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Abstract
Solid dynamic deformation and multiphase fluid coupling driven by numerical simulation have manifested their significance
for many graphics applications during the past 2 decades. For example, the fluid implicit particle (FLIP) method and shape
matching constraint based on position-based dynamics (PBD) have demonstrated their unique graphics strength in fluid and
solid animation, respectively. In this paper, we propose a novel integrated approach supporting the seamless unification of
FLIP and dynamic shape matching. We devise new algorithms to tackle existing difficulties when handling new phenomena
such as high-fidelity fluid–solid interactions, solid deformations, melting and immiscible fluid coupling. The key innovation
of this paper is a unified Lagrangian framework that seamlessly blends FLIP- and PBD-based shape matching constraints
toward the natural yet flexible coupling between fluid and deformable solid. Within our integrated framework, it enables
many complicated fluid–solid phenomena with ease. We conduct various kinds of experiments, all the results demonstrate the
advantages of our unified hybrid approach toward visual fidelity, computational efficiency, numerical stability, and application
versatility.
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1 Introduction

Visual-based simulations of fluids and deformable solids
have been widely studied in graphics. In particular, some
applications involve many interesting phenomena relevant
to fluid–solid coupling and interactions, such as solid motion
and deformation, fluid coupling with rigid/soft bodies, multi-
phase fluids.However, certain difficulties still prevail and call
for novel algorithms and techniques. In this paper, wemainly
focus on the complicated dynamic interactions between flu-
ids, solids and multiphase liquid. Our research is based on
the original simple framework [16], and we have improved
the boundary condition and developed the shape matching
constraint. Compared to our previous work, our new tech-
niques can support more smooth interface between fluid and
solid and more complex phenomena, and our improved con-
straint enables two immiscible two-phase fluid, which cannot
be realized by certain methods in [16].

A lot of state-of-the-art methods for visually appealing
fluid animation have offered many choices to researchers.
For example, smoothed particle hydrodynamics (SPH)meth-
ods [12,13,19,32,37] enable great works, and PBD method
could borrow the concept of a density estimator from SPH
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to realize fluid simulation. When PBD method is used for
fluid simulation, fluid particles use additional density con-
straints with SPH kernels to imitate incompressibility of
fluid, and inevitably introduces the time-consuming compu-
tation of global neighborhood search and inherent errors into
PBD fluid, while FLIP solves the Navier–Stokes equations
using grids instead of particles, and only updates the changes
of particles’ velocities to avoid iteration errors. In recent
years, the fluid implicit particle (FLIP) method becomes a
very popular particle–grid coupling method, which is good
at handling incompressible fluid with complex boundaries
[9,13,14]. Although many great ideas have been proposed
for fluid simulation based on FLIP or FLIP-coupled meth-
ods, FLIP-based fluid–solid interactions and two-phase fluid
animations have not been studied as widely as SPH and PBD
methods. We examine the FLIP method, which is widely
used to simulate high-quality fluid effects because of its less
numerical dissipation and better numerical stability [40].

In contrast, PBD methods with various constraints have
the advantage for deformable objects simulation with high-
level stability. In this paper, we will extend and unify the
incompressible FLIP method and shape matching constraint
[6,30] to uniformly accommodate multiple phases with
ease, including deformation bodies, fluid–solid coupling. Of
which, the distributions of all phases (fluids and solids) are
uniformly represented by FLIP particles. The dynamics of
our multiphase system is governed by a variety of shape
matching constraints, which will collectively serve as the
constraining condition of the PBD method. As all the mate-
rials are represented with FLIP particles, the shape matching
constraints are dynamically coupled in a synchronizedway as
the particles’ number and the positions of solid/deformable
objects change (either geometrically or topologically). Our
salient contributions can be summarized as follows:

– We propose to uniformly model the behaviors of all the
involved materials based on the same set of variables in
FLIP-driven Navier–Stokes equations, which can greatly
reduce the computational burden.

– We detail a coupled FLIP-shape matching framework,
which enables to simultaneously simulate a much wider
range of fluid–solid phenomena, such as solid deforma-
tions, fluid–solid interactions, melting.

– We devise an efficient shape matching constraint to facil-
itate the interactions between immiscible fluid phases,
which ensure the vivid visual simulation and stable
numerical computation.

2 Related works

Since this paper mainly focuses on fluid–solid interactions,
to keep the review most relevant to our work, we briefly
summarize previous works as follows.

