Chapter 2

Solutions to Homework Problems
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This notes includes selected exercise problems from second chapter of Concrete Mathematics
([CM]) by Graham, Knuth, and Patashnik.

If you find any mistakes in the notes, please feel free to correct it.



1 Problem 5

Whats wrong with the following derivation?

1y aj _ @ _ _ 2
(Xjo1a)(Xhoi o) = Xjmi Xhci o = Ljm1 Kik—1 gy = Lk=in=n

1.1 Solution 5

Correctness Verification
We want to see whether the derivation is correct or not
For this we set n = 3 and we want to see if the right part of the derivation is equal to the left part

St= (L 1a)(Eis o)

St=(E3-1a) (G + 5+ 35)
S.=(a1+ar+a3)(5+ 4+ 2-)

Sl ) ) el

SL=1+0+0+2+1+2+2+3+1

S; =3+ az;% 4 al(j;% T fllggflz

Sr = 2‘3:1 ZIE:I Z_:

=T+ 8

SR=Y7_13

Sg=9=32

We can see that S;.! = Sk, so we detect that the derivation is not correct
How can we find the error?

Idea: check every step of the derivation

We have 2 derivation steps (see below):

(Xia)(Tio ) =X X o (1)



n n 4 _ yvn n 4 _yvn _ 2
j:lzk:l @ j:lzkzl @ =Yin=n
We want to check which one is wrong

Derivation step 1
We check the first step of the derivation

1 aj
(Xio1a))(Ek=1 27) = Xj=1 Xi=1 oy

Can we do this step? Yes
Why? Based on the General Distributive Law

Derivation step 2
We check the first step of the derivation

n n 4 _ yn n o a
j=1 ZkZl ap ~ ~j=1 Z4k=1 ax

Can we do this step? No!

(2)

Why? Because the transformation is not in accordance with the changing of the indexes in multiple

sums rule.

We check the first step of the derivation

From logic we know that in the multiple sum S in this step, k is a bound variable to the inner sum,

while j is a bound variable to the exterior sum.

But in the multiple sum S, k is a bound variable both to the inner sum, and to the exterior sum.

Based on the substitution rules of predicate logic, we cannot substitute j of the outer sum with the

same k as the one in the inner sum.
The substitution works only when

aj_ak7Vi7j71 < ]ak <n

Why? Because then we will have:

SL —n4+ <a2+a3+...+a,,) 4 (a1+a3++a4+...+an) N (

ap az

Sp=nt Do -l

ai

Sy =n+(n—1)n=n*=Sg

a1+...+ak_1+ak+...+an) I (a1+a2+...+a,,_1 )

ay dan



2 Problem 6

What is the value of Y ;[1 < j <k < n], as a function of j and n?

2.1 Solution 6

We start simplifying the expression,

Y[1<j<k<n]

k

= Y 1 (-.-Z[P(k)]:Zl)
1<j<k<n k P(k)

=Y (Z 1) (C(1<j<k<n)=(1<j<n)N(j<k<n)
1<j<n \j<k<n

=Y (n—j+1)



3 Problem 7

Let V(f(x)) = f(x) — f(x—1). Whatis V(x™)?

3.1 Solution 7

We define rising factorial power, ¥, as, ¥ = x(x+1)(x+2)---(x+m—1),m > 0.
We want to evaluate, V(x™) = x" — (x — 1)™

This can be simply done by putting the values for x and x-1 in the equation. Now,
M =x(x+1)(x+2)---(x+m—1),m > 0.

x—1)"=(x—1Dx(x+1)-(x—14+m—1),m>0.
=x—1x(x+1)---(x+m—2)

V(™) =x"— (x—1)"
=x(x+1)(x+2)---(x+m—1)—(x—1)x(x+1)--- (x+m—2)
=x—1Dx(x+1)---(x+m=2)(x+m—1—x+1)
=mx—1x(x+1)(x+m—2)

= mx"™!

V(™) = mxm 1

A point to note that V(x™) is not equal to A(x™), where A(f(x)) = f(x+1) — f(x).

