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MATHEMATICS



Chapter 5 Problem 43



Problem

Prove the triple binomial identity (5.28)

Z M—r+s\ n+r—s\ r+k ~(rs
—| K n—k \m+n) (m\n/
where integersr, s, m, n > 0

r+Kk k
Hint: First replace (m +nj by Z(m+n J(Jj



Formulae used

e Product of two binomial co-efficient

an[m i @Un_—kkj "X G real ... (5.21)

e Vandermonde’s Convolution

r S r+s
;(erkj[n—kj B (m+nj m’nreiﬁ real ..... (5.22)

e Symmetry ldentity

(Ej:(nfkj nezin>=0 cer(5.4)

m-r+s\(n+r—sy(r+Kk ryfs
Z = , mneZandm,n>0.
X k n-k J{m+n m )\ n



Proof

Let us evaluate the L.H.S.

YR Gty

Substituting the given hint
men) = Zlmsn 1))

We get

i s B

m-r+s\(n+r—sy(r+Kk r\(s
Z = , mneZandm,n>0.
X k n-k J{m+n m )\ n




Proof

Rephrasing the summation

125> LA (A R

Interchanging the order of summation (2.27)

%l L g TR ()

r

Note that the term ( J in the above summation is

m+n-—j

independent of ‘k’. So we rewrite the summation as

2w 2N

m-r+s\(n+r—sy(r+k ry\(s
Z = , mneZandm,n>0.
X k n-k Jim+n m )\ n



Proof

Rearranging the terms of the summation

PRI s 1) e

We already know from 5.21 (1 (") - (1](7 %

m k k m — k

J

R8Ty ey
lw el

m-r+s\(n+r—sy(r+k ry\(s
Z = , mneZandm,n>0.
X k n-k Jim+n m )\ n

So the term [m‘;”](k_j of the summation now becomes as



Proof

Now our summation becomes

Bl JECTI

m-—r+s

The term ( ,— J of the summation is independent of

summation variable k, so we have

loeni) ("7 =S

m-r+s\(n+r—sy(r+k ry\(s
Z = , mneZandm,n>0.
X k n-k Jim+n m )\ n



Proof

Using Vandermonde’s equation (5.22) the terms of

summation can be simplified as
Z m-r+s—j\(n+r-s} ((M-r+s—J)+(n+r-s)
= k=] n-k | | Kk=))+n-kK

A S R

m-r+s\(n+r—sy(r+k ry\(s
Z = , mneZandm,n>0.
X k n-k Jim+n m )\ n



Proof

After plugging in the values the summation becomes
Z r m-r+s\(m+n—|j
~\m+n-—|j ] n— |

Rearranging the terms,

% (mens) (o T

m-r+s\(n+r—sy(r+k ry\(s
Z = , mneZandm,n>0.
X k n-k Jim+n m )\ n



Proof

Transforming the term [,/ ("',
SN G R
S R I (i) TS p—
) (i & O N
T by symmenry

m-r+s\(n+r—sy(r+k ry\(s
Z = , mneZandm,n>0.
X k n-k Jim+n m )\ n

r-n+j
[ m j .....b)’ 5.21



Proof

Now we have obtained the result

() g

Our original summation is

) i)
kol 5 7.
...using the above result

m—-r+s\(n+r—sy(r+Kk ry\(s
Z = , mneZandm,n>0.
X k n-k Jim+n m )\ n



Proof

r\(r-m)(m-r+s
2o
The term is independent of summation variable |

r r-my m-r+s
()3 G5
Applying Vandermonde’s convolution (5.22) on the

summation term
r-mym-r+s) ((r—m)+(m-r+s)) (s
Seilo H e He
B I S
- [ )00

m—-r+s\(n+r—sy(r+Kk ry\(s
Z = , mneZandm,n>0.
X k n-k Jim+n m )\ n



Proof

Lt G N

Using the above result

e e
2 ) Gl



Chapter 5 Problem |5



Problem

What is

Z[ET(—N ?