2.1 FLIP-based fluid simulation

FLIP method is introduced to computer graphics by Zhu et
al. [40], and then it is extended to simulate splashing water
[14,18], preserve fluid sheet [4], conduct fluid–solid cou-
pling [33], combine with particle methods [13], model multi-
scale droplet/spray [39], etc. For example, Ando and Selino
et al. [4,13], respectively, proposed methods to improve the
particle distribution of FLIP method. Boyd and Bridson [9]
extended FLIP method to model two-phase flows, named as
MultiFLIP, which separates velocity fields with a combined
divergence-free formulation to enforce overall incompress-
ibility.

2.2 PBD-based simulation

PBD is used to handle position-level constraints based on
iterative Gauss–Seidel solver [6,31]. Many works employ
PBD for the simulation of deformable objects. For exam-
ple, Müller et al. [30] introduced a geometric constraint
to PBD for deformable object simulation, which serves as
the basic framework of our solid simulation. Bender et al.
[7] proposed a continuum-based strain energy formulation
to solve the constraint function. Tournier et al. [35] for-
mulated a compliant constraint to avoid instabilities due
to linearization, which enables the unification of elasticity
and constraints. Meanwhile, PBD is also extended for fluid
simulation. Macklin et al. [26] proposed a set of positional
constraints to enforce constant density for PBD-based fluid
simulation, and then theyused clampednonnegative densities
to improve the constraint [27], their unified particle represen-
tation for all materials and the improved XPBD method [25]
achieved good performance when simulating solid dynamics
and fluid–solid coupling.

Compared to PBD-based fluid which uses density con-
straints of SPH [26,27] to ensure incompressibility, our
FLIP-based framework combines divergence-free formula-
tion to enforce overall incompressibility, which has less
dissipations. And the constraints for soft bodies directly per-
form on FLIP particles, with very little time consumption
and make the hydrodynamics algorithm has power to simu-
late solids dynamic.

2.3 Fluid–solid coupling

Keiser et al. [20] simulated fluid flow interaction with
deformable solids with a unified Naiver–Stokes equation,
which can also accommodate phase transition. Lenaerts et al.
[22] and Lenaerts [21] successfully simulated porous mate-
rials and water coupling. Allard et al. [3] and Yang et al. [38],
respectively, proposed FEM-based solid and particle-based
fluid coupling methods. Akinci et al. [1] proposed a novel
boundary sampling method for incompressible SPH fluids,
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which can support complex solid–fluid interaction efficiently.
And then they extended their rigid–fluid couplingmethod [2]
for elastic–fluid boundary handling by sampling the solids
with boundary particles, both of the two works achieved
good performances. Shao et al. [34] coupled SPHwith lattice
shape matching to simulate the interactions between fluid
and soft body. Clausen et al. [11] and Misztal et al. [29]
employed tetrahedral meshes to simulate materials (rang-
ing from stiff solids to visco-plastic or inviscid fluids), as
well as the interactions and phase changes among them.
In this paper, we will also focus on fluid coupling with
stiffness-changeable materials (ranging from stiff solids to
visco-plastic and immiscible fluid), which is somewhat sim-
ilar to [29]. However, we propose new hybrid particle-grid
method (FLIP-Shape matching), which differs from unstruc-
tured moving meshes in [29], so that we can better simulate
deformable bodies and handle large-scale phenomena. For
fluid–solid coupling simulations with unified particle rep-
resentations, both Carlson et al. [10] and Batty et al. [5]
achieved good performances. However, with controllable
parameters of shape matching, we can simulate the inter-
actions between fluid and soft bodies with varying stiffness,
which is more flexible than other similar approaches.

In summary, compared with the aforementioned works,
we blend the FLIP- and PBD-based shape matching con-
straint toward the flexible coupling between fluid and
deformable solid, usingFLIP particles to represent allmateri-
als instead of PBD particles. Meanwhile, the shape matching
constraint can represent the position and orientation vari-
ables, linear and angular velocities of objects, which cannot
be realized by FLIP particles alone. That is the very reason
that we intend to introduce the shape matching constraint
into our FLIP framework.

3 FLIP and shapematchingmodels

Our hybrid framework is built upon MultiFLIP and shape
matching constraint of PBD, of which, MultiFLIP is used
for fluid dynamics and shape matching is only used to han-
dle solid dynamics, which has few influences to FLIP solver;
thus, we can support large-scale scenario with sufficient
details in a robust and fast way. For the sake of complete-
ness, we now briefly review the basic ideas of them.

3.1 MultiFLIP model

Simulating fluid dynamics essentially needs to solve Navier–
Stokes equations (N–S equations), which conserve bothmass
and momentum:

∂ρ

∂t
+ ρ∇ · u = 0, (1)

ρ

(
∂u
∂t

+ u · ∇u
)

= −∇ p + μ∇2u + f, (2)

where ρ is the density, u is the velocity, p is the pressure,
and f is the external force.