A = (x+ 1) —x™
=x+1)x+2)---(x+m)—x(x+1)---(x+m—1)
=x(x+1)---(x+m—1)(x+m—x)
=mx(x+1)---(x+m—1)

=m(x+ 1)m

AGX™) = m(x+ 1)

Thus what we learn from this exercise is, | V(x'") = ma 1 £ AN =m(x+1)""!




4 Problem 8

What is the value of 02, when m is a given integer?

4.1 Solution 8§

Definition of ¥ and x=
M=x(x—1)...(x—m+1)

From: (2.43) Concrete MathematicsA Foundation for Computer ScienceGraham, Knuth, Patashnik

—m __ 1
= D2 oem)

Form >1

For m > 1 we use the definition X = x(x —1)...(x —m+1)
x = 0 will always give us a product of 0.
0 =0(0-1)(0-m+1)

Form <0

1
x+1)(x42)...(x+m)

For m > 1 we use the definition x="* = (

0" = )
((0+1)(0+2)...(0+|m]))

_ 1
— ((1D@)--(|m]))

Conclusion.



What is the value of 0=,

when m is a given integer?
0,ifm>1;

m,ifmgo.



5 Problem 10

The text derives the following formula for the difference of a product.

A(uv) = uAv — E,Au

How can this formula be correct, when the left hand side is symmetric with respect to u and v but
the right side is not?

5.1 Solution 10

Let us derive the formula for A(uv) in all possible ways.

Derivation 1

A(uv)

=u(x+1v(x+1)—u(x)v(x)

=ulx+1v(x+1) —u(x)v(x) —u(x)v(x+ 1) +u(x)v(x+1)
— @)+ 1) () — v+ 1 1) — u())
=u(x)Av —v(x+1)Au

=ulAv—E,Au (E, =v(x+1))

Derivation 2

Auv)

=u(x+)v(x+1) —u(x)v(x)

=u(x+1vx+1) —u(x)v(x) —ulx+1)v(x) +u(x+ 1)v(x)
V() (ux+ 1) —u(x)) —u(x+1)(v(x+1) = v(x))
=v(x)Au—u(x+1)Av

=vAu— E,Av (Ey=u(x+1))

We see that

A(uv) = uAv — E,Au = vAu — E,Av
AQ2uv) = (uAv +vAu) — (E,Av+ E,Au)

From the above arguments it is clear that if we just look at the equation

A(uv) = uAv — E,Au



it does not seem symmetric but if we see the complete equation
A(uv) = uAv — E,Au = vAu — E,Av

it looks symmetric.



6 Problem 11

The general rule for summation by parts is equivalent to Y.o<x<,(@r+1 — ax)bx = anb, — apbo —

Yo<k<nk+1(brs1br) , forn >0

Prove this formula directly by using the distributive, associative, and commutative laws.

6.1 Solution 11

The general rule for summation by parts is equivalent to:

Yo<ken (@1 — ax)bx = anby — aobo — Lo<k<n i1 (bis1bk), forn >0

Prove this formula directly by using the

distributive, associative and commutative laws
Yo<ken (k1 — ax)bi

= Y o<k<n(aks1br — arby) (Distributive Law)
= ZZ;é (ak1by) — Zz;é(akbk) (Associative Law)
We can write

= Y00 (abi) = Yo (akbr) — anby

= Y7o (aks1b) — X1—o(aby) + anby

= Y10 a1k — Li g axby + anby — agby

= Y070 ey 1bx — X4Zg A 1By 1 + anby — aoby
= Yo (@1 b — s1bisr) + anbn — agho

= Y10 a1 (b — bis1) + anby — aobo

= anbn — aoho — Y10 a1 (bes1 — by



So we have proved

Yo<k<n(rs1 — ax)bx = anby — aobo — Lo<k<n it1(bir1 — bi), forn >0



7 Problem 13

n
Use the repertoire method to find a closed form for Z (—1)"k>
k=0

7.1 Solution 13

n
We wish to find the sum §,,, given by, S, = Z (—1)"k*. Now putting the sum into a recursive form
k=0
as follows we get,

So=0
Sp=S,_1+(—1)"n?

