cally the same as of the triangular faadf in Fig. 4(b) with
the edgeab. All the contributing vertices in the initial mesh  respect to the triangular fa@bc Therefore, we can obtain
are within the 1-neighborhood of the verticeandb. A 10 (Apedt = (Aapoi- Based on the similar reasoning, Eq. (3)
point stencil can be used again in the next subdivision stepcan be rewritten as
on the edgelbto obtain the vertey. Some of the contribut-
ing vertices at this level of subdivision, for example, the vi; = (ApedhiVied = (AabohVied
(lightly shaded) 1-neighbors of the vertbx(exceptd and
e) in Fig. 4(b), depend on some vertices in the initial mesh Ving = (Aped)iVbed = (Aapdi Vbed
which are within the 2-neighborhood of the vertiees and ) . . 4
c in the initial mesh. Veih = (Aped)rVbed = (Aapc)rVbed

In the rest of the formulation, superscripts are used to 1 N
indicate the subdivision level. For examplé,,, denotes  Vghi = (AbedmVbed = (Aabc)mVbed
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Combining Egs. (2) and (4), it can be shown that
Vigi = (Aab(Aabo Vabe (Aabo)i (Aandi Vave

5
Vain = (Aabo(Aabo Vabo (Aapdm(AapdVabe:

Let x be a point with barycentric coordinates
(%o B Yoo inside the triangular facabc When the
initial mesh is refined,x becomes a point inside the
triangular face bed with barycentric coordinates
(0 eq Breds Yied)- Another level of subdivision causesto
be included in the triangular fac#gi barycentric coordi-
nates(edgs Big Yag)- Let S, denote thgth level approx-
imation of the smooth triangular patchy,. in the limit
surface corresponding to the triangular fatein the initial
mesh. Now3,; can be written as

Vbhg

Vghl

T r r
(BB, G By.Dy. G

where the subscriptg y andz indicate thex, y andz coor-

N ———
-
Vabc . agnb,cy, .l ]

bl

dinates of the corresponding vertex position, respectively.

The expressions fovgeq and Vdgl can also be written in a
similar manner. Next, the matr&%,. can be constructed as
follows:

I\

BandX) = SR
Qabe, Babe Yabe Os -

)
r r T

P — —
...0,0,...,

"0 0 .0 N
O’ Qabes Babc’ Yabes 0» nee 0 _

The matricesBi.q and Bdg| can also be constructed in a
similar fashion. Nows),(X), Skd(X), and S,(X) can be
written as

X)) = Bape¥)Voho
SibcX) = BhedX)Vied = BhedX)(AaboVabe ©
SncX) = Bagi(X)Vig = Bigi(¥)(AapdiVbed

= Bigi()(Aabt(Aabo)i Vabe:

Proceeding in a similar way, the expressions'[acg[:’(x), jth
level approximation o8,,«(x), is given by

j
Bjuvw(x) EAabc)m- . -(Aabc)t(Aabc)I‘ ngc

j 0
- Babc(x)vabc’

gabc(x) =

= BlLu()(ALpVane = @)

wherex is inside the triangular facavw at levelj (with

an assumption thatvwis the triangular face in theniddle

with respect to itoarser-leveloriginal triangular face in

the previous level), (AL, ) = (Aapom--(Aapt(Aane) and
Bl X) = B{,VW(X)(A ano)- It may be noted that the sequence

of applymg(Aabc)ts (Aabc)l (Aabc)r and(Aabc)m depends on
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the triangle inside which the tracked poiotalls after each
subdivision step. Finally, the local geometric parameteriza-
tion procedure can be completed by writing

SacX) = (1iM BLoc00))Vabe = BancX)Vabe ®)

Note that,Bg,. is the collection of basis functions at the
verticesv2,.. It may also be noted that the modified butterfly
subdivision scheme isstationarysubdivision process, and
hence new vertex positions are obtained by affine combina-
tions of nearby vertices. This guarantees that each row of the
matrices(Aapot (Aapnd> (Aapdr and (Azpom SUMS to one.
The largest eigenvalue of such matrices is 1 and therefore
the mathematical limit in Eq. (8) exists. Now, assuming the
triangular faceabcis thekth face in the initial mesh, Eq. (8)
can be written as

S(X) = Br(X)VY = B (AP, )

wherep is the concatenation of the,(y, 2) positions of all
vertices in the initial mesh and the matmy, when post-
multiplied byp, only selects the vertices defining thekth
smooth triangular patch in the limit surface. If there &re
vertices in the initial mesh and of them control thekth
patch, therp is a vector of dimensiont3A, is a matrix of
dimension (38, 3t) andB,(x) is a matrix of dimension (3r3.
Combining Egs. (1) and (9), it can be shown that

SX) = (Z Bk(x)Ak)p = Joop, (10
k=1

whereJ, a matrix of dimension (3,t} is the collection of
basis functions for the corresponding vertices in the initial
mesh. The vectagp is also known as the degrees of freedom
vector of the smooth limit surface

We now treat the vertex positions in the initial mesh
defining the smooth limit surface as time variables in
order to develop the new dynamic butterfly subdivision
model. The velocity of the surface model can be expressed
ass(x,p) = J(X)p, where an overstruck dot denotes a time
derivative anck € S, S being the domain defined by the
initial mesh. Note thatS’ is the parametric domain of the
limit surface, each triangle of the initial control mesh serves
as a local parametric domain for its corresponding triangular
patch.

