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Chapter 3 — Problem 31

Prove or disprove :
x| +ly] + Ix+y] = [2x] + [2y]

We will consider the following cases:

CASE 1: When x and y both are integers
CASE 2: When x is real and y is integer

CASE 3: When x is integer and y is real
CASE 4: When x and y both are real

To evaluate the above cases let us review the
properties pertaining to floors.



Properties Review

If x is an integer,

|x] =x ...property(1)
If x is real then x can be represented as:

X = |X| + {x} ...property(2)
where {x} is the fractional part of x

If {x}<1/2 {2x}=2{x} and ...property(3)
If{x}>1/2 {2x}=2{x}-1 ...property(4)
If x and y are real then,

{x+y}={{x} +{y}} ..property(5)
If n < x <n+1 then,

|X] =n ...from (3.5-a)

~{x}=x-n .from(2) ... property(6)



Properties 3 & 4 proof...

If 2x is real then

2x = |2x] + {2x} ..equation(1)...from(2)
[f x is real,
X = |xX| + {x} ..from(2)
2x = 2(|x] +1x})
2x = 2|x]| + 2{x} ...equation(2)
s |12x] + {2x) = 2|x] + 2{x} ..from(1) & (2)

Equating the fractional part on both the sides,

U2x] +{2x}} = {2]x] + 2{x}}

Since |x] is an integer 2|x] is also an integer. Since |2x]
and 2|x]| are integers, they do not contribute to the
fractional part.

Hence, {{2x}} = {2x} = {2{x}} ... equation(3)



Properties 3 & 4 proof continued...

If{x}<1/2
2{x} <1
s~ {2{x}} = 2{x} ...equation(4)

If{x}>1/2
2{x}>1
{2{x}} =2{x} - 1 ...equation(5)... from(6)

From equations (3),(4) and (5)

o If{x}<1/2 {2x}=2{x} and ...property(3)

o If{x}>1/2 {2x}=2{x}-1 ...property(4)
Proved.



Properties 5 proof...

To prove : {x + y} = {{x} + {y}} ..property(5)
If x and y are real,
(x+y) = |x + y] + {x+y} ..equation(6)...from(2)
Also x = [x] + {x} ..equation(7)...from(2)
Andy = |y| + {y} ..equation(8)...from(2)
Adding (7) & (8)

Xty = [x] +{x} + |yl +{y}  ..equation(9)
Equating the fractional part on both the sides,
Ux+yl+ {x+y}}=x] + {x} + |y] +{y}} ..from(6)&(9)

Since |x],|y] and |x+y] are integers, they do not
contribute to the fractional part.

UX+Y}) = {X+y} = WXy}

Proved.



CASE 1: x and y both are integers
To prove: |x| +[y| + [x +y] = |2x] + |2y]

x]+ Lyl + [x+yl

=X+y+X+y ... by property (1)
=2X+ 2y

:[2x] + | 2y]
= 2X +2y ... by property (1)

sx)+ |y + x +y] < 2x] + [ 2y]



CASE 2: xis areal and y is an integer
To prove: |x| +[y| + [x +y] = |2x] + [2y]

x|+ |yl + [ x+y]

= |x] +y+|x] +y ... by property (1)

=2 |x]| + 2y

=2 (x-{x})+2y ... by property (2)

=2x+2y-2{x} ... equation(10)
:[2x] + | 2y]

=|2x]| + 2y ... by property (1)

=(2x-{2x})+ 2y ... by property (2)

=2x+ 2y -{2x} ... equation(11)



CASE 2: continued...

For {x} <1/2
2X + 2y - 2{x} ... from (10)
: 2x+ 2y - 2{x} .. from (11) & (3)
o x]+ lyl + [x+y] = 2x] + | 2y

For {x}>1/2
2x + 2y - 2{x} ... from (10)
: 2x+ 2y - (2{x} - 1) ..from (11) & (4)

x| + |y] +|x+y] <|2x] +|2y]

For0<{x} <1
x| +ly] + [x+y] < |2x] + |2y]



CASE 3: xis an integer and y is a real
To prove: |x| +[y| + [x +y] = |2x] + [2y]

x|+ Lyl + [x+y])

= |x] +y+ x| +y ... by property (1)
=2x+2 |y]
=2x+2(y-{y}) ... by property (2)
=2x+2y-2{y} ... equation(12)

. | 2x]| + | 2y]
= |2x]| + 2y ... by property (1)
=2x+ (2y - {2y}) ... by property (2)

= 2x + 2y - {2y} ... equation(13)



CASE 3: continued...

