cseb4’

 Chapter 2, Problems 9, 10



Chapter 2 Problem 9

 What is the law of exponents for rising
factorial power, analo%ous to (2.52)

m+n

X =X (X—m)*

Use this to define 7
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Observation

x4 = X(X+1)(X+2)(Xx+3)

X = X(X+1)(x+2)

xézx(x+1)
Xt = X
x° =1

m+1

o x™and X" are similar, only differ in one factor.
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« Conjecture, for integers m,n>=0
X" =X"(X+m)

 More general version, for integers m,n>=0

m+n

X :xa(x+m)ﬁ
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Conjecture Prove

« By definition, for integers m,n>=0
X™ = X(X+1)(X+2)...(Xx + m—1)

m

X" =X(X+1)...x+m=-D(x+m)(X+m+1)...(Xx+m+n-1)

e Plug In the same factor

m+n

X™ = X™ (X +M)(X+M+1)...(X+mM+n—2)(X+m-+n-1)

e Since,
(X+m)" =(Xx+m)(X+m+1)...(x+m+n-1)
we get x™"=x"(x+m)" , for integers m,n>=0
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Deduction

+ For Jateggrs 1y 079 andym>=n

m-—n+n

= X =xm(x+m—n)ﬁ

X" =x™/(X+m—n)"

 Then,
* Itwejet mEly _ny —1/(x—n)"
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Definition

e Define, folr Integer n>:01

-N

T T e (—m(X=n+1).(x=1)

* By the definitign above, we shall prove
, for integers m, n

2009-04-21 Discrete Mathematics



Proof

dCase 1: integers m, n>=0 is proved.

dCase 2: integers m, <0
— By 18 defipaitionnyf™" for integer n<0

. o 1
— SingB" =m>0-and—nA>0 —
(X+m+n)"(X+m+n-n)™"

1 1

T M) (xman)

=" (X+ m)F‘
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Proof continue

dCase 3: integers m>0 and n<0
B I&miQefJfﬁ...@+m+n—l)

_ X(X+D)...k+m+n=)(X+m-+n)...xk+m-1)

(X+m-+n)(X+m+n+1)...k+m-1)

Xm

- (x+m+n)‘F‘

=X (X+ m)F‘
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Case 3 continue
e If (Mm+n)<O0
X™" = =
(X-+m-+n) ™
1

~ (X+M+N)(X+m-+n-+1)...&—1)
X(X+1)...k+m-1)

 (XM+N) (X+M+n+D).... k=DX... X+m—1)

m

X

- (x+m+n)‘ﬁ
=xﬁ(x+m)'_1
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Proof continue

dCase 4. integers m<0 and n>0
— IKth=+rpprD... & +m-+n—1)

_ (X+m)(Xx+m+1).. X(x+1)...k+m+n+1)

(X+m)(X+m+1)...x-1
C(x+m)"
(x+m) ™

=X (X+ m)ﬁ
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Case 4 continue

o IK{FR)<0-

(x+m-+n) ™
B 1
 (X+m+n)(X+m+n+1)...k—1)
(X+m)(X+m+1)...k+m+n-1)

(XM (X+MAED). &+ M) (X-+-m+n-)... & —1)
C(x+m)"
(x+m)™

=X (X+ m)’_1
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Conclusion for P9

» We find the law ofxexpgnenis for rising
factorial power

—-n

X
* \WWe define a good expression of

* \WWe prove that by our definition, the law
holds for integers m, n
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Chapter 2 Problem 10

* The text derives the following formula for the
difference of a product:

A(Uv) = UAV + EVAU

How can this formula be correct, wheM the left-
hang side Is symmetric with respect to

and but the right-hand side is not

2009-04-21 Discrete Mathematics

14



In order to solve this problem, we have to realize how this

AR PARR IR RRRL) P20
=U(X+DVv(X+1) —-u(x)v(x+1) +u(x)v(x+1) —u(x)v(x)
= U(X)AV(X) + V(X +1)Au(x)

By using a shift operator E, defined by Ef(x)=f(x+1)
We get

A(uv) = UAv + EVAuU

2009-04-21 Discrete Mathematics 15



Where Is this non-symmetric from?

stepl:

AU(X)V(X)) =u(x+1v(x+1)—u(x)v(x)
symmetric:

step2: AU(X)V(X)) =u(X+Dv(x+1) —u(x)v(x +1) + u(x)v(x +1) —u(x)v(x)

non-symmetric:

stepa3: A(U(X)V(X)) =u(x)Av(X) + V(X +1)Au(x)

non-Symmetric:
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We get the symbol E because we add and minus a same
element u(x)v(x+1)
AUX)V(X)) =u(x+Dv(x+1) —u(x)v(x)
=Uu(X+Dv(x+1D) —-u(X)v(x+1) +u(x)v(x+1) —u(x)v(x)
= U(X)AV(X) + V(X +1)Au(x)

What if we add and minus a same element u(x+1)v(x)?

A(U(X)V(X)) =u(x+Dv(x+1) —u(x)v(x)
=U(X+DVv(x+1) —u(X+21v(x)+u(x+1)v(x) —u(x)v(x)
=V(X)Au(X) + u(X+1)Av(x)
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2AU(X)V(X)) =2u(X+Dv(x+1) —u(x)v(x))
=U(X+Dv(X+1) —u(X)v(x+1) +u(X)v(x+1) —u(x)v(x)
+U(X+Dv(x+1) —u(x+DVv(X) +u(x+L)v(x) —u(xX)v(x)
= U(X)AV(X) + V(X +1D)Au(X) +u(x +1)Av(X) + Vv(X)Au(x)

These steps are all symmetric!
Then we can use symbol E, we get:

2A(UV) = UAV + EVAU + EUAV + VAU

This is also symmetric!
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So the form should be:

2A(Uv) = UAV + EVAU + EUAV + VAU

In fact, iIf we separate the above form ,we get two forms
which are symmetric to each other:

A(uv) = UAV + EVAU

A(uv) = VAU

EUAV

Why we have symmetric form in the continuous case?

We still have doubt In It.
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1.Recall the derivative for continuous function
s U h) V(X +h) —u(X)v(X)
U(xv(x)'=lim n
_lim u(x+h)v(x+h)—u()v(x+h)+u(x)v(x+h)—u(x)v(x)

h—>0 h

u(x+h)—u(x)
h

_lim V(X + h)—v(x)u(x)
h

v(X+h)+lim
h—>0 h—>0

i MM =Y iy by 4 lim Y=V
h—>0 h h—>0 h—>0

=U'(X) m V(X+h)+u(x)v(x)"'

=Uu'"(X)v(x) +u(x)v(x)"
2.discrete case:

AUV = U(X)AV(X) + V(X +1)Au(x)

2009-04-21 Discrete Mathematics

20



1. This formula is correct.

2. The right-hand side seems non-symmetric, but in
fact it 1Is symmetric of u and v In the discrete case.

3. For continuous function, it Is symmetric.
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