4.3. Finite element procedure

In Section 4.2, we have demonstrated that the smooth
limit surface of butterfly subdivision can be represented
by a collection of smooth triangular patches. In our dynamic
framework, we now consider each patch of the limit surface
as a finite element. The number of such patches is equal to
the number of triangular faces in the initial mesh as
mentioned earlier. The concept of decomposing the smooth
limit surface into a collection of elements is illustrated in
Fig. 5. We also show the parametric domain and control
vertices for shaded elements in Fig. 5. The governing
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Fig. 5. (a) An initial mesh, and (b) the corresponding limit surface. The

domains of the shaded elements in the limit surface are the corresponding

triangular faces in the initial mesh. The encircled vertices in (a) are the
degrees of freedom for the corresponding element.

motion equation of this subdivision-based FEM model is

given by
Mp + Dp + Kp = f, (11

wheref, is the generalized force vector, aMl, D, andK
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step splits one triangular face into 4 triangular faces). In
addition, we choose a discretized form of mass distribution
function which has non-zero values at the vertex positions
of thejth subdivision level mesh to simplify the implemen-
tation matter. Then the mass matrix can be approximated as

M abc = ZM(V ){ BV} { BlpV)}. 13

wherek is the number of vertices in the triangular mesh with
4! faces. This approximation has been found to be very effec-
tive and efficient for the implementation of FEM procedure.
The computation of elemental damping matrix follows suit.

Physics-based models have both kinetic and potential
energies. We now define the internal (e.g. elastic) energy
of the subdivision-based dynamic model by assigning defor-
mation energy to each element. We take a similar approach
as shown above and consider jlielevel approximation of
the element. Throughout this paper, in particular, we assign
spring-like energy to the approximated of the element.
Throughout this paper, in particular, we assign spring-like
energy to the approximated model because of its simplicity
and efficient computation. The energy at fle level of
approximation can be defined as

ZZ

wherek, is the spring-controlling variable] andvl,, thelth

andmth vertex in thgth level mesh, are in the 1-neighbor-
hood of each other{2 is the domain defined by all such
vertex pairs, £, is the natural length of the spring
connected betweevi andvl, Let v‘abc be the concatenation
of the , y, 2) positions of all the vertices in th¢h subdivi-
sion level of the triangular facabcin the initial mesh, so

the internal force due to the above energy is

’elm)z

klm(|vl 5 (le

Vil — V2 (14)

Eabc =~ Ea |VJ _ VJ |

are the mass, damping and stiffness matrices of the physical
model. In the interest of space, we provide an outline on
how to derive the mass, damping and stiffness matrices for'int =
these finite elements so that a numerical solution to the
governing second-order differential equation can be Note that, the vertex positions wiabc are obtained by a
obtained using popular finite element analysis techniques.linear combination of the vertex posmons wﬁbc, and
We use the same example as in Section 4.2 (refer to Fig. 4)hence we can wntevabc (Aabc)vabC where (AL, is
to introduce the relevant concepts and derive our FEM the transformation (subdivision) matrix. Therefore, the
model. expression for the elemental stiffness matrix is given by
The mass matrix for the elemesit,, corresponding tothe Ko = (AL )T(KL, )(AL ). It may be noted that this
triangular faceabg can be expressed as approach is applicable for modeling isotropic as well as
an isotropic phenomena becaugg the spring-controlling
variable, can be a time-dependent function in general, in
addition, the entries |Kabc depend on the distance between
the connected vertices. Therefore, unlike other elemental
matrices, the stiffness matrix is a function of time which
requires the recomputation at each time step in principle.
Note that, the above spring-like energy is only one simple
candidate of many possible choices. A large variety of
functional formulations (such as simpthin-plate-under-
tensionenergy or complex curvature-based energy) can be

d Eabc

K jam){ Vjabc} .

abc

Mabe= | WOOBL0Band) o 12
XESanc

However, the basis functions (stored as entrieBjg) do

not have any analytic form, hence computing this integral is

a difficult proposition. We solve this problem by approxi-

mating the smooth triangular patch in the limit surface

corresponding to the faabcin the initial mesh by a trian-

gular mesh with 4faces obtained aftgrlevels of subdivi-

sion of the original triangular facabc (each subdivision
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(a) (® (©)