We represent the most general form for the recursive expression shown above as follows:

Ry=«
Rn - Rnfl + (_1>H(B —|-I/L')/+I’l2A)

The actual values in the above generalization o = 0,8 =0,y =0,/ = 1. To get a solution in

the closed form, we express R, in a generalized form. We write R, as:

R,=A(n)a+Bn)B+C(n)y+Dn)A

Strategy:
§ We need to solve this equation to find the values of A(n), B(n), C(n) and D(n).

§ We will pick simple functions (R,,) with easy values for a,f3,7,/\ and the solve the equation
to find value of A(n), B(n), C(n) and D(n).

§ Substitute the values of A(n), B(n), C(n) and D(n) to get the general equation for the recur-
rence.

Case 1: Taking R, =1, foralln e N
Ry= 0o ,Ry=1. Thus we get, ¢ = 1

R,=R, 1+ (=1)"(B+ny+n’A)
or,1 =1+ (=1)"(B+ny+n* )

or,0 = (=1)*"(B+ny+n’ )
or,(B+ny+n*A)=0
or,(B—0)+n(y—0)+n*(A—-0)=0




Putting the values, in R, = A(n)a + B(n)B + C(n)y+ D(n) A, we have, R, = A(n).1+0. Since

R,=1,[ Am) = 1], (VneN)

Case 2: Taking R, = (—1)", foralln ¢ N
Ry=a ,Ry= (—1)0. Thus we get, oo = 1

R, =R, 1+ (=1)"(B+ny+n’))

or, (—1)" = (— 1) (~11(B + ny + 20)
or,1 = —1+1.(B+ny+n?A)
or,(B+ny+n*A)=2
or,(B—2)+n(y—0)+n*(A—0)=0

So we have B =2,7=0,A = 0. Putting the values, in R, = A(n)a+B(n)B +C(n)y+D(n)A, we
have,
R, =A(n).14+B(n).24+C(n).04+D(n).0 = (—1)"

Case 3: Taking R, =

. 1)"n, foralln e N
R():a,ROZ(—l) 0.

(_
.0 =0. Thus we get, x =0

R, =R, 1+ (—=1)"(B+ny+n2A)

or (=1 = (1= D)(= 1) 4 (1) (B+ny+ )
or,0=(2n— 1)+ (=1).(B +ny+n’A)
or,(B4+ny+n*A)=2n—1
or,(B+1)+n(y—2)+n*(A—-0)=0

So we have f = —1,y =2,/ = 0. Putting the values, in R, = A(n)oc+B(n)B +C(n)y+D(n)A,
we have,

R, =A(n).0—B(n).1+C(n).2+D(n).0 =n(—1)"

or,—B(n)+2C(n) =n(—1)"

C(n) = ((—1)"(2:+1)—1)

Case 4: Taking R, = (—1)"n?, foralln e N
Ry=0a,Ry= (—1)0.02 = 0. Thus we get, x =0



R, =R, 1+ (—=1)"(B+ny+n*))

orn*(=1)" = (n—1)*(=1)""' + (= 1)"(B+ny+n*A)
or,0 = (2n> —2n+ 1)+ (=1).(B +ny+n*A)
or,(B+ny+n*A)=2n>—2n+1
or,(B—1)+n(y+2)+n*(A—-2)=0

So we have B = 1,y = —2,/A = 2. Putting the values, in R, = A(n)a+ B(n)B +C(n)y+D(n)A,
we have,

R, =A(n).04B(n).1 —C(n).2+D(n).2 = n*(—1)"

or,n*(—1)" = —(—B(n) +2C(n)) +2D(n

or,n*(—1)" = —(n(—1)") +2D(n)

Thus putting the derived values for A(n), B(n), C(n) and D(n) in R,, we get,

BT VR
Ry = o+ BNy (CIEmD=) 4 A (1 ()

n
Now for the given sum, S,, = Z (—1)"k?, it is a special case with, @ = 0,8 =0,y =0and A = 1.
k=0
Putting this respective values in the final equation for R,,, we get,

R, — s, — (1))

2
Thus,
I (G VU R ))
k;)( 1)k = 5




8 Problem 14

Evaluate } 7}, k2K by rewriting it as the multiple sum Yi<j<k<n 2K,

8.1 Solution 14
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9 Problem 15

Evaluate &3, = Y/, &°

9.1 Solution 15

Note
Calculate sum of the first 10 cubes

n=1,2,3,4,5,6,7,8,9,10,..

n® =1,8,27,64,125,216,343,512,729,1000,..

