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Motivation

In computational geometry and computer graphics, many
recent applications based on Laplace-Beltrami operator.

Mesh Smoothing

[Desbrun et al 1999, etc]
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Laplace-Beltrami operator

Suppose (M, g) is a complete Riemannian manifold, g is the
Riemannian metric. f,g : M — R are functions. The L? norm is

given by
f,g :/ fgdv
M

A is the Laplace-Beltrami operator.
A(f) = —div(grad(f)).

Laplace operator is elliptic, self-adjoint, positive definite.
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Eigen values and eigen functions

The eigenvalues {A,} and eigenfunctions {@,} of A are

A% = */\n(ﬁh,

where @, is normalized to be orthonormal in L?(M), which form
the basis of L2(M). The collection of {A;}'s is called the
spectrum of A.
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Heat Kernel

Definition (Heat Kernel)
There is a heat kernel K (x,y,t) € C*(M x M x R™), such that

K(x,y,t) = Ze)‘"t X)@n(y).
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Heat Kernel

Heat kernel K (x,y,t) means, if we set a unit heat source at
point x at time 0, the temperature at y at time t. The heat
equation is

7}

—(fy) +A(f) = 0.

It (fo) +Af)

with initial condition fy(x). The solution is given by

(00 = [ Kooy Dfo(y)dy.
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Heat Kernel

Heat kernel reflects all the information of the Riemannian
metric g.

Theorem

Let ®: (M1,01) — (M2,02) be a diffeomorphism between two
Riemannian manifolds. If f is an isometry, then

Kl(X,y,t):Kz(q)(X),cD(y),t),VX,y eM;t>0. (1)

Conversely, if f is a surjective map, and Eqn. (1) holds, then f is
an isometry.

v

David Gu Conformal Geometry



Main Problem

Prof. Leo Guibas raised the following question in SPM 2009.

Central Problem

In discrete case, does heat kernel determine the Riemannian
metric ?
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Polyhedral Surface

Definition (Polyhedral Surface)

An Euclidean polyhedral surface is a triple (S,T,d) where S is
a closed surface, T is a triangulation of S and d is a metric on
S whose restriction to each triangle is isometric to an Euclidean
triangle.
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Discrete Laplace Matrix

Definition (Cotangent Edge Weight)

Suppose [v;,V;] is a boundary edge of M, [v;,v;] € dM, then
[vi,Vj] is associated with one triangle [v;,Vj, V], the angle
against [v;,v;| at the vertex vy is a, then the weight of [v;,v;] is
given by wj; = %cota. Otherwise, if [v;,vj] is an interior edge,
the two angles against it are a, 3, then the weight is

wj = 1(cota +cotp).

Uj v

“ B o Cotangent edge weight.

V; V;
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Discrete Laplace Matrix

The discrete Laplace-Beltrami operator is constructed from the
cotangent edge weight.

Af (vi) = Wij(f(Vi)*f(Vj))'

[Vi WV cE

Definition (Discrete Laplace Matrix)

The discrete Laplace matrix L = (L;;) for an Euclidean
polyhedral surface is given by

Ly :{ Wi 0 #]

SkWik 1=]
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Discrete Heat Kernel

Because L is symmetric, it can be decomposed as
L = oAD' 2)

where A =diag(Ag, Az, -+ ,An), 0=2Ag <A <Ay <--- < Ap are
the eigenvalues of L, and ® = (@|@| @] |@h), L = Aiq are
the orthonormal eigenvectors, such that qf(g = ;.

Definition (Discrete Heat Kernel)
The discrete heat kernel is defined as follows:

K (t) = dexp(—At)d' . (3)
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Theorem (Global Rigidity)

Suppose two Euclidean polyhedral surfaces (S,T,d;) and
(S,T,d,) are given,
L1 =Ly,

if and only if d; and d, differ by a scaling.
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Corollary

Corollary

Suppose two Euclidean polyhedral surfaces (S,T,d;) and
(S,T,dy) are given,

Ka(t) = Ka(t), %t >0,

if and only if d; and d, differ by a scaling.