Fig. 6. Catmull—Clark subdivision: (a) initial mesh; (b) mesh obtained after one step of Catmull-Clark subdivision; and (c) obtained aftetbdiviisérs
step.

employed to describe a wide range of material and physical whereF is the average of the new face vertices of all
behaviors such as linear elastic deformation and/or non- faces adjacent to the old vert& E the average of the
linear plastic deformation. midpoints of all edges incident on the old vertéxandn
the number of the edges incident on the vertex.
4. New edges are formed by connecting each new face point
5. Dynamic Catmull-Clark subdivision surfaces to the new edge points of the edges defining the old face
) . ) and by connecting each new vertex point to the new edge
This section considers a new FEM model based on an 5t of all old edges incident on the old vertex point.
approximating subdivision scheme, namely, Catmull- 5 New faces are defined as faces enclosed by new edges.
Clark subdivision technique. Please note, the dynamic
formulation of Catmull-Clark subdivision previously —~ An example of Catmull-Clark subdivision on an initial
proposed in Refs. [15,16,21] could not be generalized to mesh is shown in Fig. 6. The mostimportant property of the
other approximating subdivision schemes. The framework Catmull—Clark subdivision surfaces is that a smooth surface
developed in this section can be easily generalized to othercan be generated from any control mesh of arbitrary topol-
approximating subdivision schemes as shown in Section 7.09Y. Catmull-Clark subdivision surfaces include standard
In fact, a dynamic framework for Loop’s technique (another bicubic B-spline surface as their Sp90i3| case (le the limit
popular approximating subdivision scheme) has been surface is a bicubic B-spline surface for a rectangular mesh
discussed in Section 6 using the aigorithm proposed in with all non-bOUndary vertices of degree 4) In addition, the
this section. We first outline the Catmull—Clark subdivision aforementioned subdivision rules generalize the recursive
scheme. Next, we present the dynamic formulation. In parti- bicubic B-spline patch subdivision algorithm. for non-
cular, we address the difference between the current workrectangular meshes, the limit surface converges to a bicubic
and prior results [15,16,21]. Finally, we discuss the finite B-spline surface except at a finite number of extraordinary

element implementation. points. These extraordinary points correspond to extraordin-
ary vertices (vertices whose degree is not equal to 4) in the
5.1. Catmull—Clark subdivision scheme mesh. Note that, after the first subdivision, all faces are

quadrilaterals, hence all new vertices created subsequently

Catmull-Clark subdivision scheme, like any other subdi- will have four incident edges. The number of extraordinary
vision scheme, starts with an user-defined mesh of arbitrarypoints on the limit surface is a constant, and is equal to the
topology. If refines the initial mesh by adding new vertices, number of extraordinary vertices in the refined mesh
edges and faces with each step of subdivision following a obtained after applying one step of the Catmull-Clark
fixed set of subdivision rules. In the limit, a sequence of subdivision on the initial mesh. The limit surface is curva-
recursively refined polyhedral meshes will converge to a ture-continuos everywhere except at extraordinary vertices,
smooth surface. The subdivision rules are as follows: where only tangent plane continuity is achieved.

1. For each face, a new face point is introduced which isthe 5 5 Formulation
average of all the old vertices defining the face.

2. For each (non-boundary) edge, a new edge point is intro- A systematic formulation of the newly proposed dynamic
duced which is the average of the following four points: framework for Catmull-Clark subdivision surfaces is
two old vertices defining the edge and two new face presented in this section. The key difference between the
points of the faces adjacent to the edge. dynamic model developed in Refs. [15,16,21] and the one

3. For each (non-boundary) vert&% new vertex is intro- presented here is the representation of the limit surface. The
duced whose position ig/n+ 2E/n + ((n — 3)V)/n, previously proposed approach leads to diverse types of finite
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Fig. 7. A control mesh with an extraordinary vertex of degree 5 and the corresponding limit surface: (a) using the concepts developed in Réfs Wh8re6,2
the limit surface consists of quadrilateral normal elements and a pentagonal special element; (b) using the unified approach developed inlieiefbper,
limit surface consists of one single type of quadrilateral finite element.

elements, whereas the present approach leads to a singlguadrilateral bicubic B-spline patches corresponding to the
type of finite elements. This is illustrated with a schematic faces marked ‘n’ (faces with no extraordinary points), and a
diagram in Fig. 7. pentagonal patch corresponding to the faces marked ‘s’

Following the concepts developed in Refs. [15,16,21], the (faces having one extraordinary vertex of degree five)
limit surface of the control mesh shown in Fig. 7, consists of (Fig. 7(a)). However, in this section, it has been shown
that the entire limit surface can be expressed as a collection
of quadrilateral patches as shown in Fig. 7(b) using the
algorithm proposed by Stam [25]. We next discuss a local
parameterization of the limit surface, which is critical to
embed the limit surface in a dynamic framework.