&, = 1,9,36,100,225,441,784,1296,2025,3025,..

As evident we cannot find a closed form for &7, , directly.
Review Method 5: Expand and Contract

Finding a closed form for the sum of the first n squares,
Op =Y k* forn >0

= Yo<j<k<nk = Xo<j<n X j<i<nk

Since Average = (1st + last) / 2

= Zogjgn(j%)(”—jﬂL 1)

= %Zogg(”(”"‘ +j—j%)

= 3n*(n+ 1)+ gn(n+1) = 3 Lo<j<n )’

L

=

= %nz(n—i— 1) +%n(n—|— 1) —

= %n(n+%)(n—|—1)—% [



Upper Triangle Sum

Consider the array of n? products a Jj ag

Our goal will be to find a simple formula for the sum of all elements on or above the diagonal of
this array.

Because aja, = aia; , the array is symmetrical about its main diagonal; therefore will be approxi-
mately half the sum of all the elements.

Sqa = Yo<j<k<njar = Yo<k<j<nOkdj = Yo<k<j<ndjdk = Sp

because we can rename (J,k) as (k,j) , furthermore, since
(I1<j<k<mnN(I<k<j<n)=(1<jk<n)nN(1<k=j<n)

we have 284 = Sq +Sq = Yo< j<k<n @k + Lo<k< j<n @jak = Yo<jk<ndj0k + X0< j—k<n @0k
The first sum is

(Xhoya) (T ) = (Ti—y ax)?

by the general distributive law

the second sum is

(Xioiap)

Sa = Yo<jckenajar = 3 (Li—y ax)* + (X2, 7))

An expression for the upper triangular sum in terms of simpler single sums
@+ a=Yr KB+ K

=Y7_ (k> +k?) [associative law]

=YP K(k+1)

=Yi  kxkx(k+1)



= Y5 2% sxkxkx (k+1)

=20, k* % xk*(k+1) [distributive law]

Now,

% xkx(k+1)= ZIJ‘.ZI J (sum of first k natural numbers)

=2Y7_ kx* % *hx(k+1) =2(X_, k)(ZI;':] J)

Now we would use general distributive law that states

Yicrkek ajar = (¥jcsa;)(Xrek br)

Y kZ’;ZI J=XYi Z’;zl kxj= Z’]‘.Zl Y i— k* j (as k is a constant with respect to j)
since, 1 <k<nN(1<j<k)=(1<j<k<n)

therefore,ZI;-ZI Yiokxj= Yi<j<k<nk*j

So, our original equation becomes -

2¥5 ko g ko (k1) = 2502 k) (X5, )

=2 1<j<k<nk*]

we proved

O+ U =2%1<j<k<nJk

We use the expression for upper triangular sum for further evaluation as shown below
Th+ D=2+ 5((Tiey B + T, £)

= (Li_i k) + X k2

The first term is the square of the summation of the first n natural numbers and the second term is

the sum of the first n squares, i.e., [J,



2, + [O,= <n(n2+1))2+ O,

Therefore G0, = (”("; D)2



10 Problem 16

o
(x—m)

Prove that (xfmn)m = 7, unless one of the denominators is 0.

10.1 Solution 16

Let’s start by a quick revision of the definition of x.

When n > 0,

= (= 1)(r=2) - (xmnt 1) = 2

When n < 0,

1
x+1)(x+2) - (x—n)

n
X— =
(

When n =0,

& Casel:n=0andm=0
Trivial!

& Case2:n>0andm >0

We will use the definition, x = "

(x—n)!?

for n greater than 0.