Note that,

dK (1)

—o=—L.
T
Therefore, the discrete Laplace matrix and the discrete heat
kernel mutually determine each other. O

David Gu Conformal Geometry



Proof Overview

Fix the connectivity of the polyhedral surface (S,T). Suppose
the edge set of (S,T) is sorted as E = {e1,€5,--- ,em}, where
m = |E | number of edges, the face set is denoted as F. A
triangle [vi,vj,vi] € F is also denoted as {i,j,k} € F.

Metric

An Euclidean polyhedral metric on (S, T) is given by its edge
length functiond : E — R*, denoted as d = (dy,d5,--- ,dm),
where d; = d(ej) is the length of edge e, such that on each
triangle [vi,vj, V]

{(dladZ,d3)|di +dj > dk}
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Proof Overview-Admissible Metric Space

Definition (Admissible Metric Space)

Given a triangulated surface (S,K), the admissible metric
space is defined as

Qu = {(ug,uz,uz -+ ,Uny)] g Uk =m, (vUi, /U, v/Uk) € Eq(2),V{i, ],k } ¢
K=1

where

Eq(2) = {(d1,d2,d3)|di +dj > di }

We show that Q, is a convex domain in R™.
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Proof Overview-Energy

Definition (Energy)

An energy E : Q, — R is defined as:

(Ug,Up-,Up) M
E(Ug, U+ Um) = | S wWdhe @
(171""71) k=1

where wy (i) is the cotangent weight on the edge ey
determined by the metric .

We show that the energy is convex.
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Proof Overview - Rigidity Lemman

Suppose Q C R" is an open convex domainin R", E: Q — R is
a strictly convex function with positive definite Hessian matrix,
then JE : Q — R" is a smooth embedding.

E(uy, u)

Rigidity lemma.

(uy, up) — VE(uy, up)
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Proof of Rigidity lemma

Ifp#qinQ, lety(t)=(1-t)p+tgeQforallte[0,1]. Then
f(t) =E(y(t)):[0,1] — R is a strictly convex function, so that

df (t)

T DE |y - (@ —p)-

Because )
d2f(t
—dtg ) (@—p)"H|,m@—p)>0

%to) # %(tl) therefore
OE(p)-(a—p)# OE(A) (a—p).

This means OE (p) # DE(q), therefore CE is injective.
On the other hand, the Jacobi matrix of LJE is the Hessian
matrlx of E, WhICh is positive deflnlte It follows that

() N
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Proof of main theorem

Because the energy E : Q, — R is strictly convex on Q,,, and
Q, is convex, therefore CE : Q, — R™ is an embedding.

OE = (wq,Wo,- - ,Wp) are the edge weights. Namely, the map
(Ug,Uz,-++ ,Um) — (W1,W2, - ,Wp) IS One-to-one, the metric is
determined by the wedge weight unique up to scaling. O
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Simple Case - One Euclidean Triangle

An Euclidean triangle. By direct

computation,

Lemma

Suppose an Euclidean triangle is with angles {8,86;, 6} and
edge lengths {d;,d;,dy }, angles are treated as the functions of
the edge lengths, 6 (d;,d;,dx) then

96 _ d 96 _ _ d :
ad = 24 and 3, = 2R cos 6, where A is the area of the
triangle.

v
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Simple Case - One Euclidean Triangle

An Euclidean triangle. By direct

computation,

In an Euclidean triangle, let u; = 3d? and u; = 3d? then

dcotg dcotf

0Uj B 0Ui (5)

Corollary
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Convexity of Admissible Metric Space

Definition (Admissible Metric Space)

Letu; = %diz, the admissible metric space is defined as

Qu = {(uj, uj, i) [(VUi, /Uy, /U) € Eq(2), Ui +Uj + U = 3}

The admissible metric space Q, is a convex domain in R3.