As mentioned earlier, the control mesh (after at most one
subdivision step) for the Catmull-Clark subdivision scheme
consists of quadrilateral faces which lead to quadrilateral
patches in the limit surface. For the sake of formulation
simplicity, it has been assumed that each face has at most
one extraordinary vertex. If this assumption is not valid,
then one more subdivision step needs to be performed on
the current control mesh in order to obtain a new control
mesh on which the following analysis can be carried out.
The number of quadrilateral patches in the limit surface is
equal to the number of non-boundary quadrilateral faces in
the control mesh (Fig. 8). Therefore, the smooth limit
surfaces can be expressed as

s=)s, (15)
=1

Fig. 8. In Catmull-Clark subdivision, each non-boundary quadrilateral face . .
in the control mesh has a corresponding quadrilateral patch in the limit Where n is the number of non-boundary faces in the

surface: (a) control mesh; and (b) limit surface. control mesh ands is the smooth quadrilateral patch
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facei is given by
§ = Jp(U, VIP; = (Jp(U, VAP = Ji(u, V)P, 17

where 0= u,v = 1, Jy(u, V) is the collection of the bicubic
B-spline basis functionsp; the concatenation of the 16
control vertex positions defining the bicubic B-spline
patch,A; the selection matrix which when multiplied with

p, the concatenation of all the control vertex positions defin-
ing the smooth limit surface, selects the corresponding set of
control vertices, and;(u, v) = J,(U, V)A,.

By contrast, the analytic expression of the quadrilateral
patches corresponding to the irregular faces in the control
mesh was difficult to derive, and hence an alternative
approach was taken in Refs. [15,16,21]. However, very
recently an efficient scheme for evaluating Catmull-Clark
subdivision surfaces at arbitrary parameter values has been
proposed by Stam [25]. The proposed approach, involving
eigen-analysis of the subdivision matrix, leads to an analytic
expression of the quadrilateral patches which are parame-
terized over an irregular face in the control mesh, and hence

Fig. 9. (@) The marked 16 control vertices define the shaded quadrilateral gy,ar [0 1]2 after reparameterization. Following the scheme
patch associated with the shaded regular face in the control mesh. (b) The evelo ' ed by Stam [25], the quadrilateral patch correspond-
marked 14 control vertices define the shaded quadrilateral patch associateqd P y ! q P P

with the shaded irregular face in the control mesh. ing to the irregmar faC(jE is given by

(a)

corresponding to thih non-boundary quadrilateral face in =~ § = Ja.(U: VP = g (UL VAP = J;(U, V)P, 18
the control mesh. Each of these quadrilateral patches can be
parameterized over the corresponding non-boundary quadwhere 0= u,v = 1 as beforeJ, (u,v) is the collection of
rilateral face in the control mesh. However, since a quad- basis functions for the corresponding quadrilateral patch
rilateral face can easily be reparameterized over a {0,1] in the smooth limit surface. The subscrigt is used to
domain, each quadrilateral patch is locally parameterized denote the fact that the irregular face has an extraordinary
over [0,1F. vertex of degreé. The detailed derivation and the analy-
The non-boundary quadrilateral faces are of two types: tic expressions of these basis functions involving the
(a) faces having no extraordinary vertices (dubbed as “regu-eigenvalues and eigenvectors of the subdivision matrix
lar” faces in Refs. [15,16,21], marked asn Fig. 8(a)) and can be found in Ref. [25]. The other symbols used in
(b) faces with one extraordinary vertex (dubbed as “irregu- Eq. (18) have the usual meaning:is the concatenation
lar” faces in Refs. [15,16,21], marked &sn Fig. 8(a)). If of the X + 8 control vertices defining the quadrilateral
there aremregular andn—m irregular faces, then Eq. (15) patch in the limit surfacep the concatenation of all the

can be rewritten as control vertex positions defining the smooth limit surface,
" N A; the selection matrix which when multiplied with

S:ZS‘ + Z s (16) selects the corresponding set of control vertices, and
i=1 i=1 Jj(u,v) = Jg, (U, VA,

It may be noted that the number of control vertices in
wheres is the quadrilateral patch corresponding to itie the initial mesh defining a quadrilateral patch in the
regular face and is the quadrilateral patch corresponding smooth limit surface is R+ 8, wherek = 4 in case the
to thejth irregular face. associated quadrilateral face in the control mesh is regu-