k

Hint: Use 5.29

a+b)b+c)c+a . (a+b+c)!
Zk:[mkj(mkj(uk](_l) ~ albic!

where integers a,b,c > 0




Formulae used

e Binomial co-efficient

n n!
= n,keZ n,k>=20
(kj kI(n—k)! k)

e Symmetry ldentity

(Ej } (n | kj nezin>=0 ....(54)

Evaluate Z(Ej (-1)*



Evaluation

o Let us evaluate the sum z@ -1 for small values of n

n=0 [Jeo- _n_| Summation _

0 |
n=| @ (-1)°+@ (-1)*=0 | 0
2 -6
3 3 3 3 O
n=2 [eo«7]cols] o=
0 1 2 4 90
5 0
n=3 @ (—1)°+® (—1)1{2] (—1>2+@ (-2 =0 6 -1680
n=4 (;)cos]]eo{;) ] co{f] coe

Evaluate Z(Ej (-1)



Evaluation

* We observe that the sum changes according to nature
of ‘n’, i.e. either when ‘n’ is even or ‘n’ is odd

e So we evaluate the summation by considering the
following cases

‘Case A: nis odd

* Case B: n is even

k

Evaluate Z(Ej (-1)



Evaluation: Case A — ‘n’ is odd

* When n is odd we have n+1| (even number) terms in
the summation Zm cy  from k=0 to k=n
=k
* Expanding the terms of the summation

e R R SO A R

o Applying symmetry identity,

e R HE NN

Evaluate Z(Ej (-1)



Evaluation: Case B — ‘n’ is even

* When n is even we have n+| (odd number) terms in

the summation st(—l)k from k=0 to k=n
~| k

* We evaluate this sum in a different way, by expansion

s{fer-2)opo

o Substituting ‘K’ by ;¢ the summation becomes

Evaluate Z(Ej (-1)

k



Evaluation: Case B — ‘n’ is even

e Substituting ‘p’ for 2 the summation now becomes

n njyjyn njyn n

_+_ N N N N n
Z 2 92 2+2 2+2 (_1)2+kzz[p+p)[erpj(erp](_l)mk
LY LA VO (LA | L pr\ PR p+k ) p+k
2 \2 2

where
0<p+k<n

Subtracting p in the above predicate

K<n-p
k

n
2

—ps=
= NnN=2p - p

INA
IN

v p = 0
But by the formal definition of binomial co-efficient ( j 0 fork <0
P

0< K

IN
VAN

Thus

k

Evaluate Z(Ej (-1)



Evaluation: Case B — ‘n’ is even

* With the new limit for summation variable 'k 0< kK< p

the summation now becomes
Z p+p p+p p+p (_1)p+k
—\p+k \p+k \ p+Kk

B P PTPY oy 1k
Z(p+kj(p+kj[p+kj( D 1)

The term (—1)" is independent of summation variable ‘k’. So we have,

R 108 ots lot

Evaluate Z(Ej (-1)

k



Evaluation: Case B — ‘n’ is even

a+b\b+c)c+a !
Using the given hint : Z[ N j[bikj( N j( ) —(a;ELC)

—la+k c+Kk

Our summation becomes,

g2 e

(p;g;lp) (-1)°

ie. Z( j( 1)* _§3I|0))( 1)"

k

Evaluate Z(Ej (-1)



Correctness of the Solution

o Lets check the result when n is ‘even’

for small values of n with our prior values

Nn=0=p=0 ..

(p ') (0')
_ o @GPt e )
n=22p=1 DT = D' -
n=4-=p=2 .. m(—1)IO (6)! —(-1)* =90

(pt)’ (21)°

* These values match with our prior computation for n

Evaluate Z(Ej (-1)



Result

n

Z(kj (-DF =0 if nis odd

>

2. [kj (-1)* = Egpt))):”! (-1)° if niseven

n
where =
P 2

Evaluate Z(Ej (-1)*
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