By direct argument.
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Edge Weight Space

Definition (Edge Weight Space)

The edge weights of an Euclidean triangle form the edge
weight space

Qg = {(cotf,cotb,cotb)|0< 8,6,6 <16 + 6+ 6 =}

Lemma
The energyE : Q, — R

(Ui7U',U )
E(Ui,Uj,Uk):/( J) ‘ cot8drt +cotgdr+cotgdr,  (7)
11,1

is well defined on the admissible metric space Q, and is
convex.
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Positivity of Hessian matrix

The geometric interpretation of

the Hessian matrix. The incircle of the triangle is centered at O,
with radius r. The perpendiculars n;, n; and ny are from the
incenter of the triangle and orthogonal to the edge e;, e; and ey
respectively.
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Positivity of Hessian matrix

By direct computation, we

show the Hessian matrix

or2 | (Mm)  (mi,m) (M, nk)
(nj,ni)  (n,n;) (k)
(M) (ks 15) - (s M)

As shown in Figure 30, din; +d;n; +dyng =0,

n; Nk

L L Ll

where r is the radius of the incircle of the triangle.
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Positivity of Hessian matrix

(xi,Xj, Xk ) € R% is a vector in R3,

then
(ni,mi)  (mi,ny) (M, M)

[Xi,Xj,Xk] (nj’nl) (r’]ar’J) (”J,’?k) —HX|’7|+XJ’71+Xk’7kH2
(Nk,ni) (M, 1) (N> Nk) Xk

If the result is zero, then (x;,Xj,Xx) = A (uj,u;,ux),A € R. Thatis
the null space of the Hessian matrix. In the admissible metric
space Qu, Ui +uj+u, = C(C =3).
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Euclidean Polyhedral Surface

The admissible metric space Q, is convex.

Proof.
For a triangle {i,j,k} € F, define

QY = {(ui, Uy, Ul (VU /U, v/Uk) € Eq(2)}-

Similar to the proof of Lemma 16, Qﬂk is convex. The
admissible metric space for the mesh is

. m
Q= () Qlk M{(uz,uz, - ,Um)] Z Uk =m},
K=1

{ij.k}eF

the intersection Qy is still convex. O

o
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Closed Euclidean Polyhedral Surface

The admissible metric space Q, is convex.

Proof.
For a triangle {i,j,k} € F, define

QY = {(ui, Uy, Ul (VU /U, v/Uk) € Eq(2)}-

Similar to the proof of Lemma 16, Qﬂk is convex. The
admissible metric space for the mesh is

. m
Q= () Qlk M{(uz,uz, - ,Um)] Z Uk =m},
K=1

{ij.k}eF

the intersection Qy is still convex. O

o
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Closed Euclidean Polyhedral Surface
Definition (Differential Form)

The differential form w defined on Q, is the summation of the
differential form on each face,

m
W= Wik = » 2widu;,
(iikger =

where wj is given in Egn. (6) in Corollary 14. w; is the edge
weight on e;.

The differential form w is a closed 1-form.

According to Corollary 14,

dw=
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Energy function

Lemma
The energy function

(ug,uz,-,un)

n
E(ug,Up,---,Up) = Eijk (Ug,Up, -+~ ,Un) = / Z dy;
(% N

is well defined and convex on Q, where Ejj is the energy on
the face, defined in Eqn. (7).
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Main Theorem

Theorem

The mapping on a closed Euclidean polyhedral surface
OE : Qu — R™M (ug,up,- -+ ,un) — (W1,Wo, - ,Wy) iS @ smooth
embedding.

| A\

Proof.

The admissible metric space Q, is convex as shown in Lemma
20, the total energy is convex as shown in Lemma 23.
According to Lemma 11, [E is a smooth embedding. O
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Surface with boundaries

By using double covering technique, we convert a Euclidean
polyhedral surface with boundary to a Euclidean polyhedral
closed surface.
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Future Direction

Generalize the theorem to higher dimesnional Euclidean
polyhedral manifolds. }
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For more information, please email to gu@cs.sunysb.edu. ]

Thank you!
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