The quadrilateral patch in the limit surface corresponding lar, or k= degree of the extraordinary vertex if the asso-
to each regular face is a bicubic B-spline patch, which is ciated quadrilateral face is irregular. For example, the
defined over [0, The set of control vertices defining this shaded quadrilateral patch is associated with the shaded
bicubic B-spline patch can be obtained using the adjacentregular face in Fig. 9(a), and the 16 control vertices
face information. Therefore, the quadrilateral patches in the defining this patch (which is actually a bicubic B-spline
smooth limit surface corresponding to the regular faces in patch) are marked. Similarly, the shaded quadrilateral
the control mesh can be easily expressed analytically, whichpatch is associated with the shaded irregular face in
are essentially bicubic B-spline patches defined by 16 Fig. 9(b), and the 14 control vertices defining this
control vertices over a [0,1]domain. The analytic expres- patch are highlighted. Now an expression of the smooth
sion for the quadrilateral patch corresponding to the regular limit surface can be formulated. Using Egs. (16)—(18), it
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can be shown that and
1rl
> o I Ke=| | (ear{p)a} {n)a} + ao{ (Ip)} { T}
s=)Jp+ Jp = Ji + Jlp =Jp, J’OJ’O
So0-500p = (3045 T T
(19) + Bll{ (‘]b)uu} {(Jb)uu} + 312{ (Jb)uv} {(‘Jb)uv}
where + Boo{ (Iphwd { (Jp)nd) dudv (23)

where J,, is the bicubic B-spline basis matrix,(u,v) the
3 i‘} +”§”J_ mass density,y(u,v) the damping densitye;(uv) and
“ : = e Bii(u,v) are the tension and rigidity functions, respectively.
The subscripti andv denote partial derivatives with respect
Note that even though the initial mesh serves as thetouandv, resp_ectively: The subsgriptis used to indicate
parametric domain of the smooth limit surface, each elemental matrices Wh'Ch are of slz€ (16,16). Note that, the
guadrilateral face in the initial mesh and consequently mass, damping and _st|ffness m‘_it”ces forthesc_e elements_ can
the smooth limit surface can be defined over a [0,1] be evaluated analyﬂcally,.p.rowded the ”?ate”"’." propgrtles
domain. (e.g. mass, damping, rigidity and bending distributions)
Once an analytic expression of the smooth limit surface have analytic expressions. In some cases, these distribution

of Catmull-Clark subdivision is derived, we then develop functions can be assumed to be constant to simplify the

the dynamic model by considering the control vertex posi- mz_ilic:]er. q . q stiff . for th d
tions as time-varying variables. The velocity of the surface € mass damping and stifiness matrices for the quad-

model can be expressed &8, u,v) = J(x, U, V)p, where an rilatera}I elements _Which are not bicubic B-splines (corre-
overstruck dot denotes a time derivative ane L, < sponding to the irregular faces) can also be expressed
being the domain by the initial mesh. analytically _by simply _replacing the matrid, in Egs.
(21)—(23) with the matrix]y (refer to Eq. (18)), wherd
denotes the degree of the extraordinary vertex associated
with the corresponding irregular face. These elemental
matrices are of size2k + 8,2k + 8). The generalized
The smooth limit surface of Catmull-Clark subdivision force vector for these elements can also be determined in
comprises a collection of quadrilateral patches. Each a similar fashion. It may be noted that the limits of integra-
quadrilateral patch is considered as a finite element. There-tion need to be chosen carefully for elemental stiffness
fore, within the unified framework the limit surface can be matrices as the second derivative diverges near the extra-
decomposed into a collection of single type of finite ordinary points for Catmull-Clark subdivision surfaces.
elements rather thariwo different types as in Refs. Even though an analytical expression fon@n-B-spline
[15,16,21]. Our new FEM technique significantly simplifies quadrilateral element in the limit surface exists, it is
the data structure and system architecture. Consequentlycumbersome to actually evaluate the elemental matrix
more efficient algorithms for finite-element assembly, expressions. Numerical integration using Gaussian quad-
dynamic simulation, etc. can be devised using this unified rature may be used to obtain approximations of these
approach. The motion equation of the dynamic model is elemental matrices. However, in this paper, an approach
same as that of the dynamic model of butterfly-based similar to the FEM procedure presented in Section 4 is

5.3. Finite element implementation

subdivision: utilized because of its simplicity and effectiveness. An
approximation of the smooth limit surface is obtained by
Mp + Dp + Kp =1, (20 refining the initial control meshtimes, and a spring—mass

system is developed on thjth approximation level in a
wheref, is the generalized force vector aktj D, andK are similar fashion as in Section 4.3. The physical matrices of
the mass, damping and stiffness matrices of the model. Thethis system are then used as an approximation to the actual
expressions of the mass, damping and stiffness matrices forphysical matrices. This approximation has been found to be
a quadrilateral element (which is a bicubic B-spline) can be very efficient for implementation purposes.
written as