So,

S Case3d:n<Oandm <0

We will use the definition, X% = (é, for n lesser than O.
x+1)-(x—n)

m 1
X (x41))--(x—m)

—n)mn 1
()C l’l) (x—n+1)---(x—n—m)

(x—n+1)---(x—n—m)
(x+1)---(x—m)

1
X FDen)
—m 1
()C m) (x—m—+1)---(x—n—m)

_(x=m+1)---(x—n—m)
(x+1)---(x—n)

Without loss of generality, we will assume, n < m < 0, so that, 0 < —m < —n



X (x—m+1)---(x—n—m)
(x—m)2 (x+1)---(x—n)

_ (x—m+1)--x(x—1)---(x—m+1)
(x+1)--(x—m)(x—m+1)---(x—n)

& Cased: n<Oandm >0
Sub-Case a: If —m—n > 1,

X x(x=1)---(x—m+1)
(x—n)2  (x—n)(x—n—1)---(x—n—m+1)




X _ x(x—=1)---(x—m+1)

(x—n)2  (x—n)(x—n—1)---(x—n—m+1)

:x(x—1)---(x—n—m+l)(x—n—m)---(x—m+1)
(x—n)x—n—1)---(x+1Dx---(x—n—m+1)

(x—m+1)---(x—m—n)
(x+1)---(x—n)

Sub-Casec: If -1 <—m—n<1l,— —m—n=0,

X :(x—m—|—1)~~(x—n—m)
(x—m)z (x+1)---(x—n)
(x—m+1)---x

B (x—n—m+1)---(x—n)

& Case5: n>0and m <0
This is exactly symmetrical to Case 4. Just swap m and n.



11 Problem 17

Show that the following formulas can be used to convert between rising and falling factorial pow-

ers, for all integers m

X" =(—1)"(—x)"=(x+m—1)2=1/(x—1)="2
b) ¥ = (— 1) (—x)" = (x—m+ 1" = 1/(x+1) 7"
The answer to exercise 9 defines x "

11.1 Solution 17

The formulas for X and x™ are

x(x+1)...(x+m—1) m>0

m_ 1
X" = (x—1)(x—2)...(x+m) m<0
\ m:()
((x(x—1)...(x—m+1) m>0

— 1
= (A 1) (x+2)..(x—m) m<0
1 m=0

Casel: m=0

We know that x0 = 1. Hence, when m = 0 all the terms below will be equal to 1.

a) ¥ = (—1)"(—x)" = (xbm— 1) =1/ (x—1)=2
b) ¥ = (—1)"(—x)" = (x—m+1)"=1/(x+1)""

Hence, the equations are true for m =0

Case2: m>0
a)

M=x(x+1)...(x+m—1)

(1" ("

(—D)"™"(=x)(—x—1)...(—x—m+1)
x(x+1)...(x+m—1)

(x+m—-—1)" = (x+m—1)...(x+1)x

= x(x+1)...(x+m—1)



I/(x—1)=" = (x—1+1)x—1+2)...(x—1+m)

Hence, the equation is true
b)

= x(x+1)...(x+m—1)

M=x(x—1)...(x—m+1)

(=1D)"(=x)

3

= (-D)"(—x)(—x+1)...(—x+m—1)
= x(x—1)...(x—m+1)

(x—m+1)" = (x—m+1)...(x—1)x

= x(x—1)...(x—m+1)

1/(x+1)™" = (x+1-DE+1-2)...(x+1—m)

Hence, the equation is true

Case 3: m < 0

= x(x—1)...(x—m+1)

a)
i 1
(=D =2)...(x+m)
mi_y\mo — (_1)m
(=1)"(=x) (—x+1)(—x+2)...(—x—m)
1
- (x—1)(x—2)...(x+m)
o 1
(xtm—1)% = (x+m—1+1)(x+m—142)...(x+m—1—m)
1
T mm+1).. (x—1)
1
- (x—1)(x—2)...(x+m)
1 =" = 1
[x=1)=" = x—1Dx—=1-1)...(x—14+m—1)

1
(x—1)(x—2)...(x+m)




Hence, the equation is true
b)

T (="
(=1)"(=x) (—x—1)(—x—2)...(—x+m)
1
D) H2). (x—m)
_— 1
(x—m+1)" = G—m+1-Dx—m+1-2)...(x—m+1+m)
1
T Gema—m—1. (x+ 1)

1

1/(x+1)"™

Hence, the equation is true

(x+1)(x+2)...(x—m)

1
x+D(x+1+1)...x+1—m—1)
1
(x+1)(x+2)...(x—m)




12 Problem 19

Use a summation factor to solve the recurrence
Th=5

2T, =nT,_| + 3n!

