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CHAPTER 2
SUMS

Part 4: Finite and Infinite Calculus (2) - Lecture 9b



Definite Integral and Definite Sum

Infinite Calculus: | DEFINITE INTEGRAL |

Z:f(b)—f(a) where | f'(x) = g(x)

Finite Calculus: | DEFINITE SUM |

/ ? g(x)dx = £(x)

where  Af(x)=g(x)



Definite Sum Properties

Definite Sum Properties
Take b < a and evaluate

(1) L29(x)8 = f(b)—f(a)
= —(f(b)—1(a))
= —Zig(x)@(

(2) Y59(x)8x + X5 a(x)8x = £59(X)8x
Forall a,b,ce Z



Exercise

Exercise:

n—1
FIND the sum: Y k™
k=0

Hint: use
b—1

Y. g(k) =" £59(x)3,
where g(X) = Af(X) = f(X+1)7 f(X)

Y x5, =

xm+1

m+1




Exercise

SOLUTION:
Zn 1km (”27) Zzzoxmax
xmtln_ pmil
- mT1 0= T

m+1 _ m+1 ym_ ym
Ax - m+1 XT=X

m+1
used: A()r(n+1) = m+1
We proved

m _  kmttyn_ pmit
Yo<k<nK™ = o™ maT n,m>0



Exercise

Exercise: Use "integration” to evaluate

n—1
Y k=Y k
k=0 0<k<n
Observe that

as ‘xm:x(x—1)(x—2)---(x—m+1)‘

n—1 _ n—1,1 _ 1
Zk:Ok - Z:k:O ki_20§k<nk*
Thm 21n
= Lox'o =%l
_  n®_ nn1)
- 2 2

because n*=n---(n—2+1)=n(n—1) and hence




Useful Fact

Proof: xM=x(x—=1)---(x—m+1)

K2 = k(k—2+1)=k(k—1)
k1 = k
K2+ kl = k(k—1)+k=k(k—1+1)=k?



Exercise

Evaluate

n—1
) K
k=0
Hint: use and

_ F1
Zzzé k2 = ZO§k<n(kg+kl) = Zogk<nkg+20§k<nkl

T snx2s, 4 y0xLs,

~ BEi-4+%

= H(n(n—=1)(n-2))+%(n(n—1)) = gn(n—})(n-1)
(An(n—1)(n—2+3%)



Exercise

FACT2 (K3 = K24 3K24 k1

Prove it as an exercise and use it to evaluate a not trivial sum:

n
Y k3=13428433+4% ... 4 1°
k=1

Yok S Eh (K4 3K 4 kY
_ Zn+1 k35 +32n+1 k25 +Zn+1 k15

. K3 k2 n+1
= 3 1
k4 k3 K2|P
Y K=—+43_+—
a<k<b 4 3 2 a




Simple Problem

PROVE

(X+y)2=x2+2xlyt4y2

x2 = x(x-1)(x-2)

x2 = x(x-1)

xI = x

x0 =1
2 _ x3
X= X—22
= X

>

b=y

|
<



Negative Exponent Falling Powers

of negative exponent falling powers

1
=l 1

X+1
2 1
 (x+1)(x+2)
3 _ 1
 (x+1)(x+2)(x+3)
General:
x=m — ! m>0

(x+1)(x+2)---(x+m)




Problems

Prove:

mEn — xM(x — m)~?

X

Prove: for m<0

Ax™ = mxm=1




Example

Example:

- 1 1
[ax=?]= (x+2)(x+3) (x+1)(x+2)

(x+1)—(x+3)
(x+1)(x+2)(x+3)

=|—2x=3

Fact:

m+1

b . m X b
xTox =
Za m+1

all m# —1

a

What about case m=—1?



Example
Case m=—1:
Infinite Integral
JPxldx=[Pldx = In\ng

We want to have a finite analog:

x =1 | Af=f(x+1)—f(x)
Take

1 1 R
f(X)|=v+=z++-= _

1 2 X k;k

1 1 1 1 1 1 1
AMOO=\gt+atFxtxg) Frat oty

]
= =AH
X+ 1 x

1

We proved: AH, = )



Example

Case m=-—1

]
ngiSX = ng6x = HX];’

We prove (Chapter 9) that for large x

]
H, —Inx~0.577 4+ —
i —Inx~0.5 +2X

Hy~Inx asdo [° and y5



Falling Powers Theorem

Theorem: Sums of falling powers

xm+1 b
mr m# —1
bem5x: @
a
b
Hx‘a m:_1
almeZ

and [ ldx =In|x||° is similar to Y5x—1= Hy|?



