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Ch2 Problem 16

Prove that

(r —n)  (z—m)Z

unless one of the denominators Is zero.
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Definition of 1%

55555555555555555555555555555555



Definition of 1%

-

Whenn > 0
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Definition of 1%

-

Whenn > 0

vr=a@—1)(r—=2)---(—n+1)=
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Definition of 1%

-

Whenn > 0

!

r=wr - D@ =2)-(r—n+1)= (x —n)!

Whenn < 0
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Definition of 1%

-

When n > 0
!
"t =x(r—1)(x—=2)---(x—n+1) =
(x —n)!
When n < 0
n 1
T— —
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Definition of 1%

-

When n > 0
n 1 2 | i
"t =x(r—1)(x—=2)---(x —n+ )_($—n)!
When n < 0
Tt = !
(4 D)(x+2)---(x—n)
Whenn =0

cccccccccccccccccccccccccccccccc



Definition of 1%

-

When n > 0
n 1 2 | i
"t =x(r—1)(x—=2)---(x —n+ )_($—n)!
When n < 0
Tt = !
(4 D)(x+2)---(x—n)
Whenn =0
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Proof 1 —Case 1ln=00rm =0

- .

Trivial.
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Proof 1 — Case 2:n > 0andm > 0

=

Use definition 22 = —£
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Proof 1 — Case 2:n > 0andm > (

Use definition 22 = (xf!n)! T
e (mffn)v ~ zl(zr—n—m)!
(z —n)m (a:(ivxq)vlz)! - @=nie—m)
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Proof 1 — Case 2:n > 0andm > (

=

Use definition 22 = —£

™ )l zl(x —n—m)!
(x —n)m (x(i’f;z)?'l)! (x —n)!(x —m)!

ot (a;f!n)v zl(z —n—m)!
(x —m)2 (x(f;n@rl)! (x —n)!(x —m)!
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Proof 1 — Case 2:n > 0andm > (

Use definition z2 = f!

™ )l zl(x —n—m)!
(x —n)m : (i’/‘—il)')‘ (x — n)!(x —m)!
ot (xf!n)v zl(z —n—m)!
(x —m)2 : (f—’”_”b)')' (x —n)!(x —m)!
SO
om on

=



Proof 1 —Case 3n < 0andm < (
1 o

Use definition " = %)
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Proof 1 —Case 3n < 0andm < (

L n 1 T
Use definition xl— = D@2 (a=n)

™ _ @) (z—m) _ (z—n+1)--(x—m—m)
(z—n)m > (z+1)-+(z—m)

(z—n—+1)---(x—n—m)



Proof 1 —Case 3n < 0andm < (

. P ﬂ L 1
Use definition 22 = ) ) P oy
™ _ (:c+1)--1-(x—m) _ (z—n+1)--(x—m—m)
(x_n)m (a:—n+1)--1-(a:—n—m) (:U—|—1)---(£E—m)
1
 _ _ @nGew  _ (x=mAl)-(z—m—n)
(x—m)ﬂ (w_m_|_1)..1.(x_m_n) (zc—l—l)---(a:—n)

=
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Proof 1 —Case 3:n < 0andm < 0

o o
Use definition 22 = (:U—I—l)(:c—|—12)---(:c—n)
(:c+1)-.1-(x_m) _ (z—n+1)--(x—m—m)
(T=—n)™ " ey (@) (e-m)
i Grew _ (a—ml)(z—m—n)
(x—m)r " ey (@) (e n)

Without losing generality, assume n < m < 0 so that
0<—m< —n

-
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Proof 1 —Case 3:n < 0andm < 0
B

Use definition 22 = (:U—I—l)(:c—|—12)---(:c—n)
(:c+1)-.1-(x_m) _ (z—n+1)--(x—m—m)
(T=—n)™ " ey (@) (e-m)
i Grew _ (a—ml)(z—m—n)
(x—m)r " ey (@) (e n)

Without losing generality, assume n < m < 0 so that
0<—m< —n

r (x—m—+1)---

—m —n)

(

(x —m)2 (x+1)---(

(t—m+1)---(r—n)(x—m+1)---(x —m —n)
(x+1)---(z—m)(zr—m+1)---(x —n)

(x —n)m J
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Proof 1 —Case 4n < 0andm > 0

- .

If —mm —n>1
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Proof 1 —Case 4n < 0andm > 0

- .

If —mm —n>1

o r(x—1)---(xr —m+1)
(r—m)2 (r—n)(x—mn—-1)---(zr—n—m-+1)
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Proof 1 — Case 4:n < 0andm > (

- .

If —mm —n>1

o r(x—1)---(xr —m+1)
(r—m)2 (r—n)(x—mn—-1)---(zr—n—m-+1)

T B (:U—I—l)l(a:—n)
(z—m+1) 1 (x—m—n)
_ (x—m4+1)---(x—m—n)
(z+1)---(z—n)
_ (x—m4+1)---z(x+1)---(x —m —n)
(x+1)---(z—m—-n)z—m—-n+1)---(x—n)

m

o e am -

(z —n)

(x —m)2
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Proof 1 —Case 4n < 0andm > 0

- .

If —m—n < —1
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Proof 1 —Case 4n < 0andm > 0

- .

If —m—n < —1

x (x—m4+1)---(x—m —n)

(x —m)2 (x+1)---(z—n)
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Proof 1 — Case 4:n < 0andm > (

- .

