CSES47

- Chapter 3, problems 19, 20



Problem 20

e Problem Statement

Find the sum of all multiples of x in the
closed interval |a.. 8], when x > 0.



Problem: Find the sum of all multiples of x in the closed interval [a.. 8], when x > 0.

Let

la.. B]

Sum of all the multiples of x in the interval

b Z kx

keZ, askxsf

ka[kisaninteger] [a < kx < (]

( Rewriting in Iversonian Form )
X Z k[kisaninteger][a < kx < ]

( Since x is a constant. )



Problem: Find the sum of all multiples of x in the closed interval [a.. 8], when x > 0.

= ka[kisan integer| [a/x < k < [/x]

( Sincex>0)

ka [ kis aninteger][|a/x| < k < |B/x]]

( Since,
x<n o [x]<n
n<x o n< |x|
where n is an integer, x is a real)



Problem: Find the sum of all multiples of x in the closed interval [a.. 8], when x > 0.

— ka[kisaninteger][E‘ < k < E + 1]

;
leilﬂkl 5k

X

We know that,

Z Kisk  _ k_g



Problem: Find the sum of all multiples of x in the closed interval [a.. 3], when x > 0.

EJH
S = x)y o kLsk

X

2 E +1

B

Thus, the sum of all multiples of x in the closed interval
|a.. B], when x > 0.




Problem 19

e Problem Statement

Find a necessary and sufficient condition on the real
number b > 1 such that log,lx]] = logy,x] for
all real x = 1.

A bit more formally, the question is:

Define a predicate P:{yeR:y > 1} {true false}, such that:

L, hper (P(B) = Vs e pe o1 ( llogylxl] = [log, x1)) (sufficiency)
I1. (necessity)

Vperp=1 (Vxerx=1(llogplx]] = [log,x]) = P(b))



Problem: Find a necessary and sufficient condition on the real number b > 1 such that
llog, |x]] llog, x| for all real x > 1.

We will prove that the predicate P definedon {yeR:y>1}-
{ true, false } with value P(¥) =¥ e€Zgsatisfies (i) and (ii).

Proof of Sufficiency Condition:

We have thatb e R, b > 1, and P(b). P(b) being true gives us that
be Z.

Now define a functionf: {xeR:x=1} >R

f(x) = log,x

Since b > 1, f(x) is continuous and monotonically increasing on
|1, o), these are known properties of the log function.



Problem: Find a necessary and sufficient condition on the real number b > 1 such that

llog,lx]] = [lﬂgh x| for all real x > 1.
e We can prove that f(x)eZ>x¢eZ
e Note:
f(x) € Z, by assumption

logr,xeZ, by substitution

e log,x =0, since log,1 =0, 1 is the smallest element of the domain of f,
and f is monotonically increasing.

e b8 ¢7 sincebisa positive integer and 1085 x is a nonnegative
integer.

If log,x is 0 then b'°8* = 1. Else log, x is a positive integer, blogv*e Z*

since positive integers are closed under exponentiation.

o Simplifying, we have b'°®"= x. Hencex e Z



Problems: Find a necessary and sufficient condition on the real number b > 1 such that
llog,|x]] = llogy, x| for all real x > 1.

e Therefore f(x) is continuous, f(x) is monotonically increasing, and

fx)eZ=xeZ Therefore we can invoke Theorem 3.10 proven in the
textbook :

If f is a continuous, monotonically increasing function with the property that
f(x)eZ=>xeZ " then LF O] = If (lx])] whenever f(x) andf(lxD are defined.

e Qur f(x) is defined on [1, ©°), so when x > 1, f(x) is defined.
Additionally, when x > 1, |x]> 1 (by property 3.7 d), so f(lxDis
defined.

e Therefore we get that VieRx =1 (logplx]] = |logy x])
e this completes part L.



Problem: Find a necessary and sufficient condition on the real number b > 1 such that
llog,lx]] = |log, x| for all real x > 1.

Proof of Necessary Condition

We need to prove that Vperpo1 (Veerx=1(llogplx]] = llogyx]) = P(b))

We'll prove it by contradiction. So assume:

2 (Vperpe1 (Veerxz1(llogplxll = |log,x|) = P(b))
This means: 3p erp>1(Vaera=1(logylxll = [log,x]|) # P(b))
Which means: 3y erp>1(Vxerr=1(llogplx]] = [logy x] )A—|P(b))

1. b_p 2. b>1

Vierx=1(llogylx]] = [logyx]) —~P(D)



Problem: Find a necessary and sufficient condition on the real number b > 1 such that
llog,lx]] = [log,x] for all real x > 1.

Note that (1), (2), (3) imply that llog,|b]] = [log, b]
We know that 08,0 = 1 so this gives us

log,|b]] = [1] = 1
Now, using (4) from eatrlier, ~P(b)=> b ¢ Z

Now, |p| < b of course, and |b$érzce bbb Z | |b] < b
S0 b] # b

Then because the log function is monotonically increasing, we have
log,|b| < log, b

We have logb=1 | so we get log,|b] <1



Problem: Find a necessary and sufficient condition on the real number b > 1 such that
llog,lx]] = [log, x] for all real x > 1.

e By property 3.7athen, |log,|b]] < I1which contradicts the previously
derived

e This completes the proof of partII.

e Thus, we have proved that:

The necessary and sufficient condition on the real number b > 1 such
that |log,|x]|] =|log, x| , for all real x > 1.

isthat peZz
Thatis, b mustbe an integer.
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