1t 6. Dynamic loop subdivision surfaces
Me:J’ J wIT3, du dv, 1) Y P
oJo
Loop’s subdivision scheme starts with a triangular control
mesh and generates a smooth surface with triangular patches
. . I . Lo L
_ T in the limit. It is an approximating subdivision scheme
De = Jo Jo Ypdp duav, (22 which generalizes recursive subdivision schemes for
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Fig. 10. (a) The control polygon with triangular faces. (b) Mesh obtained after one subdivision step using Loop’s subdivision rules.

obtainingC? quartic triangular B-spline patches in a regular 6.1. Local parameterization

setting. In each step of Loop subdivision, each (non-bound-

ary) triangular face is refined into 4 triangular faces using  The limit surface obtained via Loop’s subdivision scheme

the following rules: can be locally parameterized easily. This local parameter-

ization scheme is very similar in nature to the one described

1. For each (non-boundary) vertdk of degreen, a new for Catmull-Clark subdivision scheme in the previous
vertex point is introduced. The position of this newly section. For Loop's scheme, the smooth limit surface
introduced vertex point is given byx(nyv + vy + - + consists of triangular patches and the number of these trian-
vy)/(a(n) + n), wherev is the position vector of verte¥, gular patches is the same as the number of non-boundary
vy, ...V, are the vertex positions of the vertices triangular faces in the control mesh. Therefore, each of the
connected to verteX a(n) = (n(1 — B(n)))/B(n) and triangular patch in the limit can be locally parameterized
B(n) = 5/8 — (3 + 2 cog2m/n))*/64. o

2. For each (non-boundary) ed@e a new edge point is y, ¥
introduced. LetE be the connecting edge between A <
verticesV; andV,, and is shared by facds, andF,. If Ve e /
F, andF; have vertices/g, andVg,, respectively (apart ¥ —t -
from V; andV,), then the position of the newly intro- - 2
duced edge point is given by3(v; + V) + Vg, + = !
VE,)/8, wherevy, vy, Ve, andvg, are the position vector o L
of the vertexVy, V,, Vg, and Ve, respectively.

3. New edges are formed by connecting each new vertex !
point to the new edge points corresponding to the edges ,f’r T -
incident on the old vertex, and by connecting each new /] / !
edge point to the new edge points of the other edges in the Nl WWMUI /
two faces, which shared the original edge. . V'n"n"un' /

4. New faces are defined as faces enclosed by the new ! ﬂﬂ"ﬂi'?l /
edges. ’ ﬂ?iﬂ{g??"
Examples of refining an initial mesh using Loop’s subdi- / " !

vision rules are shown in Figs. 10 and 11. These subdivision Ll TS i /

rules ensure tangent plane continuity of the limit surface limit surface

even in a irregular setting, i.e. when the triangular control

mesh has extraordinary vertices whose degree is not equal td:ig. 11. An ipit_igl mesh and the corrgsponding limit surfa_lce obtained using

6. A detailed discussion on how to obtain positions and Loop’s subdivision rules. The domains of the shaded triangular patches in

the limit surface are the corresponding triangular faces in the initial mesh.
normals in the smooth limit surface generated by the LOOP The encircled vertices are the control vertices for the corresponding trian-
subdivision scheme can be found in Hoppe et al. [10]. gular patch in the limit surface.
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6.2. Finite element implementation

0, .
R The implementation of the dynamic framework for Loop

subdivision scheme using the unified approach treats each
00 a0 triangular patch in the limit surface as a finite element. Each
triangular patch has an analytic expression, and hence the
elemental physical matrices and the generalized force vector
can be derived analytically. The derivation of an exact
initial mesh expression for elemental matrices is cumbersome for the
| triangular patches corresponding to the triangular faces
with an extraordinary vertex, and numerical integration
using Gaussian quadrature may be used for deriving an
approximation. However, a practical alternative for imple-
mentation is to subdivide the control meghimes using
Loop’s subdivision rules, and to build a spring—mass system
on this jth level approximation as has been done for the
dynamic modified butterfly subdivision model in Section
4.3. The physical matrices of this spring—mass system

Fig. 12. Each triangular patch in the limit surface can be associated with a provide an approximation of the original physical matrices,
non-boundary triangular face in the initial mesh, which in turn can be and it works well in practice.
parameterized over a triangle with vertices at (0,0), (1,0) and (0,1).

limit surface

. . . 7. The unified approach for any subdivision scheme
over the corresponding triangular face in the control mesh. It

may be noted that each triangular face in the control mesh 110 dynamic framework for modified butterfly and

can be parameterized over a triangular domain wWhose cammuyll—Clark subdivision scheme can be generalized to
vertices are located at (0, 0), (0, 1) and (1, 0), and hence 5y gyhdivision scheme. The key observation is that the
each triangular patch and consequently the smooth limit gy ,0th jimit surface can be viewed as a collection of a
surface can be defined over this domain (refer Fig. 12).  gjngle type finite elements. Because of the nature of recur-