In FLIP, the fluid volume is discretized into grid cells,
and then traditional Eulerian method is used to solve N–S
equations. The velocity change on grid (rather than velocity
itself) is interpolated over particles to avoid the numerical
dissipation. Usually, FLIP velocity is blended with particle-
in-cell (PIC)method to suppress the potential high-frequency
noise [40] as:

v = avFLIP + (1 − a)vPIC, (3)

where the parameter a ∈ [0, 1] controls the amount of veloc-
ity diffusion during simulation, and it can be bridged to the
fluid viscosity.

We choose MultiFLIP model as basic framework to sim-
ulate fluid and other materials, since it has low numerical
dissipation, and can maintain a sharp and clear interface. The
same as original MultiFLIP algorithm, our method also takes
air domain into consideration to enforce overall incompress-
ibilitywhilemaintaining a free-slip condition at the interface;
however, the gas/air material is not our simulating target.
Both of the liquid and solid/immiscible fluid are represented
by fluid particles, and one kind of phases is performed by
shape matching constraint to imitate deformable character-
istics.

3.2 Constraints of PBD

PBD is a popular method for simulating deformable bodies
in computer graphics and interactive applications because of
its simplicity and robustness, it omits the velocity and accel-
eration, directly works on the position [6,31]. The objects to
be simulated are represented by a set of particles and a set of
constrains

Ci (x + Δx) = 0, i = 1, . . . n (4)

C j (x + Δx) ≥ 0, j = 1, . . . n. (5)

where x is the position. Constraint C is typically solved
through Gauss–Seidel iteration sequentially using the lin-
earization around x,

Ci (x + Δx) ≈ Ci (x) + �Ci (x)Δx = 0. (6)

Δx is restricted along the constraint gradient, a Lagrange
multiplier has been used such that the correction

Δx = λM−1 � Ci (x) (7)
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where M = diag {m1, . . . ,mn} is the mass matrix. Then
positions are updated after each constraint is processed. After
iterations, a new velocity is computed according to the total
constraint delta Δv = Δx/Δt . Constraints are kinematic
restrictions in the form of equation and inequalities that con-
strain the relative motion of bodies.

Different constraints can be used to simulate different
materials. For example, distance constraint can be used for
stretchable bodies, bending constraint can be used for inex-
tensible surfaces, bilateral bending constraint is important to
simulate bending material such as cloth.

3.3 Shapematching constraint

Shape matching can be taken as a kind of constraints to sim-
ulate deformable objects, which is introduced by Müller et
al. [30]. This meshless approach is able to simulate visually
plausible elastic and plastic deformations. Meanwhile, it is
very efficient and unconditionally stable [24,28], and is easy
to be implemented.

Given two sets of positions x0 and xi , one represents the
initial position, and the other represents the predicted posi-
tion. Shape matching aims to find the rotation matrix R and
target position gi , which collectively control the transforma-
tion from x0 to xi. The mass centers of the initial shape and
the actual shape can be defined as:

x0cm =
∑

i mix0i∑
i mi

, xicm =
∑

i mixi∑
i mi

. (8)

Here mi is the mass of point xi . Finding the optimal rotation
matrix R can be relaxed by further finding the minimized
item of a optimal linear transformation A:

∑
i mi (Aqi −pi),

which sets the derivatives with respect to all the coefficients
of A to be zero, yields

A =
(∑

i

mipiqTi

) (∑
i

miqiqTi

)−1

= ApqAqq, (9)

andqi = x0i −x0cm andpi = xi−xcm are the relative locations
with respect to their mass centers. The second term Aqq is a
symmetric matrix that involves scaling without rotation, and

Apq controls the optimal rotationApq = RS (S =
√
AT
pqApq).

Thus, the rotation matrix becomes R = ApqS−1. Finally, the
target position can be calculated as:

gi = R
(
x0i − x0cm

)
+ xcm. (10)

To simulate deformable bodies, some extensions, such as
linear deformations and quadratic deformations, will be used
(please refer to [6,30] for more details). It can imitate vary-
ing materials by setting α ∈ [0, 1]. Solid bodies’ dynamics

Fig. 1 Soft bodies’ dynamic simulation. All the particles are computed
by the FLIP algorithm and the shapes are maintained by the shape
matching constraint. Objects in different scenarios but with different

are demonstrated in Fig. 1. In our method, we use quadratic
deformation extension to enable the diverse deformation of
solid body, such as twist and stretch [30]. So the optimal
Eq. (9) can be converted to quadratic transformation:

Ã =
(∑

i

mipiq̃Ti

) (∑
i

mi q̃iq̃Ti

)−1

= ÃpqÃqq, (11)

and q̃ = [qx , qy, qz, q2x , q2y , q2z , qxqy, qyqz, qzqx ] ∈ R
9, and

x, y, z represents the 3D directions, respectively. We use the
combination βÃ + (1 − β)R̃ to compute the goal shape of
solid, wherein R̃ = [R, 0, 0] ∈ R

3×9, and β is an additional
control parameter for linear deformation can be looked as
elasticity.

