Csed57 Discrete Mathematics

Chapter 4 — Problems 2 and 14



Problem 2, Chapter 4

e Prove that gcd (m, n) xIlcm (m, n) =mxn
and use this identity to express lcm (m, n) In
terms of Ilcm (n mod m, m), when n mod m
1= 0.



Representation

Any number can be written as a product of
primes:

N=p Py Pn=] P P <<,
k=1

Example:n=20; 20=2x2x5



Representation

« Extension: any number can be written as a
product over infinitely many primes
(powers of primes) where some factors are
1:

N :pQZ .pg3 :H p”p,np >0 (4.11) textbook
P

e« Example:n=20; 20=22x3x 5t x 79....



Representation

e Each number Is represented as the exponent
sequence of all consecutive prime numbers
(the representation Is unique)

e For n=p;-p;...=] [p*.n, =0
the representation is (n,, Ng, N; ...)

e Example: n=20; 20=22x 3x 5*....
Representation: (2,0, 1, 0, ...)



Multiplication

o To multiply 2 numbers, we add their representations

o Example: n =20, m=42;
20=22x3%x 51....
42 =21x 31x 50x 71.... (2,0,1,0,...)
20 x 42 = 221 x 30+l x 51+0 70+1 - (1,1,0,1, ...)

=23x31x5x 7.
« We can formalize multiplication as:
k=mxn&k,=m,+n, forallp (3,1,1,1,...)
(4.12) textbook



GCD

o Example: n =20, m=42
gcd (20, 42) = ged (22x 39x 51x 79, 21 x 31x 50x 71)
— 2min(2,1) X 3min(0,1) X 5min(1,0) X 7min(0,1)
=21x30x50x 70=2
 We can formalize GCD as:
K=gcd (m, n) (2,0,1,0,...)
&k, =min (m,, n,) for all p 1,1,0,1, ...)

(4.14) textbook :
min

(1,0,0,0,...)



LCM

e Example: n =20, m=42

lcm (20, 42) =lcm (22x 39x 51x 79, 21x 31 x 59 x 71)
— 2max(2,1) X 3max(0,1) X 5max(1,0) X 7max(0,1)

=22x3x51x 71=420

 We can formalize multiplication as:

K=lcm (m, n) 2,0,1,0,..)
& k,=max (m,, n,) for all p 1,1,0,1, ...)

(4.15) textbook
max

2,1,1,1,...)



Our problem — first part

e Prove:gcd (m,n) xlcm (m,n)=mxn

e Each prime factor p (e.g. 2, 3, 5, ...) appears
both in m and n.
ng (m’ n) = 2min(n2,m2) y 3min(n3,m3) y
lcm (m’ n) = 2max(n2,m2) y 3max(n3,m3) y
m=2m2x 3m3x ..
n=2n2x3mx ...

« Forany n,and m exponents, one will be
min and one will be max

=> one will appear In gcd and one in Icm



Our problem — first part

e For 2 numbers m, and n, one IS min, other
IS max, therefore:

min (m,, n,) + max (my, ny) =m, +n,
« \We apply this for all prime factors p in our

number representation and obtain what we
had to prove:

gcd (m, n) xlem (m, n) =mxn



Our problem - second part

e Problem: Express Ilcm (m, n) In terms of lcm (n
mod m, m), whennmod m !=0

e We start from Icm (n mod m, m):

nmodmxm

lcm (n mod m, m) =
gcd (n mod m, m)

* From the recurrence in Euclid’s algorithm — Equation 4.4 textbook:
gcd (m, n) = gcd (n mod m, m), for m>0

We obtain:

nmodmxm
Icm (n mod m, m) =

gcd (m, n)




Our problem - second part

e Next, express gcd (m, n) in terms of lcm (m, n):
m XN

ged (m. n) = lcm (m, n)

» \We obtalin:

nmodmxm nmodm

lcm (n mod m, m) = x lcm (m, n)

M XN N
lcm (m, n)
e Getlcm (m, n):
n
lcm (m, n) = x Ilcm (n mod m, m)

n mod m



Problem 14, Chapter 4

e Prove or disprove:
—ged (kxm, kxn)=kxgcd (m, n)
—lem (kxm, kxn) =k xlcm (m, n)



Our problem — first part

e Prove or disprove:
—ged (kxm, kxn)=kxgcd (m, n)
o Leftside - we have: gcd (k xm, kxn)

—a=
h =

kxm & a, =k, +m, forallp
kxn & by=k,+n, forallp

—L=gcd (kxm, kxn)

g§ ¢ ¢ ¢

_ =gcd (a, b)

= m_in (@y by)

L, = min (k'? +m,, ky +np)

L, =k, +min(mgy,n)  forallp




Our problem — first part

* Right side - we have: k x gcd (m, n)
—g=gcd (m, n) & g, =min (mg, ny) forallp
— R =kxgcd (m, n)
& R=kx(
“ Ry =Kyt gy
& Ry= k,+min(my,n,)  forallp




Our problem — first part

We had:

L =gcd (kxm, kxn)and R =k x gcd (m,
n)

But: L=R <~ L,=R forall p

We proved that:

L, =R,=k,+min(mg, n) forall p

In conclusion:

gced (kxm, kxn)=kxgcd (m, n) iIs TRUE



Our problem - second part

* Prove or disprove:
—lem (kxm, kxn) =k xlcm (m, n)

o Leftside - we have: Icm (k x m, k x n)
—a=kxm<ea, =k, +m, forallp

b=kxn& by=k,+n, forallp

—L=Ilcm (kxm, k xn)

_=Icm (a, b)

L, = max (a,, by)

L, = max (k, + my, kj +np)

=k,+max (m, n) forallp

g§ ¢ ¢ 8

—P



Our problem - second part

e Right side - we have: k x lcm (m, n)
—I=lem (m,n) < |,=max (m, n,)  forallp
- R=kxlcm (m, n)
& R=kxl
< Ry =kt |
& R, = Kk, +max (mgn) for all p




Our problem - second part

We had:

L=Icm (kxm, kxn)and R =kxlcm (m, n)
But: L=R <~ L,=R forall p

We proved that:

L, =R,=k;+max (m,, n) forall p

In conclusion:

lcm (k x m, kxn) =k x lcm (m, n) I1Is TRUE
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