The triangular patches in the smooth limit surface are of gjyq refinement, any subdivision-based scheme essentially
two types. For a non-boundary triangular face in the control yafines a “natural” correspondence which leads to a local

mesh with no extraordinary vertices (i.e. with three vertices 5.3 meterization of the smooth limit surface. The unique
of degree 6), the corresponding triangular patch in the limit 156 of the associated finite element results from the local
surface is a particular type of triangular B-spline (the three- 55 meterization scheme. This is evident from the triangular
direction quartic box spline) whose analytic expression is finite element patches developed for the modified butterfly
easy to obtain. This triangular B-spline patch is controlled gpqivision scheme and from the quadrilateral finite
by 12 vertices as shown in Fig. 11 (the set of enclosed giement patches developed for Catmull—Clark subdivision
vertices in the left-hand side). The triangular patch in the cheme. We will present a general outline on how to provide

limit surface corresponding to a non-boundary triangular 5 gynamic framework for interpolatory and approximating
face in the control mesh with one extraordinary vertex can g ,pdivision schemes.

also be expressed analytically using the schemes proposed
by Stam [26]. This triangular patch is controlled by+ 6 7.1. Interpolatory subdivision schemes
vertices in the control mesh whereis the degree of the
extraordinary vertex. The set of control vertices for a trian-  Most of the interpolatory subdivision schemes are
gular patch of the later type is shown in the right-hand side obtained by modifying the butterfly subdivision scheme
of Fig. 11. Therefore, each triangular patch in the limit [7]. Therefore, the framework for the modified butterfly
surface can be expressed analytically, and an expressiorsubdivision scheme in Section 4 and its principles can be
for the limit surface similar to Eq. (19) can be obtained. applied to other interpolatory subdivision schemes. The
Once an expression for the limit surface using Loop’s only difference is that the basis functions as well as the
subdivision is obtained, the dynamic model can be devel- set of control vertices of arbitrary patch in the limit surface
oped following an exactly similar procedure described for depend on the chosen interpolatory subdivision rules. It may
Catmull-Clark subdivision scheme in the previous section. also be noted that unlike the approximating schemes, the
This is mainly because of the fact that both subdivision physical matrices cannot be obtained analytically as the
schemes have an analytical representation of the limit basis functions corresponding to interpolatory subdivision
surface. Furthermore, the motion equation of the dynamic schemes do not have any analytic expressions in general.
Loop subdivision model can also be derived in a similar Even though these matrices can be obtained via numerical
fashion. integration, the point—mass system connected by springs as
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developed in Section 4 is more preferable for implementa- points and the points on the limit surface where the

tion purposes because of efficiency reasons. corresponding springs are attached. We now demonstrate
o o modeling and data fitting examples using our dynamic
7.2. Approximating subdivision schemes FEM model.

In a shape modeling application, the user can specify any
mesh as the initial (control) mesh, and the corresponding
limit surface can be sculpted interactively by applying
synthesized forces. In Fig. 13, we show several initial
surfaces obtained from different control meshes and the
1. The limit surface obtained via an approximating sub- corresponding modified surfaces after interactive sculpting.

division scheme can be expressed as a collection of To change the shape of an initial surface, the user can attach

smooth patches which can be locally parameterized springs from different points in 3D to the nearest points on
over a corresponding face in the control mesh. Each the limit surface such that the limit surface deforms towards
patch isn-sided if it is locally parameterized over an these points to generate the desired shape. It may be noted
sided face. Analytic expressions for each of these patchesthat the user can specify these data points in several ways—
can be derived even in the presence of extraordinary directly in 3D, on a 2D plane at a fixed height (using mouse
vertices in the control mesh, and hence an expressioninput) or from a file containingxy,z) coordinates of the

of the limit surface can be obtained. points in 3D. Also, the distance between control vertices
2. Once an expression of the limit surface is obtained, the of the initialized mesh is used as the natural (rest) length

dynamic framework can be developed by considering of the spring attached between those vertices. When the

control vertex positions as a function of time. The corre- model deforming under the influence of spring forces
sponding motion equation can be derived. reaches an equilibrium, the control mesh can be subdivided

3. Each patch in the limit surface is treated as a finite to obtain another control mesh with more degrees of free-

element in implementation. The elemental mass, damp-dom for the same smooth limit surface if the error is unac-
ing and stiffness matrices along with the generalized ceptable. For modeling purposes, error is defined as the
force vector can be obtained by either analytic or numer- maximum distance between a data point and the nearest
ical integration. Alternatively, the control mesh can be point on the limit surface expressed as a percentage of the
subdividedj times to obtain an approximation of the diameter of the smallest sphere enclosing all the data points.