12.1 Solution 19

Ty = 244321 _ 7

3.74+3.3.2.1 _ 39
;= +T =3

432434321
T, = 2# =175

Ts = 5.75+3.25.4.3.2.1 _ %

We can reduce the recurrence to a sum.

The general form is a,T,, = b, T, 1 + ¢y,

and comparing to our case 27, = nT,,_1 + 3n!

we can see that ¢;, = 3n!

By multiplying by a summation factor s, on both sides of
anTy = byTy—1 +cy

we get

SpanTy = spbpTh—1 +spcp



If we are able to impose

Snbn = Sp—1ap-1

then we can rewrite the recurrence as
Sn =381+ sqcn

where S,, = s,a, 1,

Expanding S, we get

Sn = s1b1To + Lj_y skck

and then the closed formula for 7;, is

T, = ﬁ(slblTO ‘|‘ZZ:1 Ska)

an—1

By unfolding s, = 5,17

, we obtain

ay_1...al

by...by
Since a, =2 and b, =n

R— an—1---a41 __ 2222 _ E
"= Thyby T oan—1).21  nl

Remembering also that 7o = 5 and ¢,, = 3 n!,

we can substitute in the closed formula for 7;,

Ty = s (101 o+ Ky seer) = 5 (S +357, 247
_n! n k—1

I,= %(5+3Zl§k§n2k_l)



Th=%(5+3 0k 1<n-127")
T, =5(5+3%"52")

where we setr=k - 1

We have seen that

Yi X = )%1]_1, for x # 1
SO in our case

T, = n‘(5+3zn 12r)

— (5432

=5(2+3.2")

=n! (27" +3)

Checking the results

Th=5

2T, =nT,—1 +3n!

T, = 244321 7

_ 3.7+4332.1 _ 39
I = 2 =2
4.3243432.1
I, = 2# =175

5.7543.54.3.2.1 735
T5 = 22isaast = 52

Correct results



The solution of
Thy=>5
2T, =nT,_1+3n! forn >0

T, =n!(2'7"+3)



13 Problem 20

Try to evaluate Z kH; by perturbation, but deduce the value of Z H; instead.
0<k<n 0<k<n

13.1 Solution 20

Let us look at the Perturbation Method first. Consider the sum, S,, = Z ay.
0<k<n

Sptani= Y, a=ao+ Y,
0<k<n+1 1<k<n+1

=ap+ Z k41
1<k+1<n+1

=ap+ Z g+
0<k<n

§ What is a Harmonic number (H,)? | H, = 1+ +4+-+1 = Z .

Now we calculate the required sum in the question as follows,

Spt+(n+1)Hu1= ) kHy=O0Ho+ Y  kHy
0<k<n+1 1<k<n+1

1 1
Now, H, = Y . Therefore, 1= ) -+
1ren k 1k ntl



(n+DHyp1= Y, 1+ Y H

0<k<n 0<k<n

Y Hi=(n+DH,— ) 1

0<k<n 0<k<n

— (n+ DHyp1 — (4 1)



14 Problem 21

Evaluate the sums

2) Sy = Li_o(—1)"*

b) T, = Y0 _o(—1)"*k

¢) Uy = Xio(~1)" &

by the perturbation method, assuming that n > 0

14.1 Solution 21

a) We consider

Split off the first term

n+1
:(_1)n+1+ i (_1)n+17(k+1)
k+1=1

— (—1)n+] + i(_lyt—k
k=0

= (1" +5,



Split off the last term

n+1
Sn+1 — Z(_l)n—i-l—k
k=0
_ i(_l)n—i—l—k_'_ (_l)n—i-l—(n—i-l)
k=0
n
— Z(_l)n—i—l—k_'_l
k=0
n
==Y (-1 F+1
k=0
=—-5,+1
From the above two equations
()" +8, = =S, +1

