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LECTURE 6



CHAPTER 2
SUMS

Part 2: Sums and Recurrences



Certain Type of Recurrence

We present now a general technique for finding a CF formula
for any Recurrence of a Type:

RF: anT,=byTh_1+cn| for n>1

with some Initial Condition for n = 0.
where an, by, ¢, are any sequences, n > 1

We do it by by reducing our RF to a certain sum
Idea: multiply RF by a Summation Factor s,, n > 1
We don’t know yet what this factor is, but we will find it out



General Technique

Given the general function

anTh=bnTh_1+c, forn>1|<« RF

We multiply both sides by s, , called a Summation Factor
and get

SnanTn = SpbnTh—1 + SpCn
We want s, to have a property

Snbn = Sp—18n—1 E



General Technique

Replacing s,b, of with corresponding factor defined
by E i.e. by s,_t1ap—1 we get

SpanTp = Sp—1a@n—1Th—1 + SnCn

We put now

Sn = SpanTh
We use to re-write and get

Sn=Sp_1+spc, for n>1



General Technique

We just developed formula

Sn - Sn_‘] + SnCn fOr n 2 1

Let’s evaluate its few terms
S1 =Sy + si¢4
So = Sy + 5260 = 89+ S1C1 + S0

Sz = Sp +53¢3 = Sp + S1C1 + S2C2 + S3C3

3
S3=85p+ Z Sk Ck
k=1



General Technique

We generalize S3 (proof by mathematical induction)

n
Snh =5y + Z Sk Ck (sk is summation factor)
k=1

We now use[S|: S, = snanT,

When n=0 weget Sy= spagToand

n
Sn = spag Ty + Z Sk Ck
k=1

Using E: Sp—18@n—1 = Spb, we get

Sn=51b1Tg +
k

Sk Ck

n
=1




General Technique
We just proved that
Sn = s1b1To + Zn: Sk Ck
k=1
By : Sh = snanTn we get
Th=o2 ie. Th=3-=5,

Finally we get the following "SUM?” closed formula for T,

Tn= 35 (sib1To+ ) SkCk)

n

k=1




Summation Factor

Next Step: Find the summation factor s, interms of
an, bn, Cn

Question: How to do it??
Answer: Use IE: Sp—18n—1 = Spbn
Remember that the sequences (an, b, are given fororn > 1

We evaluate

S = % = 313—;

S3 = Si—jz = 81%
i = 4 = AR



Summation Factor

We guess and prove by Mathematical Induction that
Summation Factor is:

aias..... an—1

Sh = §4 “Dabsba... by < where Sq Is a constant

Now we put all together and get CF formula for
any Recurrence of the Type:

anTh=byTh_1+ch| +«— RF forn>1

and where Ty is given by initial condition



CF for RF

Let RF be any Recurrence of the Type:

anTp=bpTh_1+Cn| < RF forn>1

It always have a "sum” CF Formula

T, = S1by Ty + skck)| < CF

n
1
Ereall

k=1

where the summation factor sk is given by

_ aiag..... an—1 .
Sn = S1hobsbs by | < where s is a constant




Example of Tower of Hanoi Revisited Again

Let’s look at

To=0, T,=2T,_1+1 forn>1

as particular case of our general formula
anTn, = byTh—1+c, forn>1

We have inthiscase a, =1, b,=2, ¢, =1 and sy = 15

We evaluate the summation factor
1 1 1
2.2 2 7
—— ——
n—1 Sq ST = %

Sn:

Therefore, s, =27", s =3



Example of Tower of Hanoi Revisited Again

n
Check T, = 7= (s1b1To + Z skck) for
k=1

Sn:2_n, an:1, bn:2, Cn:1
So now

n
1
_
Th = 27n(0+ Z 5)
k=1
Observe that Y./, & is a geometric sum

_ a(g"™'-1)
Sh= "G

, for g=1 <1, sowe get

51 1
227:1*5 and T,=2"(1- 1)
k=1

< CF Formula



Quicksort

Quicksort, Hoare 1962

The number of comparison steps made by the Quicksort
when applied to n items in random order is given by a
function

RF Co=0, Cp=(n+1) ch

We calculate: C; =2, Co =5, C3=2 efc..

