Cse547 Discrete Mathematics
Chapter 3, Problem 16



Problem 16:

Prove that n mod 2 = (1 - (-1)")/ 2.

Find and prove a similar expression for n mod 3 in
the form

a+bo"+cw? ,where oisthe complex number

(-1+iV3)/2.

Hint: ®3=1and (1+® +®?)=0



Part 1: Prove the given formula for n mod 2

When n is odd:

We know that: nmod2=1

(-1)n = -1 since nis odd
(1- (-1)") (1- (-1)) 2
- - - = 1
2 2 2
Therefore,
(1-(-1)")
n mod 2 = when ‘n’ is odd.

2



When n is even:

We know that: nmod2=0

(-1)n =1 since nis even
(1- (-1)") (1- (1)) 0
- - - 0
2 2 2
Therefore,
(1-(-1)")
nmod 2 = when ‘n’ is even.



With those 2 cases we can conclude that —

(1-(-1)")
n mod 2 = , hEZ
2




Part 2: Finding expression for n mod 3

 We have to find expression in the following form
nmod3=a+bo"+cwn?"

(-1 +i3)

where o =
2

e Essentially, we need to find values of a, b, c.

e We need at least 3 equations for 3 variables.

Observe that directly from the definition we
have that
If (nmod3)eM, M is some set
Then,
M ={0, 1, 2}



Whenn=0, (hmod3)=0

a+tbo"+cw* = a+b+c = 0 e, [1]

Whenn=1, (hmod3)=1

a+bo"+co’™ = a+bo+cw?
= a+bw+c(-w-1)
= a+(b-c)jo—c-1 =

1
1 since (2 +m+1=0)
0 [2]

Whenn=2, (hmod3)=2

atbo"+cw’™ = a+bw’+cow’ = 2
= a+ b(-o-1l) +cowlw = 2 since(@2+w+1=0)
= a—-bo-b+co = 2 sincew’=1
= a-b-(b-c)w-2 = 0 s [3]

We have (1), (2) and (3) — 3 equations and 3 unknowns — a, b, c. Solve it. ©



Adding equations [1], [2] & [3]
1]+ [2] +[3]=>
[atb+c]+[at+t(b-c)o—c—-1]+[a—-b—-(b-c)w—-2] =0

3a-3 =0

a = 1




Substituting a = 1 in [1] and [3] we get,

[1]: a+b+c = 0

1+b+c =0 [4]
[3]: a—b—-(b—-c)w-2 = 0
l1-b—-(b-c)w-2 = 0
-1-b-(b-c)w = 0 [5]
[4]x o => o+bo+co =0 . [6]
[5]-[6]=> {-1-b—-(bc)o}-{o+bow+cw} =0
-1-b-bo+co-0o -bo-co =0
2bow +b+w+1 =0
-w-1

20+1

[Got rid of c]



Simplifying b further :-

-o-1 -o-1 (0—1)
b = = X
2m+1 20+1 (0—1)
-(0+1) (0—1)
b =
20°-n-1
-(0+1) (0—1)
b = since (w2 +®+1=0)

2(-0-1)-ow-1

-(0+1) (w—-1)
b =
-3-3
(0+1)(0w—1) (0—1)
b = =
3(w+1) 3




Substituting value of b in equation [4] to get value of c:

[4]: 1+b+c =0
c = -b-1
—(w -1
C= ( )—1
3
—w+1-—3
Cc =
3
—(w+2)
C:
3




So the expression is like this:-

1
nmod3 =1+ g{(m — Do - (0 + 2) w?"}
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