4 Integrated framework

Both FLIP and PBD methods can satisfactorily simulate a
variety of scenes, however, for some complicated phenom-
ena such as fluid and deformable solid interaction, they fail
to provide a pleasurable and convincing result without fur-
ther improvement. The key of our approach is a unified
Lagrangian framework that blends FLIP- and PBD-based
shape matching constraint via natural and flexible coupling.
At the numerical simulation level, we take advantages of
MultiFLIP and shape matching. The dynamics of particles
are solved byMultiFLIP solver, and the deformation of solid
is handled by shape matching constraint. Our hybrid frame-
work consists of three main components: (1) the uniform
solution of all particles in a FLIP framework; (2) the cou-
pling of FLIP simulation and shape matching constraint; (3)
the correction of particles to ensure the accuracy and stability
of FLIP solver. And the pipeline of our integrated framework
is shown in Fig. 2, which illustrates it can support seamless
unification of FLIP and shape matching.
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Fig. 2 The pipeline of our integrated framework. The blue squares
represent the normal FLIP algorithms, and the gray ones represent our
key improvements being incorporated into the FLIP framework

Algorithm 1 Implementation of our integrated framework
for fluid–solid simulation.
1: Advect velocities of particles
2: Enforce external forces (gravity)
3: Verify fluid and solid particle flags via Fsolid, Ffluid
4: Map all the particles to grid u0g ← u0p, x

0
g ← x0p

5: Compute level set Φ and velocity on grid ug
6: Project up ← ug, xp ← x0g + ugΔt
7: if particle ∈ Fsolid then
8: Project shape matching constraint
9: Compute target position g
10: Update x∗

p+=α
(
g − xp

)
11: Update u∗

p ← (up, (x∗
p − x0p)/Δt)

12: else Continue
13: Correct boundary conditions
14: Conduct the mechanism of penetration prevention
15: Update the velocities and positions of all particles
16: Update particles’ flags

4.1 The unified algorithm

Take fluid–solid interaction for example, Algorithm 1 shows
the main process within a time intervalΔt . The texts marked
in blue highlight our method’s contributions, which improve
the standard MultiFLIP simulation for hybrid fluid–solid
simulation. During initialization, wemark differentmaterials
with different flags (e.g., Fsolid, Ffluid). FLIP solver provides
two positions (x0p and xp) for each solid particle, which can,
respectively, be used as the original and predicted position
for shape matching constraint. So we can apply the shape
matching constraint to solid particles directly to simulate
solid bodies movements (Fig. 1).

After solving the shape matching constraints, how to
update target positions and how to correct velocities are the
main concerns of a normal PBD method, in the interest of
this paper’s primary theme we will not detail these existing
works, which can be found in [8] and [31].

4.2 Integrated formulations

When getting the particle velocity of solid, we compute a
predicted position for this particle via

xp = x0p + upΔt, (12)

and x0p is the initial position, and ug is the projected velocity
from FLIP solver.

The target position is computed via

g = Csm × (x0p − x0cm) + xcm, (13)

where x0cm is the mass center, and the particle’s position xp
is corresponding to space position xi of shape matching con-
straint. Please note that, Csm is not a unique function for
shape matching constraints, there are several kinds of shape
matching constraints, for themost basic form,Csm = R, here
R is rotation matrix. For linear form,Csm = βA+ (1−β)R.
And in our case, we use the quadratic form combined with
linear deformation as our constraint to compute target posi-
tion, which enables twist and stretch:

Csm = βÃ + (1 − β)R̃. (14)

The detailed definitions and derivation processes are de-
scribed in Sect. 3.3, here particle’s position xp is correspond-
ing to space position xi of shape matching constraint. Thus,
new particle position is computed as:

x∗
p = x∗

p + α(g − xp). (15)

The computations in lines 10 and 11 of Algorithm 1 are
the same as the traditional PBD method, wherein x∗

p will
be updated toward the final position of each particle. And
we update the new velocity u∗

p by a combination of FLIP
velocity up and displacement–velocity:

u∗
p =

(
up +

(
x∗
p − x0p

))
/Δt)

2
. (16)

With the hybrid framework, we can simulate fluid inter-
actions with various materials ranging from stiff solids to
visco-plastic. However, since the new values are directly
computed based on a PBD constraint, which involves no
restrictions related to boundaries and FLIP fluid, the fluid
particles may penetrate into solid, or the solid particles may
move out of the defined boundary. Thus, boundary conditions
need be added to solid and fluid particles to guarantee the sta-
bility, and the penetration preventionmeasurement should be
introduced to guarantee physical reality and accuracy.