If —m—n < —1

> (r—m+1)---(x —m—n)
(x —m)2 (x+1)---(z—n)
o™ r(x—1)---(x —m+1)

(x—n)2 (z—n)x—mn—1)---(r—n—m+1)
r---(x—n—-—m+1)(x—mn—m)---(x—m-+1)
(x—n)---(z+1x---(r—n—m+1)
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Proof 1 —Case 4n < 0andm > 0

- .

f -1<—-m—-—-n<l==-m-n=>0
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Proof 1 — Case 4:n < 0andm > (

- .

f -1<—-m—-—-n<l==-m-n=>0

rl :(m—m—l—l)-—-($—m—n)
(x — m)Z (x+1)-+-(x —n)
_ (x—m+1)---x
(x—m—m+1)---(x —n)
- (z—n)m
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Proof 1 —Case 5n > 0andm < (

- .

Symmetrical to Case 4.
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Proof 2
=

Theorem.

m-+n n

T =z (x — m)

for all the integer m and n.

By the theorem above, we directly have:

o (x — m)? = PR — gy — n)

So

-
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Ch2 Problem 17

fProvethat T
mo_ m m m !
" =(-1)"(—-x)"=(x+m—1) CESIED
m o [ m_$m: r—m m: 1
= () = )T =
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Definition of z"
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Definition of z"

-

Whenn > 0
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Definition of z"

-

Whenn > 0

S|

" =x(x+1)(z+2)---(x+n—1)
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-

Whenn > 0

Whenn < 0

Definition of z"

" =x(x+1)(z+2)---(x+n—1)
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Definition of z"

-

Whenn > 0

" =x(x+1)(z+2)---(x+n—1)

Whenn < 0
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Definition of z"

-

Whenn > 0

" =x(x+1)(z+2)---(x+n—1)

Whenn < 0

Whenn =0
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Definition of z"

-

Whenn > 0
"=z +1)(r+2) - (x+n—1)
Whenn < 0
T 1
T D@ -2 (z +n)
Whenn =0



Proof — Case 1:m = (

m o __ m m __ m o __ 1
= (~1)" () = (o m = 1) =
m— (—1)"(—2)" = (z —m = 1
o= () = b )T =

Trivial.
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Proof — Case 2:m > 0
L o

Definitions recap:

1/(z+1)(z+2) - (x —n) n <0

r(x—1)(x—=2)---(x—n+1) n>0
: 1 n =70

2z +D(z+2)--(z+n—1) n>0

" =1/(x —1)(x—2)---(x +n) n <0
1 n =

\
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Proof — Case 2:m > 0

- .

Totaly by definitions shown in the last slide.



Proof — Case 2:m > 0

- .

Totaly by definitions shown in the last slide.

" =z(z+1)(z+2) - (x+m—1)



Proof — Case 2:m > 0

=

Totaly by definitions shown in the last slide.

" =x(z+1)(z+2) (z+m—1)

(1) () = (1) () 1) (z —m )
=x(z+1)---(x+m—1)
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Proof — Case 2:m > 0

=

Totaly by definitions shown in the last slide.

" =x(z+1)(z+2) (z+m—1)

(1) () = (1) () 1) (z —m )
=x(z+1)---(x+m—1)

(x+m—-1)2=@x+m-—1)---(x+ 1)x
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Proof — Case 2:m > 0

=

Totaly by definitions shown in the last slide.

" =x(z+1)(z+2) (z+m—1)

(1) () = (1) () 1) (z —m )
=x(z+1)---(x+m—1)

(x+m—-1)2=@x+m-—1)---(x+ 1)x

=(x—1+1)(z—-14+2)---(x—1+m)

=x(z+1)---(x+m—1)
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Proof — Case 3:m < 0
L o

Definitions recap:

1/(z+1)(z+2) - (x —n) n <0

r(x—1)(x—=2)---(x—n+1) n>0
: 1 n =70

2z +D(z+2)--(z+n—1) n>0

" =1/(x —1)(x—2)---(x +n) n <0
1 n =

\
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Proof — Case 3:m < 0

- .

Totaly by definitions shown in the last slide.



Proof — Case 3:m < 0

- .

Totaly by definitions shown in the last slide.

=1/ =1)(x =2)--(z +m)



Proof — Case 3:m < 0

-

Totaly by definitions shown in the last slide.

™ =1/(x =1)(x =2)--(z +m)

(1) (=) = (~1)"/(~z + 1)~z +2) - (~z = m)
= 1/(e =)@ =2)- (e +m)
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Proof — Case 3:m < 0

-

Totaly by definitions shown in the last slide.

™ =1/(x =1)(x =2)--(z +m)

(1) (=) = (~1)"/(~z + 1)~z +2) - (~z = m)
= 1/(e =)@ =2)- (e +m)

(x+m-1D"=1/(e+m—-14+1)(z4+m—-1+2)---(z4+m—1—m
=1/(z =Dz =2)---(x+m)

o -
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Proof — Case 3:m < 0

- .

Totaly by definitions shown in the last slide.

™ =1/(x =1)(x =2)--(z +m)

(1) (=) = (~1)"/(~z + 1)~z +2) - (~z = m)
= 1/(e =)@ —2)- (o +m)

(x+m-1D"=1/(e+m—-14+1)(z4+m—-1+2)---(z4+m—1—m
=1/(z =Dz =2)---(x+m)
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Solution — The other equation

- .

Similarly, we can easily prove the other equation:

2 — (<) (=) = (= 1) =
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Thank You!

fAny Questions? -
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