More Similarities
More Similarities
We know (&) = €%, i.e.
De* = e~ Df =f when f(x)=¢e"
Question
Can we have a function f that has a similar property for A?

i.e. afunction f suchthat |Af(x)=f(x)
Af(x) =f(x+1)—1f(x) =f(x)
Answer: Any f such that: ‘f(x+1):2f(x)‘ Recurrence!




Example

Example of solution:

f(x+1)—f(x) =2xt1 2%

f(x) =2
() =2.2Xx-2
=2¥=f(x)
We proved: |A(2¥)=2% (e¥) =€

Find aformulafor Af, where |f(x)=c*| for ce N*

A=t —cX=c.-c¥—¢&
=c"(c—1)

We proved: A(c*)=c¥(c—-1)



Difference

Difference:
A(S¥) = (c—1)cf ce Nt “derivative”
X b “antiderivative”
Zb céx = ¢ c#1 -
a c—1la anti-difference




Geometric Progression

We now prove:

Theorem: Geometric Progression

a<k<b

CX

c—1

Y cf|=Ylcxex

b | cb—ca

a c—1

c+1

General Formula for Geometric Progression

cb—ca
c—1

K Cb——Ca
Z'C -1

c#1



Chain Rule

“chain rule”

Df(g(x)) = Df - Dg(x)

no such rule

Can'trelate Af(g(x)) to Ag(x)



Integration by Parts

Infinite
‘ D(uv) = uDv + vDu‘

Integration by parts

/ludv: uvf/vdu

Can we have an analog for A?



Integration by Parts
Can we have

A(uv) =uAv+vAu

and Y udv=uv-Y[v]éu?

change here

Not exactly, but close!

Evaluate:

Alu(x)v(x))=u(x+1)v(x+1)—u(x)v(x)
=u(x+1v(x+1)—u(x)v(x+1)+u(x)v(x+1) —u(x)v(x)
=uX)v(x+1)—ux)v(x)+ux+1)v(x+1)—ux)v(x+1)
= u(

(



Summation by Parts

We define a shift operator: | Ev(x) = v(x +1)]

We proved ‘A(uv) =UAV+ EvAu‘

Summation by parts
Y usv=uv-) Evéu

Zguév: uv\Z—ZgEv(Su




Summation by Parts

Integration

/XeXdX :xex—/1 dx=|e(x—-1)+C

Summation

Y x2¥6x |=x2* =Y 1.2 1 8x = x2¥ — 22X 4 C(x)
for C(x)=C(x+1)

Evaluate
u(x)=x, v(x)=2% Ev(x)=2"""
Au(x)=1, Av(x)=2%
Fact: A(2*H!)=2xt1



Summation by Parts

In particular, evaluate:

n
Y k2f|=1.2"4+2.224...4p.2"

Z Kok =Y ot x2xsx = (x2X —2x 1|0

_ ((n+1)2n+1 _2n+2)_(0.20_2)
=(n+1)2mt_2.2m1 2
=(n+1-2)2"112=(n-1)2""42

Z k2K =(n—1)2M" 42




Summation by Parts

Use finite calculus to evaluate:

n—1
Y kHy “sum” by parts
k=0

Analog:
2 2
/xlnxdx:%lnx— %&dx
—lenx—/xdx
2 2
X1
2 2 2



Use

Summation by Parts

Yusv=uv-Y Evéu
Ev(x)=v(x+1)

Y xHy6x=uv—Y Evéu

0<x,n
Av(x)=x=x1 X
x2 (x+1)2 Vi) =7
V(X)_E’ vix+1)= 5 1)




n—1

Y. kH

k=0

Summation by Parts

Y xHydx= ZgXHX5X

0<x<n

< H, Zx+1

_16x) ‘Z



Summation by Parts

Evaluate:

(x+1)2 4| 1
> T2




n—1
Y kHy
0

Summation by Parts

= ) XxHybx
0<x<n
x2 1

= (g5 Ex
x2 1 x2

:(2HX‘22>




FC Formula

n@
-2 (-

1

2

)