4.3 Interface tracking

To track the sharp interface between different materials,
we, respectively, use two sets of independent marching-cube
algorithms to capture the fluid and solid (or other material)
surfaces. And we use the boundary particles of the solid to
sample the surface of objects [1], which allows handling dif-
ferent shapes, such as lower-dimensional rigid bodies. The
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Fig. 3 Fluid interacts with solid and changes the solid shape of surface,
while ensuring smoothness of the interface

flag of each particle indicates which system it belongs to,
ensuring the accurate demarcation of different materials. As
shown in Fig. 3, the deformable object changes its shape
under the force effect of pouring water, while maintains a
smooth surface between the fluid–solid interface.

5 Boundary handling and implementation
details

With our hybrid framework, we can simulate fluid flows and
imitate a solid simulator with shape matching constraint.
However, since the naive coupling will suffer from serious
numerical and stability problems [36], we will introduce our
novel measurements into the hybrid framework to realize
accurate simulations and rich applications.

5.1 Boundary handling for solid

In our hybrid solver, fluid grid interacting with boundary grid
will rebound in an inverse direction. But for solid, since a set
of particles are clustered together, if we take the same bound-
ary conditions as fluid, local movements of the particles on
boundary grids will lead to unrealistic global deformation,
and affect the simulation stability. Thus, we define a new
boundary condition for solid. For a set of solid particles, we
allow transitory penetration into a virtual boundary grid to
keep the global shape unchanged. The virtual boundary grid
is defined as:

{
Pmin = Xmin + λh,

Pmax = Xmax − λh.
(17)

HereXmax is themaximumposition of the boundary grid, and
Xmin is the minimum position of the boundary grid, Pmin and
Pmax are the virtual boundary locations, and h is the grid size
of FLIP. λ ∈ [0, 1] controls the shrinkage degree of virtual
boundary. When λ = 0, the virtual boundary is equal to real
boundary. In most of our experiments, we set λ = 0.3, which
can effectively avoid penetrating into the real boundary and
can handle the solid interactions well.

(a) (b)

Fig. 4 Illustration of solid boundary conditions. When a solid particle
penetrates into the virtual boundary (dotted line), we give it an inverse
velocity dependingon the positionP and the positionof virtual boundary
grid P0 along normal direction, and multiply tangential velocity by a
damping coefficient d ∈ [0, 1] to imitate the effect of friction

As shown in Fig. 4a, P is the position of solid par-
ticle that penetrates into virtual boundary, and P0 is the
position of the virtual boundary grid. In practice, when a
solid hits the boundary, it will bounce along the normal
direction and damp along the tangential direction under
the force of friction. To imitate this process, we design a
simplified model by introducing a damping coefficient d
(d ∈ [0, 1]) in the tangential velocity. Since physics-based
friction relates to many properties such as material, temper-
ature, etc., which is beyond our research scope in this paper,
the controllable damping parameter d for frictions can han-
dle different boundaries with different frictions in a simple
way, and effectively prevent solid from penetrating bound-
aries. When solid particle moves across the virtual boundary,
we compute the inverse velocity of the whole solid (shown in
Fig. 4b) by

u′ =
{
u∗ + γ · N (P0 − P), P < Pmin

u∗ − γ · N (P − P0), P > Pmax
. (18)

Here γ is a bounce parameter that can be looked as the
boundary elasticity, and N is the total number of solid parti-
cles, the right item of Eq. (18) can be looked as the velocity
change after collision. Since solid particles’ number relates
to the mass of the solid body, the more particles a solid body
has, the larger kinetic energy it carries.