Goal: find CF for RF



Quicksort

Step 1: Getridofthe ) inthe recurrence
Step 2: Find a CF Formula, or a "sum” CF at least
Hint: use the General Technique

Given RF:  C,=(n+1) ZCK

We re-write it as follows
e

nCn:n2+n+2ZCk where n > 1
0

n—2
nC, = n? —|—n+2(z Ck + Cn_1)
k=0

n—2

nCn:n2+n+ZZCk+ZCn_1

k=0



Quicksort

n—2
nCn:n2+n+ZZCk+ZCn_1

k=0

We re-write
n—1
nCn:n2+n+ZZCk for n=n—-1
k=0
n—2
(n=1)Cp1=(n—12+n-1+2> C
k=0
n—2
(n—1)Cn,1:n2—n+2ZCK
k=0

We subtract [2] from and we get

nC,— (n—1)Cy_1 = 2n+2C,_4



Quicksort

nCp=(n—1)Ch_1 +2n+2Cp_1
=nCp_1 — Cp—1 +2n+ 2Cph_1

=2n+nCp_1 + Cp_1
We get the formula

RF: nCh,=(n+1)Ch1+2n and Cy=0

This is of the form of the general type
anTh = bpTh_1 + Cp

for a,=n, b,=n+1, ¢, =2n



Quicksort

We know that the Summation Factor multiplied by a constant
S1 s

andnow a,=n, bh=n+1, ¢, =2n
We get
1.2 ...(n=1) 2

T3 (n—Dn(n+1) n(nt 1)

aSb2:3 andS1:%:1



Quicksort

Last step: we use formula

n
Th = % (s1b1 Ty + Z Ska)
k=1

for a,=n, b=n+1, ¢, =2n andget
n
=0+ ) 2ksk)  (To=Co=0)

2

This gives the following solution for s, = AT

o n(n+1
= Z k(k we pull out 4 out of sum and get

n
]
"SUM'CF: Ch=2(n+1)y ——
2



Harmonic Number

Harmonic Number H,

=141+ +—:Z

x I

x| =

Name origin: k-th harmonic produced by a violin string is the
fundamental tone produced by a string that is % times long.

We now use H, togeta H, CF formula for our Quicksort
recurrence " SUM” CF formula

n
]
"SUM'CF: Cp=2(n+1)y ——
2



H, and Quicksort

Observe that

M
>
o

5o
2 k5T -

We want now to evaluate the sum

1<k<n

1 .
Z m interms of H,
1<k<n



H, and Quicksort

We put k =k —1 andget
1 1
1§Zk:§nk+1 1§;§nk

1

2<k<n+1



H, and Quicksort

We obtained

L 1 n
Zm:H"_n+1
k=1

and so our ” SUM” CF formula

n
1
Co=2(n+1)Y ——
2k

becomes

Cn=2(n+1)(Hn — 524) = 2(n + 1)H, — 22021

=2(n+1)H,—2n



H, and Quicksort
We have proved the sum-closed formula
5o
"SUM" CF =2 1 —
SUM’C Ch=2(n+ )ékH
has its H, - closed formula

H.CF:  Cp = 2(n+1)H,—2n, Co=0

We evaluate (to check the result!)

Co=0, Ci=1, C;=2-3-3-4=5, efc. .



Perturbation Method

Perturbation Method is a method that often allows us to
evaluate a CF form for a certain sums

The idea is to start with an unknown sum and call it S;:

S n
= a
n Zk:o k

Then we re-write S,¢ in two ways, by splitting off both its
lastterm a,;1 andits firstterm ap:

n+1 n+1
Sn + an+1 = Zkzoak = ao + Zk:1 akx put kK= k+1

=ao + Z aky1 = ap + Z ak+1
1<k-+1<n+1 0<k<n

n
ST
o+ ko T+



Perturbation Method

We get a formula:

n
Sh+ant1 = ag + Zk:03k+1

Goal of the Perturbation Method is to work on the last sum
Yk_o@-+1 andtry to express it on terms of S,

If it works and if we get a multiple of S, we solve the
equation on S, and obtain the closed formula CF for the
original sum

If it does not work - we look for another method



Example 1

Geometric Sum Revisited

n
1. Sn — Z an
k=0

2. Observe:

n n
Z axkt! = x Z axk
k=0 k=0

We evaluate by Perturbation Technique




Example 1

We got the following equation on Sp:

Sn + aXn+1 = a + XSn
Solve on S,

and



Example 2

Evaluate using the Perturbation Method

S, = zn: k2K
k=0

We use the Perturbation Formula
Now we have

n
Sh+an1 = ap + Zk:oak“

for ag=0 and a,. 1= (n+1)2"""

n

n n
Snt (n+1)27 1= 3 (k+ 1)K+ = 3T kot 4 " ok
k=0 k=0 k=0

n
=2 Z k2k 4 (2n2 — 2) (geometric sum)
k=0



Example 2

We get an equation on S,

Sp+ (n+1)2"" = 25, +2"2 _2
Solution
Sp(1—2) = —(n+1)2n+1 f2n+2 2

Sp=2""(n4+1-2)+2
Sp=(n—1)2m" 42

Hence

n
D k2K = (n-1)2" 42
k=0