For {y}<1/2
2x + 2y - 2{y} ... from (12)
: 2x+ 2y - 2{y} .. from (13) & (3)
~x]+ |yl + Ix+y] = [2x] + |2y ]

For {y}>1/2
2x + 2y - 24y} ... from (12)
. 2x+ 2y - (2{y} - 1) .. from (13) & (4)
x| + |yl +[x+y] <[2x] +|2y]

ForO<{y}<1
x| +ly] + [x+y] < |2x] + |2y]



Case 4: x and y both are real
To prove : [x] +|y] + [x +y| = |2x] + [2y]

x|+ |yl + [ x+y]
=x-{x}+y-{y} + (x+y) - {x+y} ...by property (2)
=2x+2y-({x}+{y}+{x+y})

=2x+2y - ({x}+{y} +{x} +H{y}}) ..equation(14)
..from (5)

s [2x] + [2y]
=2x-{2x}+2y-{2y} ...by property (2)
=2x+2y-({2x}+{2y}) ...equation(15)



Case 4: x and y both are real
To prove : [x] +|y] + [x +y| = |2x] + [2y]

e Casea: {x}<1/2 and {y}<1/2
{x}+{y}<1 always

D 2x+ 2y - ({x}+{y}+Ux} Hy}}) ..from(14)
2x + 2y = ({xp+{y}+{x}+{y})
2x + 2y - 2{x} -2{y}

 2x+ 2y - ({2x}+{2y}) ... from(15)
2X + 2y - 2{x} - 2{y} ... from(3)

ForO<{x}<1/2and0<{y}<1/2
x| +ly] + Ix+yl = [2x] + [2y]



Case 4: x and y both are real
To prove : [x] +|y] + [x +y| = |2x] + [2y]

e Caseb: {x}<1/2 and {y}>1/2
If {x}+{y}<1

D 2x+ 2y - ({x}+{y}+Ux} Hy}}) ..from(14)
2x + 2y - ({xp+{y}+{x}+{y})
2x + 2y - 2{x} -2{y}

 2x+ 2y - ({2x}+{2y}) ... from(15)
2X + 2y - 2{x} - 2{y} + 1 .. from(3) & (4)

s x| +ly) + Ix+y] < [2x] + |2y]



Case 4: x and y both are real
To prove : [x] +|y] + [x +y| = |2x] + [2y]

e Caseb: {x}<1/2 and {y}>1/2
If {x}+{y}>1and{x}+{y}<2
: 2x+ 2y - ({x}+{y}+{{x}+{y}}) .. from(14)

2x + 2y - ({x}+{y}+{x}+{y} - 1) ... from (6)
2x + 2y - 2{x} -2{y} + 1

 2x+ 2y - ({2x}+{2y}) ... from(15)
2x + 2y - 2{x} - 2{y} + 1 ..from(3) & (4)

x|y + I x+y] < 2%x] + |2y

ForO<{x}<1/2and0<{y} <1
x| +|ly| + |x+y]| <|2x] + [2y]



Case 4: x and y both are real
To prove : [x] +|y] + [x +y| = |2x] + [2y]

e Casec: {x}>1/2 and {y}<1/2
If {x}+{y} <1

D 2x+ 2y - ({x}+{y}+Ux} Hy}}) ..from(14)
2x + 2y - ({xp+{y}+{x}+{y})
2x + 2y - 2{x} -2{y}

: 2x+ 2y - ({2x}+{2y}) ... from(15)
2x + 2y - 2{x} + 1- 2{y} .. from(3) & (4)

s x| +ly) + Ix+y] < [2x] + |2y]



Case 4: x and y both are real
To prove : [x] +|y] + [x +y| = |2x] + [2y]

e Casec: {x}>1/2 and {y}<1/2
If {x}+{y}>1and{x}+{y}<2
: 2x+ 2y - ({x}+{y}+{{x}+{y}}) .. from(14)

2x + 2y - ({x}+{y}+{x}+{y} - 1) ... from(6)
2x + 2y - 2{x} -2{y} + 1

 2x+ 2y - ({2x}+{2y}) ... from(15)
2x + 2y - 2{x} +1- 2{y} ..from(3) & (4)

~ X[ +y] + [x+yl=12x] + |2y]

ForO<{x}<landO0<{y}<1/2
x| +|ly| + |x+y] <|2x] + [2y]



Case 4: x and y both are real
To prove : [x] +|y] + [x +y| = |2x] + [2y]

e Cased: {x}>1/2 and {y}>1/2
{x}+{y} > 1 always and {x}+{y} < 2
D 2x+ 2y - ({x}+{y}+Ux} Hy}}) ..from(14)

2x + 2y - ({x}+{y}+{x}+{y} - 1) ... from(6)
2x + 2y - 2{x} -2{y} + 1

 2x+ 2y - ({2x}+{2y}) ... from(15)
2x+ 2y - 2{x} +1-2{y} +1 ..from(3) & (4)

s x| +Hly] + X+ y] < |2x] + |2y

ForO<{x}<landO0<{y}<1
x| +|ly| + |x+y] <|2x] + [2y]



To prove: [x] +|y] + [x +y| = [2x] + |2y]

For all the 4 cases:

CASE 1: When x and y both are integers
CASE 2: When x is real and y is integer

CASE 3: When x is integer and y is real
CASE 4: When x and y both are real

x| +lyl + [x +yl = [2x] + [2y]

Hence Proved.
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