5.2 Penetration preventionmeasurement

Inspired by the position correction idea used for smooth
interface [9], we develop an additional algorithm to prevent
particle penetration. First, after updating the particles’ posi-
tions and velocities, we detect collision between solids and
fluid particles. For each fluid particle Pi , we search solid
particles that collide with Pi , and determine the collision
positions. Second, we compute the relative velocity between
the fluid and the solid particle by vrel = vp − vc, as shown
in Fig. 5a. When the relative velocity points into the solid,
i.e., vrel · nc is negative, penetration occurs. To prevent it we
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(a) (b)

Fig. 5 Penetration prevention for particles, and vnrel, v
t
rel are the relative

velocities along the normal and tangential directions

impose a fluid–solid boundary condition on the velocity of
fluid particle vp as:

vnewp = vp − vnrel = vp − (vrel · nc)nc, (19)

where the relative velocity along the normal direction vnrel is
subtracted tomake the particle’s velocity equals to the solid’s
velocity in the normal direction.

In fact, the above velocity correction on fluid particle is
equivalent to enforcing an impulse on the particle. To con-
serve momentum during the collision handling, we compute
the collision force and impose this force on the solid via

f = mp(vrel · nc)nc
Δt

. (20)

5.3 Melting simulation

Simulation of heat-based melting is also an interesting topic
in computer graphics [15,17], since our unifiedmodel is com-
puted in a grid-based solver, it is quite convenient to combine
a simplified heat transfer solver, which can drive the shape
matching constraint to realize melting simulation dynami-
cally.

To simulatemelting,we initiate all the particleswith a tem-
perature attribute, the temperature update only depends upon
the heat transfer. In each time step, temperature is mapped
from particles to each grid cell with a weighting function:

T n+1 − T n

Δt
= b

(
∂2T n+1

∂x2
+ ∂2T n+1

∂ y2
+ ∂2T n+1

∂z2

)
, (21)

where T n is the given temperature field obtained in the last
time step, T n+1 is the current one we need to update, and b is
the corresponding thermal diffusivity parameter.After updat-
ing the temperature on grid T n+1

g , we map the temperature
changes of the grid to particles, and then update the particle
temperature by T n+1

p = T n
p +ΔTp. When the temperature of

a solid particle reaches to melting point, convert it to a fluid

Fig. 6 Illustration of heat transfer among solids and liquids. The par-
ticles are colored according to temperatures (blue means low and red
means high). And we give the render results at the bottom left corner in
a close-up view

particle and alter it with the fluid’s attributes, then release it
from being confined as solid. Thus, this particle will become
a free fluid particle, while the other solid particles still hold
the integrity of solid constraints.

In each time step, since our shape matching method is
performed after updating all the FLIP particles, the solid con-
straints are dynamically changed as the number and positions
of the FLIP particles change, this realtime coupling manner
avoids the problem of the constraint using the nonexistent
position of “melting particles”. That is to say, our shape
matching constraints can be dynamically coupled with the
FLIP algorithm as geometry changes. Thus, the significant
advantage of our constraints is that, shape matching con-
straints can dynamically change their controlling scopes as
some of the solid particles become fluid particles during
melting simulation without other artificial handling [23]. It
ensures that local solid melts correctly, and the rest of solid
parts will keep proper geometry and stable kinematics char-
acteristics (i.e., moving and rotating). Figure 6 shows the heat
transfer process of a melting bowl, with a part of the solid
object melting due to the heat source on the left, the dynamic
shape matching constraints ensure the correct geometry of
the rest parts of the solid, and its movement and interaction
are not affected by the particles outside the shape matching
control scope.

6 Constraint for two-phase immiscible fluids

Since we use FLIP particles to compute all materials’ kinetic
equations, it is easy to implement miscible multiphase fluid
simulation. And for immiscible two-phase fluid simulation,
it is possible to be realized by using a sparse shape matching
constraint to control the immiscible phase. In theory, if a soft
body has very low stiffness, the soft body will present a fluid-
like performance. But in practice, we found that the direct
use of our proposed constraint for immiscible fluid will make
the simulation unstable and lead to unrealistic results. So we
further improve our proposed shape matching constraint to
realize the stable and realistic simulation of immiscible two-
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Fig. 7 Two-phase immiscible fluid simulation result, wherein a drop
of oil falls into the water and interacts with each other. The particles’
display is attached on the upper right corner

phase fluid. The shape matching constraint for immiscible
fluid should satisfy the following two conditions: First, the
constraint should maintain the immiscible phase fluid in a
union set that can be separated from other phases; Second,
the constraint should be relaxed and robust enough to ensure
accurate fluid dynamics.