— Sn:%(l—(—l)”“)

— 8= 501+ (1))

b) We consider
n
=Y (1)
k=0
Split off the first term
n+1
Tn+1 — Z(_l)n-H—kk
k=0
n+1
— (_1)n+1—0.0_|_ Z (_l)n—i-l—kk
k=1
n+1
— Z (_l)I’H’l*(k‘i’l)(k_'_l)
k+1=1

Z nkk+1
"
S MRS

=T+ S,



Split off the last term

J’_
n+17k
Ty = Z k

n

— Z (_l)nJrlfkk_i_ (_1)n+17(n+1)<n_|_ 1)

:—Z )" %+ (n+1)

=—-T,+(n+1)
=(n+1)-T,

From the above two equations

T, +S,=n+1)-T,

1
1

= Ty=5(n—(-1)")

¢) We consider

k=0
Split off the first term
n+1
Upi1 = Z(_l)nJrlfka
k=0
_(_1\n+1-0 H _\n+1—kz2
=(-1) 0+ Y (-1) k
k=1
n+1
_ Z (_1)n+1—(k+1)(k+1)2
k+1=1

n

Z )Rk +2k+ 1)

n

=Y (-1)" K+ zn:(—l)"*kzkjt Zn‘,(—

k=0 k=0 k=0



Split off the last term

+
n+lfk 2
n+l Z k

n

_ Z(_l)n+lfkk2+(_1)n+17(n+1)(n+1)2

:_Z nka l’l—l—l)2

= (n+1)2—Un

From the above two equations

Uy +2T,+ S, = (n+1)* - U,
1
— U, = E((n+1)2—2Tn—Sn)

1
= U, = E(nz—kn)



15 Problem 23

2k+1

Evaluate the sum Y3, 11y

in two ways

a. Replace ¢ KEFT) by partial fraction

k+1)

b. Sum by parts

15.1 Solution 23
Yi— 1k2]/§ﬂ

2k+1
k(k+1)

ESES

B
T

2k+1 _ A(k+1)+Bk
k(k+1) = k(k+1)

2k+1 (A+B)k+A

k(k+1) k(k+1)

Comparing both the sides A=1; A+ B =2;

1,1 |
Yicilg el =iz 1t +HTie 15T

M+i+3+ ++3+3+. + 1+ ]

Hn + Hn—l + ﬁ
2H, n"?
(b)

kbl yntbl 2kt
i1 k) = k1 iy 9k

YuAv=uv—Y EvAu



Let u(k) = 2k + 1;

A u(k) =2;
sv(k) = gy = (k= 1)=2
vk) = —(k—1) i
Ev=%

zkz,’gj} dk = (2k+1)(F}) —z(,;—ll)zdk
22(](‘6”( 2k+1)
2H—2—1+c

Y xdx = Hy, if m = —1]

ntl 2kl g5 51 1
Yi—1 kg 9k = 2H, — 2 el

2H, 41 —2— A +c] — [2H —2—1+]

2H,+ 2y —2— o~ 24241
2H +n+l 1
2Hn—n"?



16 Problem 27

(=2)
k

|

n
Compute A(c*) and use it to deduce the value of Z
k=1

16.1 Solution 27

We know that,| Af(x) = f(x+1)— f(x)

Also, we know, | X2 =x(x—1)(x—2)---(x—m+1)

J

w
m factors

Thus using the above formulae, we can derive the value of A(c*) as,
A5 = AL o

Now,
Al =c(c—1)(c=2)---(c—x)
x+1 t?gctors

AE=clc—1)(c=2)-(c—x+1)

J

~
x factors

Substituting the values of c**1 and ¢* in the equation for A(c*), we get,

=(clc=1)(c—=2)(c—x+1))(c—x—1)
:c(c—l)c—2) (c—x+1)(ce—x)(c—x—1)
=Y
2
 (e—x)

Thus we have derived the relation, A (c*) = (Cﬁ

c—x)
- (—2)
In order to deduce the value of Z
k=1
and x = x-2, in the above equation, we get,

|

using the calculated value of A(c*), we substitute ¢ = -2




Before proceeding further we will prove an interesting fact, —A(f(x)) = A(—f(x)).