smooth limit surface, and a spring—mass system can beThe time needed for the initialized model to deform into the
developed on this approximation mesh. The physical final shape depends on the number of degrees of freedom of
matrices of this system provide an approximation to the the model as well as on the number of data points exerting
original physical matrices and works well in practice. force on the model. Generally speaking, less number of
degrees of freedom leads to faster deformation (a smaller

system of equations is solved). For the examples shown in

8. Solid modeling applications Fig. 13, the deformations took approximately 30—45 s under

normal system load on a Ultra-SPARC 30 machine. A small

The proposed FEM-based dynamic subdivision models time step is used for stability, and one conjugate gradient
can be used to represent a wide variety of smooth shapesteration was necessary between each Euler step.
with arbitrary genus. The smooth limit object can be  The initial mesh of the smooth surface shown in Fig.
sculpted by applying synthesized forces in a direct and intui- 13(a) has 125 faces and 176 vertices (degrees of freedom),
tive way in shape design applications for solid modeling. which is deformed to the smooth shape shown in Fig. 13(c)
The underlying shape from a cloud of 3D points can also be by interactive spring force application. The initial mesh of
recovered hierarchically using our FEM models. For data the closed solid shape in Fig. 13(e) has 24 faces and 14
fitting applications, springs are attached to the initialized vertices. This solid shape is deformed to the shape shown
model from the data points in 3D, and the initialized in Fig. 13(g). The one hole torus in Fig. 13(i) and the corre-
model evolves dynamically according to the equation of sponding modified shape in Fig. 13(k) have initial meshes
motion subject to the applied spring forces and various with 64 faces and 32 vertices. A two hole torus with a
geometric constraints. When an optimal fit to the given control mesh of 272 faces and 134 vertices, shown in Fig.
data set is achieved, the number of control vertices can bel3(m), is dynamically sculpted to the shape shown in Fig.
increased by replacing the original initial mesh by a new 13(0).
initial mesh obtained by applying a single subdivision step. We have also performed several experiments testing the
This increases the number of degrees of freedom to repre-applicability of our model to recover the underlying shapes
sent the same limit surface and a new equilibrium position from a cloud of points in 3D. In all the experiments, the
for the model with a much better fit to the given data set can initialized dynamic model has a control mesh comprising of
be achieved. The fitting-error criteria for the discrete data 24 triangular faces and 14 vertices whereas the control mesh
can be computed according to distance between the dateof the fitted model has 384 triangular faces and 194 vertices.

The unified approach for a dynamic model of Catmull—
Clark subdivision can be generalized for other approximat-
ing subdivision schemes as well. This generalized approach
involves three steps:
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(m) (n) (o)

Fig. 13.First column Initial shapes along with attached springs for deformatecond columrDeformation of initial shapes due to spring forc&hird
column The final deformed shap€&ourth column Another view of the final deformed shape.

It may be noted that once an optimal shape defined by aviews of a light bulb is used and the model was initialized
fixed number of control vertices (determined by subdivision inside the 1000 data points (Fig. 14(a)). The fitted dynamic
levels) is recovered, the limit smooth model is capable of model is shown in Fig. 14(b). In the next experiment, the
refining itself in accordance with the data-fitting criteria, shape of a mechanical part is recovered from a range data-
thereby increasing the degrees of freedom of the recoveredset containing 2031 data points (Fig. 14(c) and (d)). We also
shape only when necessary. For the fitting-error (defined asrecover the shape of a human head from the data set as
the maximum distance between a data point and the nearesshown in Fig. 14(e). The head data set has 1779 3D points.
point on the limit surface expressed as a percentage of theThe time of dynamic evolution for the fitting of range data-
diameter of the smallest sphere enclosing the object) of sets used in the experiments is approximately 3 min on
approximately 3%, the initialized model is refined twice. a Ultra-SPARC 30 workstation. It may be noted that the
The data-fitting examples are shown in Fig. 14. In the first final shape with a very low error tolerance is recovered
data fitting experiment, range data acquired from multiple using a very few number of control points in comparison
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without the need to explicitly manipulate the control
vertices. Furthermore, this dynamic framework permits
physics-based models to be refined adaptively in a hierarch-
ical fashion which is an intrinsic feature of subdivision
geometry. Our experiments have demonstrated the applic-
ability of the new unified FEM-based framework in solid
modeling and data fitting applications. This unified method
will offer a greater potential for popular subdivision techni-
ques in solid and geometric modeling, interactive graphics,
finite element analysis, and engineering design applications.

At present, we are planning to pursue several research
directions based on our current work. First, the capability
for adaptive local subdivision of the control mesh may be
more attractive to modelers in certain applications such as
feature description and manipulation. In general, adaptive
local refinement in the regions of interest is a non-trivial
matter. Second, novel algorithms that support automatic
modification of complex topology and/or automatic change
of subdivision rules should be developed for our FEM-based
modeling framework. Third, a wide variety of constraint
imposition techniques as well as force-based sculpting
toolkits should be investigated in order to further enhance
the functionalities of our modeling system.
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