To imitate liquid’s dynamics, we firstminimize the param-
eter α = 0.05 to reduce the stiffness, which makes the
material soften as much as possible. When interacting with
fluid particles, since rotation matrix R may make some of
the particles rotate in an artificial manner, we increase β

to 0.8, so that the linear transformation will play a domi-
nant role. And we compute the shape center (the center of
all the particles’ positions) via xcs = ∑

xi/N · xcs is the
geometric center of shape matching particles, and N is the
number of the particles. Thenwe compute distance from each
particle’s relative position to the mass center |x − xcm|, and
compare it with |c · xcs| (c ∈ [1, 3]). If |x − xcm| > |c · xcs|,
it means that, this particle moves too far away from the
geometric center, which may affect other normal particles’
movement in an unstable way. Thus, we change this parti-
cle to be a fluid particle and place it back to the center of
mass x = xcm + random(Δx), so that it can move freely
and eliminate the negative influences on other particles. The
modification of the shapematching constraint is documented
in Algorithm 2 (blue texts highlight our improved algorithm
compared to Algorithm 1).

Although directly changing to fluid particle may suffer
from the non-conservation problem, it can avoid error accu-
mulation and maintain the stability for most of the particles.
In practice, as shown in Fig. 7, this improved shape match-
ing constraint achieves good performance when simulating
two-phase immiscible fluids.

Table 1 Performance of experiments

Scenes Total particles Grid size Avg. time/
timestep (ms)

Figure 1 390k 643 80.09

Figure 6 120k (fluid) 643 89.09

Figure 7 470k 643 152.44

Figure 8 80k (fluid) 643 82.06

Figure 9 8k 642 × 96 31.05

Figure 11 (top) 2110k 962 × 192 955.18

Figure 12 680k 642 × 128 216.71

Figure 13a 460k 643 102.51

Figure 13b 460k 643 114.46

Figure 13c 460k 643 147.94

7 Experiments and evaluations

We implement our method on a PCwith an NVIDIAGeforce
GTX 1080 GPU, Intel Core I7 CPU using C++ and CUDA.
Andwedemonstrate the capabilities of our hybrid framework
via several simulation scenarios. Table 1 documents the per-
formance of our experiments, indicating the high efficiency
of our CUDA-based implementation.

7.1 CUDA-based numerical computation

We implement the entire modeling framework based on
CUDA for efficiency. For each particle, we invoke a CUDA
thread to calculate which grid cell it belongs to, and then use
a CUDA thread for each grid cell to interpolate its velocity
from particles.

7.2 Graphics results and discussion

We display several kinds of experiments in this section to
demonstrate the advantages of our unified hybrid approach.

7.2.1 Solids simulation

Figure 1 shows the simulations of solid objects with range of
elasticities and stiffnesses. Each body has a shape matching
constraint, and all of its attributes are solved by MultiFLIP
solver. This scenario illustrates that, with our hybrid frame-
work, we can simulate most types of solid deformations that
traditional PBD could accommodate.

7.2.2 Deformation

Figure 8 demonstrates the realistic rendering results of plastic
body deformation. As the water flows over the surface of
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Fig. 8 Deformation. From top to bottom: Fluid pours on a deformable
plastic bunny

the plastic bunny, solid particles are enforced to change the
global topology, which is handled by the shape matching
constraint. Meanwhile, with our surface tracking method,

we can ensure a relatively smooth surface of the deformable
object.

7.2.3 Fluid–solid interaction

Figure 9 shows a scenario of fluid–solid interaction. We
clamp one end of a pipe of plastic film and pour fluid into
it. Fluid flows through the pipe and drops on the floor,
and the pipe is deformed. With the penetration preventing
measurement, though the pipe is quite thin (two layers of
particles), there is no fluid particle penetrating through the
pipe boundary, which demonstrates that our model has high
accuracy.

Figures 10 and 11 show two scenarios of fluid–solid inter-
actions. To compare our shapematching-FLIP approachwith
most related works that also use unified fluid particles to
simulate solid–liquid coupling, we have combined Carlson’s
and Macklin’s solid constraints into our GPU-based FLIP
framework. As shown in Fig. 10, compared to Rigid Fluid of
Carlson et al. [10] (it used a simple rigidity constraint to han-
dle themotion of rigid objects), ourmethod costs a littlemore
time (as Table 2 shows), since time costs are very close, the
extra time consumption can be negligible during simulation.
However, our approach can be extended to simulate various
phenomena, including soft bodies-fluid coupling and two-
phase flows, which cannot be achieved by Rigid Fluid [10].
And compared to shape matching constraints of Macklin et
al. [27], our constraints can handle wider-range materials’
coupling with fluid.