—A(f(x) = =(flx+1) = f(x))

= —fl+ 1)+ £(X)
= —fl+ 1) = (~f (@)
= A=)

x-2) =2

- x

Hence, we can say, A((—2)

b b—1
Now, Z g(x)8(x) = Z g(k) for all integers b > a.
a k=a

_2)k b—1
. is of the form ) g(k), we get,

k=a

D=

Since,

k

no(_n n+1 ) k
Z( :Z( S5k forn > 0.
k=1 k k=1 k

We know that g(x) = A(f(x)) iff £g(x)dx = f(x) +c.
Putting the values derived in the above equations,

1(_]? sk= (22"

I
—

~
[

n

+
|

1

~
I

1

p—

241
=—1-((=2)(=2-1)(-2-2)-(=2—(n—2)))
=—1=((=2)(=3)(=4)---(—n))
= —14+((=1D(=2)(=3)---(—n))
=—1+(=1)"n!

We can verify the result for several values for n, and check with the form in the question and what

our formula derives. For example, for n = 1,2,3 and 4 we get -2, 1, -7 and 23 respectively.



17 Problem 29

Evaluate the sum

17.1 Solution 29

We have
n (—l)kk
S:Z
= Ak —1
—XH: (—1)*k
_kzl (2k—1)(2k+1)
:k; 2%k—1 " 2k+1
We find A and B.

k A

A B
(—1)k ( + ) Partial Fractions

B

Qk+D)2k—1)  @k=1) "
— k= (2k+1)A+(2k— 1B
— 2442B=1landA—B=0

4

(2k+1)



Therefore

%}

ké k<2kA—l 2k+1)

kzi:l k(zli/jl 211/4::)

ié“ )k(2k—1 2k1+1)
(B2

e I S o
; +,§2;11+'§1§;f'{+§;fi)

i _”kﬁ 2((k+1)1k)+—11+’§§k2i+;21>
(- B S )

411 a _gézi)i+g§k+)1+§;i):>

P a)




18 Problem 31

Riemann zeta function R(k) is defined to be the infinite sum

1 1 1
I+ o+ o+ =) =
2k 3k j;fk

a) Prove that Y ;~,(R(k) —1) =1
b) What is the value of Y3~ (R(2k) — 1) ?

18.1 Solution 31

a) We have

From the formula,

1

=17
1 1 1
BT

Therefore,
1 1 1
RR)—1=g5+5+5+

1 1 1
R(3)—1—§+?+B
1 1 1
R(3) 1:?+¥+F



If we add along the columns we get

S=(R(2)—1)+(R(3)—1)+(R(4)—1)+
IR T 11 1
“lEtetet ) atEty
1 1 1
etetat)f
Tl
k:12k k:13k k:14k
-y (x=
n=2 \U=1"
oo 1 a
:Z nzl <a+ar+ar2+"':—7“’henr<l
n=2 l_ﬁ
_i 1
n:2n(n_1)
_y (!
_n:2 n—1 n

Il
L /—\
—_| =
|
| =
N—
+
R
M| —
|
W =
N—
7~ N\
W[ =
|
e
N———
+

b) Let

From the formula,

1
=17
1 1 1
2k+?+4k+
Therefore,
1 1 1
R(2)—1—22+?+42+
1 1 1

T

1—r

)



If we add along the columns we get

, when r < 1)

~
: SHE
.+ —
—
L =% 2+
e T : 3
~— I\l N
g - :
+ — | S
— im S N
_ R\ < D
— . + . — |+
O
T+ L - T (ol Dy
—_ <t 11_2n i o
_ _2 1_4 |_|k wZ: 4I_A 12_ _ ~—
Rl NN . 12 = o
R [ L 8 I
<
ERUGASITA DT TRETA TN TN il
I I + I Il Il I I Il