Fig. 9 Fluid–solid interaction. Fluid pours through a pipe of plastic film and flows through it and interacts with the pipe. The pipe of plastic film
is quite thin, but no fluid particle can penetrate through the pipe
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Fig. 10 Comparison of rigid body constraints. The first figure shows our shape matching model, the middle one uses the method of Macklin et al.
[27], and the right figure displays rigid fluid model of Carlson et al. [10]. All the solid constraints are combined into GPU-based FLIP framework

Fig. 11 Fluid–solid interactions with different stiffnesses. From top-left to bottom-right: Dam-breaking water flows through two static boards and
interacts with several deformable plastic objects

Table 2 Performance comparison of different solid constraints

Scenes Total particles Grid size Avg. time/
timestep (ms)

Figure 10 (left) 460k 643 102.51

Figure 10 (middle) 460k 643 104.47

Figure 10 (right) 460k 643 87.67

Figure 11 shows dam-breaking water flows through two
static boards and interacts with several deformable plastic
objects. To imitate the buoyancy force of solid, we add an
external force (with inverse gravity direction) to each solid
particle. The buoyancy needs to be smaller than gravity, so
that the solid particle will float on the water when interacting
with fluid particles.

7.2.4 Melting

Figure 6 demonstrates fluid–solid coupling and melting sce-
nario. We provide the particles’ display with rendering result
at bottom left corner, wherein the ice melts due to the heat
absorption from the pouring hot water. When a solid parti-
cle’s temperature rises to melting point, it is removed from
shape matching constraint and becomes a fluid particle.

7.2.5 Two-phase immiscible fluids

Figures 7 and 12 show the simulation results of two-phase
immisciblefluids. Figure 7 shows adropof oil falls intowater.
And Fig. 12 shows oil-likematerial bunny couples with dam-
breaking water. The immiscible fluid interacts with water
and finally floats on the surface. To imitate the buoyancy
force of solid, we add an external force (with inverse gravity
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Fig. 12 Two-phase immiscible fluid simulation. Bunny has oil-like material and interacts with water. Though these two kinds of fluids interact and
mix as the water flows, they finally separate, and the oil-like fluid floats over the water surface

Fig. 13 Variable constraints for different materials. a Rigid–fluid coupling. b Soft body interacts with boundary and water (stiffness: 0.5 and
elasticity: 0.1). c Immiscible two-phase flow

direction) to oil particles, and set their initial density equal
to 0.8 times of water. The buoyancy needs to be smaller than
gravity, so that the solid particle will float on the water when
interacting with fluid particles.

7.2.6 Variable materials coupling with water

To illustrate our shape matching constraints can provide
a flexible and fast way for variable material–fluid cou-
pling simulations. Figure 13 displays the expandability
of our proposed shape matching constraints. In a same
scenario, we can simulate different phenomenon through dif-
ferent parameters of shape matching constraints. (a) Shows
the rigid–fluid coupling with stiffness of solid is 1.0. (b)
Shows soft body drops on boundary and interacts with
water, here we set the elasticity to 0.1 and stiffness is 0.5.
(c) Shows immiscible two-phase flow coupling with our
improved shape matching method (comparison with clas-
sical shape matching of PBD can be found in our attached
video).

7.3 Limitation

Even though the tight coupling of FLIP and shape match-
ing models, together with the custom-designed algorithms,
enables more flexibility to empower simulation results, one
limitation of our method is the non-conservation prob-
lem pertinent to our improved shape matching constraint.
Although the numerical dissipation can be ignored in the
vast majority of cases, it expects to deteriorate as the
complexity of details increases. For some complicated
phenomena such as splash and turbulence, we will have
to consider tradeoff between preserving the details and
ensuring the stability of the algorithm. And another lim-
itation is that we cannot handle elastic objects interact-
ing with fluid well because the water force is continual
and non-uniform, which is hard for our current shape
matching method to compute feedback force of elastic
deformation.
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8 Conclusion and future work

In this paper, we have detailed a novel framework for
fluid-relevant phenomena simulation by integrating the FLIP
method and shape matching constraint. Our shape matching-
FLIP-coupled approach is distinct from exiting techniques,
which provides a flexible and fast manner for soft material–
fluid coupling simulation with wide range stiffness spanning
from rigid body to viscous liquid. The novel technical
elements also include the boundary handling algorithm,
measurement for penetration prevention, and improved con-
straints for two-phase fluid interaction. We have illustrated
various types of experiments and demonstrated the advan-
tages of our unified framework.

At present, although our integrated framework has already
successfully simulated numerous fascinating scenes, our
shape matching coupled framework is not perfect, we shall
continue to expand our constraints to enable more complex
graphics applications with high visual fidelity in the near
future, such as fluid interacts with large elastic objects and
various kind of multiphase fluid.
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